arXiv:math-ph/0112056vl 23 Dec 2001 


HADRONIC PRESS MONOGRAPHS IN MATHEMATICS 


Interactions, Strings and Isotopies in Higher 
Order Anisotropic Superspaces 


Sergiu Ion Vacaru 


Institute of Applied Physics 
Academy of Sciences of Moldova 
5, Academy Street 
Chi§inau MD2028 
Republic of Moldova 


and 


The Institute for Basic Research 
Box 1577 

Palm Harbor, EL 34682-1577 


HADRONIC PRESS 


Copyright © 1998 by Sergiu Ion Vacaru 


All rights reserved. 

No part of this book may be reprodueed, stored in a retrieval system 
or transmitted in any form or by any means without the written permision 

of the eopyright owner. 


U. S. Library of Congress 
Cataloging in Publication Data: 

Vacaru, Sergiu Ion 

Interaetions, Strings and Isotopies in Higher Order 
Anisotropie Superspaees 

Bibliography 

Additional data supplied on request 
ISBN 1-57485-032-6 

PRINTED IN THE U.S.A. 


The cover illustration is from the fronticpiece of Leibniz’s 
Dissertation de arte combinatoria 


1 



ABOUT THE BOOK 


This is the hrst monograph on the geometry of locally anisotropic phy¬ 
sics. The main subjects are in the theory of held interactions, strings and 
diffusion processes on spaces, superspaces and isospaces with higher order 
anisotropy and inhomogeneity. The approach proceeds by developing the 
concept of higher order anisotropic (super)space which unify the logical 
and manthematical aspects of modern Kaluza-Klein theories and gener¬ 
alized Lagrange and Finsler geometry and leads to modelling of physical 
processes on higher order hber (super)bundles provided with nonlinear and 
distinguished connections and metric structures. The view adopted is that a 
general held theory should incorporate all possible anisotropic and stochas¬ 
tic manifestations of classical and quantum interactions and, in consequence, 
a corresponding modihcation of basic principles and mathematical methods 
in formulation of physical theories. This book can be also considered as a 
pedagogical survey on the mentioned subjects. 
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0.1 Preface 


This monograph gives a general geometric background of the theory of 
held interactions, strings and diffusion processes on spaces, superspaces and 
isospaces with higher order anisotropy and inhomogenity. The last hfteen 
years have been attempted a number of extensions of Finsler geometry with 
applications in theoretical and mathematical physics and biology which go 
far beyond the original scope. Our approach proceeds by developing the 
concept of higher order anisotropic superspace which unify the logical and 
mathematical aspects of modern Kaluza-Klein theories and generalized La¬ 
grange and Finsler geometry and leads to modelling of physical processes 
on higher order hber bundles provided with nonlinear and distingushed 
connections and metric structures. The view adopted here is that a gen¬ 
eral field theory should incorporate all possible anisotropic and stochastic 
manifestations of classical and quantum interactions and, in consequence, a 
corresponding modihcation of basic principles and mathematical methods 
in formulation of physical theories. This monograph can be also considered 
as a pedagogical survey on the mentioned subjects. 

There are established three approaches for modeling held interactions 
and spaces anisotropies. The hrst one is to deal with a usual locally 
isotropic physical theory and to consider anisotropies as a consequence 
of the anisotropic structure of sources in held equations (for instance, a 
number of cosmological models are proposed in the framework of the Ein¬ 
stein theory with the energy-momentum generated by anisotropic matter, 
as a general reference see [165]). The second approach to anisotropies 
originates from the Finsler geometry [78,55,213,159] and its generalizations 
[17,18,19,160,161,13,29, 256, 255, 264, 272] with a general imbedding into 
Kaluza-Klein (super) gravity and string theories [269,270,260,265,266,267], 
and speculates a generic anisotropy of the space-time structure and of fun¬ 
damental held of interactions. The Santilli’s approach [217,219,220,218,221, 
222,223,224] is more radical by proposing a generalization of Lie theory 
and introducing isohelds, isodualities and related mathematical structures. 
Roughly speaking, by using corresponding partitions of the unit we can 
model possible metric anisotropies as in Finsler or generalized Lagrange ge¬ 
ometry but the problem is also to take into account classes of anisotropies 
generated by nonlinear and distinguished connections. 
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In its present version this book addresses itself both to mathematicians 
and physicists, to researches and graduate students which are interested 
in geometrical aspects of helds theories, extended (super)gravity and (su¬ 
per) strings and supersymmetric diffusion. It presupposes a general back¬ 
ground in the mentioned divisions of modern theoretical physics and as¬ 
sumes some familiarity with differential geometry, group theory, complex 
analysis and stochastic calculus. 

The monograph is divided into three parts: 

The hrst hve Chapters cover the higher order anisotropic supersymmet¬ 
ric theories: Chapter 1 is devoted to the geometry of higher order anisotropic 
supersaces with an extension to supergravity models in Chapter 2. The su¬ 
persymmetric nearly autoparallel maps of superbundles and higher order 
anisotropic conservation laws are considered in Chapter 3. Higher order 
anisotropic superstrings and anomalies are studied in Chapter 4. Chap¬ 
ter 5 contains an introduction into the theory of supersymmetric locally 
anisotropic stochastic processes. 

The next hve Chapters are devoted to the (non supersymmetric) theory 
of higher order anisotropic interactions and stochastic processes. Chapter 6 
concerns the spinor formulation of held theories with locally anisotropic in¬ 
teractions and Chapter 7 considers anisotropic gauge held and gauge gravity 
models. Dehning nearly autoparallel maps as generalizations of conformal 
transforms we analyze the problem of formulation of conservation laws in 
higher order anisotropic spaces in Chapter 8. Nonlinear sigma models and 
strings in locally anisotropic backgrounds are studied in Chapter 9. Chap¬ 
ter 10 is devoted to the theory of stochastic diherential equations for locally 
anisotropic dihusion processes. 

The rest four Chapters presents a study on Santilli’s locally anisotropic 
and inhomogeneous isogeometries, namely, an introduction into the theory 
of isobuncles and generalized isohnsler gravity. Chapter 11 is devoted to 
basic notations and dehnitions on Santilli and coauthors isotheory. We in¬ 
troduce the bundle isospaces in Chapter 12 where some necessary properties 
of Lie-Santilli isoalgebras and isogroups and corresponding isotopic exten¬ 
sions of manifolds are applied in order to dehne hber isospaces and consider 
their such (being very important for modeling of isoheld interactions) classes 
of principal isobundles and vector isobundles. In that Chapter there are 
also studied the isogeometry of nonlinear isoconnections in vector isobun- 
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dies, the isotopic distinguishing of geometric objects, the isocurvatures and 
isotorsions of nonlinear and distinguished isoconnections and the structure 
equations and invariant conditions. The next Chapter 13 is devoted to 
the isotopic extensions of generalized Lagrange and Finsler geometries. In 
Chapter 14 the isoheld equations of locally anisotropic and inhomogeneous 
interactions will be analyzed and an outlook and conclusions will be pre¬ 
sented. 

We have not attempted to give many details on previous knowledge 
of the subjects or complete list of references. Each Chapter contains a 
brief introduction, the first section reviews the basic results, original papers 
and monographs. If it is considered necessary, outlook and discussion are 
presented at the end of the Chapter. 

We hope that the reader will not suffer too much from our insufficient 
mastery of the English language. 

Acknowledgments. 

It is a pleasure for the author to give many thanks especially to Pro¬ 
fessors R. Miron, M.Anastasiei, R. M. Santilli and A. Bejancu for valuable 
discussions, collaboration and necessary offprints. 

The warmest thanks are extended to Drs E. Seleznev and L. Konopko 
for their help and support. 

The author wish to express generic thanks to the referees for a detailed 
control and numerous constructive suggestions as well he should like to 
express his deep gratitude to the publishers for their unfailing support. 

Sergiu I. Vacaru, June 1997; e-mail: vacaru@lises.asm.md 

Academy of Sciences, Institute of Applied Physics, 

Chisinau MD2028, Republic of Moldova 

and 

Institute for Basic Research, 
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0.2 Notation 

(1) Indices. Unfortunately it is impossible to elaborate a general system of 
labels of geometrical objects and coordinates when we a dealing with geo¬ 
metrical constructions in Finsler spaces and theirs higher order anisotropic, 
inhomogeneous and isotopic extensions. A number of various superspace, 
spinor, gauge held and another indices add complexity to this problem. The 
reader will have to consult the hrst sections in every Chapter in order to un¬ 
derstand the meaning of various types of boldface and/or underlined Greek 
or Latin letters for operators, distinguished spinors and tensors. Here we 
present only the most important denotations for local parametizations of 
spaces, superspaces and isospaces which are used in our book. 

The hrst Part of this monograph is devoted to higher order anisotropic 
superspaces (s-space). The base G°°-supermanifold M of s-spaces is lo¬ 
cally parametrized by coordinates x = {x,9) = {x^ = (2*, 6**)}, with a cor¬ 
responding splitting of indices of type / = J (j/j) ; •••; where i,j ,... = 

1, 2,..., n, 6** are anticommuting coordinates and i = 1,2, ...,k ((n, k) is the 
(even,odd) dimension of s-space. 

For typical vector superspaces (vs-spaces) T of dimension (m, /) we 
shall use local coordinates y = {y,C) = {u^ = with splitting 

of indices of type A = {a,a),B = {h,b), where a,b,... = 1,2, ...,m and 
d,b,... = 1, 2,are anticommuting coordinates. There are also used 
sets of vs-spaces 

^ 1 ,^ 2 , {p = 1,2, ...,z) 

prametrized correspondingly by coordinates 

{•• •) y{p )) • ••} {• ••) (i/(p)) C(p))) • ••} {• ••) Vip) (^(p) ’ ^(p)) ’ 

with splitting of indices of type 

{..., Ap ,...} = {..., {ojp, (ip ),...}, {..., Bp ,...} = {..., {bp, bp ),...}, 

where ap, bp, ... = 1, 2,..., nip and dp, bp, ... = 1,2,..., for every value of p. 

Distinguished vector superspaces (dvs-spaces) are parametrized 

by local coordinates 

^ 1 /( 0 )) 1 /( 1 )) 1 /( 2 )) •••) l/(p)) •••) 1/(5:)) (^(p))//(p+l)) C(p-|-l),.-.,//(^)) C(z)) 
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= u 


<a> 


The terms distinguished superbundles, distinguished geometric objects, 
higher order anisotropic (super)bundle, locally anisotropic (super)space and 
so on (geometrical constructions distinguished by a N-connection structure 
and characterized by corresponding local anisotropies) will be used in theirs 
respective brief forms (d-superbundles, d-objects, ha-(super)bundle, la- 
superspace and so on), (see subsections 1.1.1 and 2.1.1 for details). 

The second Part of the monograph contains geometric constructions and 
physical theories on higher order spaces (not superspaces) models on dis¬ 
tinguished vector bundles dv-bundles (we omit ’’tilde” on geometric 

objects), with local coordinates 


u = 


X 1/(0)) 1/(1)) 1/(2)) •••) l/(p)) •••) 1 /( 2 :) ) 1 "^(p))//(p+1)) •••) 1 /( 2 ) ) 




( 2 * = = (x^ = = 

(in the first Part of the book we shall use ’’hats” on geometrical objects in 
order to emphasize that we consider just the components of the even part 
of s-space; as a rule we shall omit such ’’hats”, but maintain cumulative 
Greek indices of type < a >= {i = Oq, Oi,..., Op, ...a^), in the second Part of 
our work were we are dealing with the geometric background base on vector 
bundles). 

The underlined indices will be used for marks enumerating components 
with respect to distinguished locally adapted to N-connection frame decom¬ 
positions; for instance, with respect to frames (for superspaces one uses the 
term supervielbeins, in brief, s-vielbeins) /<f>(M) we shall consider decom¬ 
positions of metric of type 

G <ca><l3>{u) = l<a>{u)l^p^{u)G^a><y> 
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with a corresponding splitting of indices < a >= (/ = 

Different types of underlined indices for Maiorana, or Dirac spinors and ob¬ 
jects of higher order anisotropic Clifford and (super)vector hbrations (de¬ 
fined for corresponding locally adapted spinor or s-vector bases) will be also 
considered. 

We shall use such type of spinor parametrizations of anticommuting 
variables in higher order anisotropic supergravity: 

= (0^ = c^,e^ = = (C^, C^), 

The two dimensional world sheets used in the theory of higher order 
anisotropic (super)strings are provided with local coordinates z = z'^, two- 
metric 7 ae and zweibein e|, where ii, e, a,... = 1,2. The Dirac matrices on the 
worlds sheets are denoted 7 e; we shall also use matrix 75 with the property 
( 75 )^ = —1 (to follow usual denotations we use 7 -index 5 as well for two 
dimensions). Maiorana spinors are denoted as 9a-, Xn- 

On (l,0)-superspaces we shall use two Bose coordinates [z^,z^) and 
one Fermi coordinate 6^, u = (z^, z^, 9~^), (see details in subsection 4.1,2); 
standard derivatives on ( 1 , 0 ) locally anisotropic superspaces are denoted 

Dj^ = (D+, (9|, (9=), where index A = (-I-, j;,=); s-vielbeins are written E^. 
As 4/1-1, with indices of type |/|, IT],..., we shall denote heterotic Maiorana- 
Weyl fermions (see section 4). 

The Santilli’s isotheory considered in the Part III of that monograph 
is based on the concept of fundamental isotopy which is the lifting / —*> / 
of the n-dimensional unit I = diag {1,1, of the Lie’s theory into an 
n X n-dimensional matrix 

/ = = I (t, X, X, X, %l), , dip, dip'^, ddip, ddip'^, ...^ 

called the isounit. ’’Hats” on symbols in the third part will be used for 
distinguishing the isotopic objects from usual ones (non isotopic). 

{2)Equations. For instance, equation (4.6) is the 6 th equation in Chapter 
4, so the first number of an equation points to the Chapter where that 
equation is introduced and the second numbers enumerates the equation 
into consideration with respect to that Chapter. The same holds true for 
theorems, dehnitions and so on (for example. Theorem 3.1; Dehnition 4.5). 
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(3) Differentiation. Ordinary partial differentiation with respect to a 
coordinate x* will either be denoted by the operator di or by subscript 
i following a comma, for instance, = djA^ = A^'j. We shall use the 
denotation = 5jA^ for partial derivations locally adapted to a nonlinear 
connection structure. 

(4) Summation convention. We shall follow the Einstein summation rule 
for spinor and tensor indices. 

(5) References. In the bibliography we cite the scientihc journals in 
a generally accepted abbreviated form, give the volume, the year and the 
hrst page of the authors’ articles; the monographs and collections of works 
are cited completely. For the author’s works and communications, a part 
of them been published in journals and collection of papers from Coun¬ 
tries of Easten Europe, the extended form (with the titles of articles and 
communications) is presented. 

(6) Introductions and Conclusions. As a rule every Chapter starts with 
an introduction into the subject and ends, if it is necessary, with concluding 
remarks. 

(7) Terminology ambiguities. We emphasize that the term ’’higher or¬ 
der” is used as a general one for higher order tangent bundles [295], or higher 
order extensions of vector superbundles [270,260,265,266,267], in a number 
of lines alternative to jet bundles [226,225], and only under corresponding 
constraints one obtains the geometry of higher order Lagrangians [162]). 

(8) The end of Proofs are denoted by □. 
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Part I 

Higher Order Anisotropic 
Supersymmetry 
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Chapter 1 

HA—Superspaces 


The differential supergeometry have been formulated with the aim of get¬ 
ting a geometric framework for the supersymmetric field theories (see the 
theory of graded manifolds [37,146,147,144], the theory of supermanifolds 
[290,203,27,127] and, for detailed considerations of geometric and topologi¬ 
cal aspects of supermanifolds and formulation of superanalysis, [63,49,157, 
114,281,283]). In this Chapter we apply the supergeometric formalism for 
a study of a new class of (higher order anisotropic) superspaces. 

The concept of local anisotropy is largely used in some divisions of the¬ 
oretical and mathematical physics [282,119,122,163] (see also possible ap¬ 
plications in physics and biology in [14,13]). The first models of locally 
anisotropic (la) spaces (la-spaces) have been proposed by P.Finsler [78] and 
E.Cartan [55] (early approaches and modern treatments of Finsler geom¬ 
etry and its extensions can be found, for instance, in [213,17,18,159]). In 
our works [256,255,258,259,260,264,272,279,276] we try to formulate the ge¬ 
ometry of la-spaces in a manner as to include both variants of Finsler and 
Lagrange, in general supersymmetric, extensions and higher dimensional 
Kaluza-Klein (super)spaces as well to propose general principles and meth¬ 
ods of construction of models of classical and quantum held interactions 
and stochastic processes on spaces with generic anisotropy. 

We cite here the works [31,33] by A. Bejancu where a new viewpoint 
on differential geometry of supermanifolds is considered. The author in¬ 
troduced the nonlinear connection (N-connection) structure and developed 
a corresponding distinguished by N-connection supertensor covariant dif- 


18 



ferential calculus in the frame of De Witt [290] approach to supermani¬ 
folds in the framework of the geometry of superbundles with typical hbres 
parametrized by noncommutative coordinates. This was the first example 
of superspace with local anisotropy. In our turn we have given a general def¬ 
inition of locally anisotropic superspaces (la-superspaces) [260]. It should 
be noted here that in our supersymmetric generalizations we were inspired 
by the R. Miron, M. Anastasiei and Gh. Atanasiu works on the geometry of 
nonlinear connections in vector bundles and higher order Lagrange spaces 
[160,161,162]. In this Chapter we shall formulate the theory of higher order 
vector and tangent superbundles provided with nonlinear and distinguished 
connections and metric structures (a generalized model of la-superspaces). 
Such superbundles contain as particular cases the supersymmetric exten¬ 
sions and various higher order prolongations of Riemann, Finsler and La¬ 
grange spaces. We shall use instead the terms distinguished superbundles, 
distinguished geometric objects and so on (geometrical constructions distin¬ 
guished by a N-connection structure) theirs corresponding brief denotations 
(d-superbundles, d-objects and so on). 

The Chapter is organized as follows: Section 1.1 contains a brief review 
on supermanifolds and superbundles and an introduction into the geometry 
of higher order distinguished vector superbundles. Section 1.2 deals with 
the geometry of nonlinear and linear distinguished connections in vector 
superbundles and distinguished vector superbundles. The geometry of the 
total space of distinguished vector superbundles is studied in section 1.3; 
distinguished connection and metric structures, their torsions, curvatures 
and structure equations are considered. Generalized Lagrange and Finsler 
superspaces there higher order prolongations are dehned in section 1.4 . 
Concluding remarks on Chapter 1 are contained in section 1.5. 

1.1 Supermanifolds and D—Superbundles 

In this section we establish the necessary terminology on supermanifolds (s- 
manifolds) [290,203,204,127,281,114,157,27,49,63] and present an introduc¬ 
tion into the geometry of distinguished vector superbundles (dvs-bundles) 
[265]. Here we note that a number of different approaches to superman¬ 
ifolds are broadly equivalent for local considerations. For simplicity, we 
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shall restrict our study only with geometric constructions on locally trivial 
superspaces. 

1.1.1 Supermanifolds and superbundles 

To build up s-manifolds (see [203,127,281]) one uses as basic structures 
Grassmann algebra and Banach space. A Grassmann algebra is introduced 
as a real associative algebra A (with unity) possessing a hnite (canonical) 
set of anticommutative generators [PA^f^B]+ ~ Pc^A ~ where 

A, B,... = 1, 2,..., L. In this case it is also dehned a Z 2 -graded commutative 
algebra Aq + Ai, whose even part Aq (odd part Ai) is a 2^“^-dimensional 
real vector space of even (odd) products of generators After setting Aq = 
TZ + Aq^ where TZ is the real number held and Aq^ is the subspace of A 
consisting of nilpotent elements, the projections a : A ^ TZ and s : A —Aq^ 
are called, respectively, the body and soul maps. 

A Grassmann algebra can be provided with both structures of a Banach 
algebra and Euclidean topological space by the norm [203] 

ll^ll = -’‘I,? = 

A superspace is introduced as a product 

A”’^ = AoX...xAo xAiX...xAi 

n k 

which is the A-envelope of a Z 2 -graded vector space = VqGiVi = 7Z"' © 
7Z^ is obtained by multiplication of even (odd) vectors of V on even (odd) 
elements of A. The superspace (as the A-envelope) posses (n + k) basis 
vectors {Pi, i = 0, l,...,n — 1, and Pi, i = l,2,.../c}. Goordinates of 
even (odd) elements of are even (odd) elements of A. We can consider 
equivalently a superspace as a (2^“^)(n + /c)-dimensional real vector 
spaces with a basis {A(A), ^(a)}- 

Functions of superspaces, differentiation with respect to Grassmann co¬ 
ordinates, supersmooth (superanalytic) functions and mappings are intro¬ 
duced by analogy with the ordinary case, but with a glance to certain speci- 
hcity caused by changing of real (or complex) number held into Grassmann 
algebra A. Here we remark that functions on a superspace A""’^ which takes 
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values in Grassmann algebra can be considered as mappings of the space 
ibG+fc) into the space 'R?^. Functions differentiable on Grassmann co¬ 
ordinates can be rewritten via derivatives on real coordinates, which obey 
a generalized form of Gauchy-Riemann conditions. 

A (n, /c)-dimensional s-manifold M can be dehned as a Banach man¬ 
ifold (see, for example, [148]) modeled on endowed with an atlas 
ip = : U{i) A”’^, (i) G J} whose transition functions are 

supersmooth [203,127]. Instead of supersmooth functions we can use G“- 
functions [203] and introduce G“-supermanifolds (G“ denotes the class of 
superdifferentiable functions). The local structure of a G°°-supermanifold 
is built very much as on a G°°-manifold. Just as a vector held on a n- 
dimensional G“-manifold written locally as 


srMi—l 

^i=0 



where /j are G°°-functions, a vector held on an (n, /c)-dimensional 
permanifold M can be expressed locally on an open region UgM as 


-su- 


Y^n—l+/c 
^1=0 


flix'" 


d 

^ dx^ 


_ 'Y'n—1 

— ^i=0 




A 

dx 


- + f.(x^,eh-A, 


where x = {x,6) = {x^ = {x\9^)} are local (even, odd) coordinates. We 
shall use indices I = J = (j, j), K = {k, k),... for geometric objects on 
M. A vector held on U is an element XGEnd[G°°{U)] (we can also consider 
supersmooth functions instead of G°°-functions) such that 

x(fa) = (Xf)g + 


for all f,g in and 


X(.af) = 

where |X| and |a| denote correspondingly the parity (= 0,1) of values X and 

I f\ IJVI I /"II X I 

a and for simplicity in this work we shall write (—)"' instead of (—1) ■' . 

A super Lie group (sl-group) [204] is both an abstract group and a s- 
manifold, provided that the group composition law fulhlls a suitable smooth¬ 
ness condition (i.e. to be superanalytic, for short, sa [127]). 
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In our further considerations we shall use the group of automorphisms 
of denoted as GL{n, k, A), which can be parametrized as the super 

Lie group of invertible matrices 




A B \ 
C D 


where A and D are respectively {nxn) and {kxk) matrices consisting of 
even Grassmann elements and B and C are rectangular matrices consisting 
of odd Grassmann elements. A matrix Q is invertible as soon as maps a A 
and aD are invertible matrices. A sl-group represents an ordinary Lie group 
included in the group of linear transforms GL{2^~^{n + k),TZ). For matrices 
of type Q one dehnes [37,146,147] the superdeterminant, sdetQ, supertrace, 
strQ, and superrank, srankQ. 

A Lie superalgebra (sl-algebra) is a Z 2 -graded algebra A = Aq (B Ai 
endowed with product [, } satisfying the following properties: 


= 1 |/,/"}}, 

/gA|/|, /'gA|//|, where |/|, |J'| =0,1 enumerates, respectively, the possi¬ 

ble parity of elements I, I'. The even part Aq of a sl-algebra is a usual Lie 
algebra and the odd part Ai is a representation of this Lie algebra. This en¬ 
ables us to classify sl-algebras following the Lie algebra classification [128]. 
We also point out that irreducible linear representations of Lie superalgebra 

A are realized in Z 2 -graded vector spaces by matrices i ^ ^ for even 


elements and ^ ^ ^ J for odd elements and that, roughly speaking, A is 

a superalgebra of generators of a sl-group. 

A sl-module W (graded Lie module) [203] is introduced as a Z 2 -graded 
left A-module endowed with a product [, } which satisfies the graded Jacobi 
identity and makes W into a graded-anticommutative Banach algebra over 
A. One calls the Lie module G the set of the left-invariant derivatives of a 
sl-group G. 

The tangent superbundle (ts-bundle) TM over a s-manifold M, tt : 
TA7 —A7 is constructed in a usual manner (see, for instance, [148]) by 
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taking as the typical fibre the superspace and as the structure group 
the group of automorphisms, i.e. the sl-group GL{n, k, A). 

Let us denote by JF a vector superspace ( vs-space ) of dimension (m, /) 
(with respect to a chosen base we parametrize an element y & S as y = 
{y^ C) = {y^ = C“)}) where a = 1,2, ...,m and a = 1,2,...,/). We shall 

use indices A = {a,a),B = (b,b),... for objects on vs-spaces. A vector 
superbundle (vs-bundle) S over base M with total superspace E, standard 
fibre T and surjective projection tte : E^M is defined (see details and 
variants in [49,283]) as in the case of ordinary manifolds (see, for instance, 
[148,160,161]). A section of F is a supersmooth map s : U^E such that 

TIE'S = idjj. 

A subbundle of F is a triple (i3,/,/'), where is a vs-bundle on M, 
maps / : B^£ and f' : M^M are supersmooth, and (i) 7TE°f = 

{ii) f : ' 7 rg^(a;)—i^ 7 r^^o/'(a;) is a vs-space homomorphism. We denote by 

u = {x, y) = {x, 9, y, () = = {x^, y^) = {x\ 9\ r, C“) = r, //“)} 

the local coordinates in S and write their transformations as 

r/ / T\ 1 / \ / 1 \ / \ 

X = X ix ), sranki-;:^) = {n,k), (1.1) 

ox^ 

y^' = Yf'{x)y^, where Y^'{x)EG{m,l, A). 

For local coordinates and geometric objects on ts-bundle TM we shall 
not distinguish indices of coordinates on the base and in the fibre and write, 
for instance, 

u = {x, y) = {x, 9, y, () = = (x^, /) = (x\ 9\ f, C) = x\ f, y^)}. 

We shall use Greek indices for marking local coordinates on both s-vector 
and usual vector bundles (see the second part of the monograph). 

1.1.2 Distinguished vector superbundles 

Some recent considerations in mathematical physics are based on the so- 
called k-jet spaces (see, for instance, [226,225,19]). In order to formulate a 
systematic theory of connections and of geometric structures on k-jet bun¬ 
dles, in a manner following the approaches [295] and [160,161] R. Miron 
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and Gh. Atanasiu [162] introduced the concept of k-osculator bundle for 
which a hber of k-jets is changed into a k-osculator fiber representing an 
element of k-order curve. Such considerations are connected with geomet¬ 
ric constructions on tangent bundles of higher order. On the other hand 
for developments in modern supersymmetric Kaluza-Klein theories (see, for 
instance, [215]) a substantial interest would present a variant of ’’osculator” 
space for which the higher order tangent s-space distributions are of differ¬ 
ent dimensions. The second part of this section is devoted to the dehnition 
of such type distinguished vector superbundle spaces. 

A vector superspace of dimension (m, /) is a distinguished vector 

superspace ( dvs-space ) if it is decomposed into an invariant oriented direct 
sum © JF( 2 ) © ... of vs-spaces dim:F(p) = (m(p), /(p)), 

where (p) = (1), (2),..., (^), ^(p) = ^(p) = 

Coordinates on J^<p> will be parametrized as 

y<P> = (p(i), 1 /( 2 ), ..., l/(p)) = (P(l), C(l), ^(2), C(2), •••, Vij,), C{p)) = 

{y<^> = (p<“>,C<“>) = (r“>, !/<“>)}, 
where bracketed indices are correspondingly split on jF(p)-components: 

< A >= (^A(i), A( 2 ), ..., A(p)) , < a >= (a(i), 0 ( 2 ),..., a(p)) 
and CL ^ ((X(]^)(X( 2 ),..., 

For simplicity, we shall also write (1.2) as < A >= (Ai, A 2 ,..., Ap) ,< a >= 
(oi, 02 ,..., Op) and < a >= ( 0102 , ■■■,ap) if this will give not rise to ambigui¬ 
ties. 

A distinguished vector superbundle ( dvs-bundle ) 

M), with surjective projection > 

M, where M and are respectively base and total s-spaces and the 

dvs-space is the standard hbre. 

A dvs-bundle is constructed as an oriented set of vs-bundles 

■ji<p> ; E^p> —> E'^p-^> (with typical hber = 1, 2,..., z); E^^^ = M. 

We shall use index 2 : (p) as to denote the total (intermediate) numbers of 
consequent vs-bundle coverings of M. 

Local coordinates on are denoted as 

U{p) = {x,y<p>) = (a;,p(i),p(2), ...,P(p)) = 
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(£, 9, C<p>) ^(1)’ C(i)) y(2)) C(2)j •••) y(p)j C(p)) 

{«<“> = (x^,y<^>) = = (£\x\y<^>,y<^>) = 

(in our further considerations we shall consider different variants of splitting 
of indices of geometric objects). 

Instead of (1.1) the coordinate transforms for dvs-bundles 
{.y<Q> _ ^ = (x^ , p"^^ ^)} are given by recurrent maps: 



srank{ 


dx^' 

dx^ 


(n, /c), 


9(1; = A), 


(1.3) 



KaI( uif-i))p^), A'4;(ti(p_i))eG(m.(p|, /(p), A), 


9(1; = ■fl'f;('“(i-i))9j), A')J;('U(p_i))eG(m|p),!|p), A). 
In brief we write transforms (1.3) as 


r I' 
X = X 


X 


y 


<A'> 


<A'>„,<A> 


— -‘^<A> y 


More generally, we shall consider matrices = [Kj', where 

T^r dx^' 
i dx^ 

In consequence the local coordinate bases of the module of ds-vector 
helds S(£<^>), 


9 < a > — ((97,(9<a>) = ((9/, (9(Ai), i9(A2), •••, '9(a,)) = 
d , d d d (9 , 


(the 


(9m<“> dx^ ’ dpf^] ’ dp^] ’ ■ ■ ■ ’ (9|/(t) 
dual coordinate bases are denoted as 

d<“> = (/,d<^>) = = 

du<^> = {dx\ dp^^^\ dy^^^\ ..., dy^^^^) ) 


(1.4) 


(1.5) 
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are transformed as 


d<a> = {di-,d<A>) = (<9/,i9(Ai),'9(A2),•••,'9(a^)) ^ d<a> = 

((9/,(9<a>) = ((9/, (9(Ai), i9(A2), •••,'9(a,)) 


d 

dx^ 


= A-ri + 


dx^' 




(9 A' 




<9 A' 

t + -+Y^^ 


d 


d 


^yw 

d 


At 0 At 

_ — K ^ _I- Y ^ 

^ A' + -^(2,lMi o A: 




( 2 ) 

^r + - + Y/^ 


(^’0)1 d ay 


l{z) 


d 




{z,l)Ai o A'^ ’ 

9y(z) 


dy, 


A' d 
= K ^ 


O ^2 

•91/(2) 


A' <9 

^(3, 2)^2 A 3 

•91/(3) 


T + ■■■ + Y( 


d 


(z,2)A2 o A' ’ 

•9l/(.) 


( 1 . 6 ) 


d 




4' 

= 


d 




+ Y, 


d 


(2,2-1)A^-1 rj Ai ’ 

oy^z) 


d 


dyt 


= K 


d 


Az r\ A(, 

•9l/f 


y-matrices from (1.6) are partial derivations of corresponding combina¬ 
tions of i^-coefficients from coordinate transforms (1.3), 




f <P- 


In brief we denote respectively ds-coordinate transforms of coordinate 
bases (1.4) and (1.5) as 


d<a> 


(K. 


<a'> _|_ y<o'>', 


<a> 


<a> 


d. 


<a'> 


and d 


<a> 


{K 


<a> 

<a'> 


+Y<:ti)d^ 




where matrix its s-inverse as well Y^^^ and Y^^i^ are 

parametrized according to (1.6). In order to illustrate geometric proper¬ 
ties of some of our transforms it is useful to introduce matrix operators and 
to consider in explicit form the parametrizations of matrices under consid¬ 
eration. For instance, in operator form the transforms (1.6) 

(9 =Y(9', 
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are characterized by matrices of type 


d =<9<„> = 


/ di \ 

dA2 

V 9.. j 


d 


dy, 


( 2 ) 


V ^ / 


, d'=d. 


<a'> 


/ dr \ 


d 


’A[ 


dA 


\ ) 


a 


dy 


T 


A' 

^b2) 


V 


and 


Y=y 


<a'> 


<a> 


( Kf 
0 
0 


V 0 


^( 1 , 0)1 

K^i 

-^Ai 


A' 

^ ( 2 , 0)1 

-^(2,l)Ai 

A' 

^A2 


\z,0)I ' 

^{z,l)Ai 

^(z,2)A2 


K\ 


We note that we obtain a supersimmetric generalization of the Miron- 
Atanasiu [162] osculator bundle [Os&M^ tt, if the hber space in Def¬ 
inition 1.2 is taken to be a direct sum of vector s-spaces of the same 
dimension dimjF = dimM, i.e. = JF © JF © ... © JF. In this case the 

K and Y matrices from (1.3) and (1.6) satisfy identities: 




1 


yA' 

^(1,0)A 


— ^(2,1)A 


= Y^' 

^ {z,z—l)A^ 


yA' _ Y^' 
-'(p,0)A — ^{j)+l,l)A 



l)Ai 


(p = 2 ,...,^- 1). 


For s = 1 the OsAM is the ts-bundle TM. 

Introducing projection tTq = M we can also consider 

projections : £<p^> —> g<P 2 > ^ dehned as 


The s-differentials : T{£^p^^) T{£^p^^) of maps in turn dehne 

vertical dvs-subbundles Vh+i = Kerdn^ {h = 0,1, ..,pi — 1) of the tangent 
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dvs-bundle ( the dvs-space Vi = is the vertical dvs-subbundle 

on . The local fibres of dvs-subbundles Vh determines this regular s- 
distribution I 4+1 : u G 14+i(m) C for which one holds 

inclusions C Vz-i C ... C Vi. The enumerated properties of vertical 
dvs-subbundles are explicitly illustrated by transformation laws ( 1 . 6 ) for 
distinguished local bases. 

1.2 Nonlinear Connections in DVS—Bundles 

The purpose of this section is to present an introduction into geometry of 
the nonlinear connection structures in dvs-bundles. The concept of nonlin¬ 
ear connection ( N-connection ) was introduced in the framework of Finsler 
geometry [56,55,134] (the global definition of N-connection is given in [26]). 
It should be noted here that the N-connection ( splitting ) field could play 
an important role in modeling various variants of dynamical reduction from 
higher dimensional to lower dimensional s-spaces with (or not) different 
types of local anisotropy. In monographs [160,161] there are contained de¬ 
tailed investigations of geometrical properties of N-connection structures 
in v-bundles and different generalizations of Finsler geometry and some 
proposals (see Chapter XII in [160], written by S. Ikeda) on physical inter¬ 
pretation of N-connection in the framework of ’’unified” field theory with 
interactions nonlocalized by y-dependencies are discussed. We emphasize 
that N-connection is a different geometrical object from that introduced 
by using nonlinear realizations of gauge groups and supergroups (see, for 
instance, the collection of works on supergravity [215] and approaches to 
gauge gravity [240,194]).To make the presentation to aid rapid assimilation 
we shall have realized our geometric constructions firstly for vs-bundles 
then we shall extend them for higher order extensions, i.e. for general dvs- 
bundles. 

1.2.1 N-connections in vs—bundles 

Let consider the definitions of N-connection structure [260] in a vs-bundle 
S = {E,nE,M) whose type fibre is JF and : TS^TM is the superdif¬ 
ferential of the map t^e is a fibre-preserving morphism of the ts-bundle 
{TS,te, M) to E and of ts-bundle {TM,t,M) to M). The kernel of this 


28 



vs-bundle morphism being a subbundle of {TE^ te, E) is called the vertical 
subbundle over £ and denoted by V£ = (yE,Tv,E). Its total space is 
= u.,,- Vu, where 14 = kern'^, ueS. A vector 


Y = Y^ 


_d_ 

du'^ 


= Y^ 


d 

dx^ 


+ Y- 


I 9 = F* A + yi A + A 

dy^ dx'- (96** dy'^ 


+ Y^ 


d 

w 


tangent to £ in the point m G is locally represented as 


{u,Y) = (w4F“) = {x^,y^,Y^,Y^) = ix\e\r,C^Y\Y\Y^,Y^). 

A nonlinear connection, N-connection, in vs-bundle is a splitting on 
the left of the exact sequence 


0 ,— ,V£ ^ TE — ^T£/VE —^0, (1.7) 

i.e. a morphism of vs-bundles N : T£ & V£ such that Noi is the identity 
on V£. 

The kernel of the morphism N is called the horizontal subbundle and 
denoted by 

{HE,te,E). 

From the exact sequence (1.7) one follows that N-connection structure can 
be equivalently defined as a distribution {Eu —^ HuE, T^E = E[uE®VuE} 
on E dehning a global decomposition, as a Whitney sum, 

T£ = H£ + V£. (1.8) 


To a given N-connection we can associate a covariant s-derivation on 
M : 


Vxy = X'{j^ + Nf(x,Y)}aA, (1.9) 

where are local independent sections of T, Y = Y^sa and X = X^sj. 
S-differentiable functions Nf from (1.3) written as functions on x^ and 

Nf{x,y), are called the coefficients of the N-connection and satisfy these 
transformation laws under coordinate transforms (1.1) in £: 


jyA' 

dx^ ~ 


dMj'jx) A 
dx^ 
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If coefficients of a given N-connection are s-differentiable with respect 
to coordinates we can introduce (additionally to covariant nonlinear s- 
derivation (1.9)) a linear covariant s-derivation D (which is a generalization 
for vs-bundles of the Berwald connection [39]) given as follows: 


D 


^ dx‘ ’ 


A. 

dy^ 


= N^ii 


d 


dy 




D 


d 




'dy 


B 


= 0 , 


where 


NBi{x,y) 


dN^i{x,y) 

dy^ 


( 1 . 10 ) 


and 

Nici^,y) = 0 . 

For a vector held on ^ Z = Z^ and B = being 

a section in the vertical s-bundle {VE,tv,E) the linear connection (1.10) 
dehnes s-derivation (compare with (1.9)): 


DzB 


A 


,dB^ 

' dx^ 


+ N^jB^) 


+ Y 


B 


dB^^ 


dy 


B 


d 

dy^' 


Another important characteristic of a N-connection is its curvature 
( N-connection curvature ): 


n 


Vtfjdx^ A dx'^ 


d 

dy^ 


with local coefficients 



dNf 

dx-^ 


dx^ 


Nf^j 






( 1 . 11 ) 


where for simplicity we have written (— 

We note that linear connections are particular cases of N-connections 

^bAWv^ 

dehned on M, are called the Christoffel coefficients. 


locally parametrized as Nf{x,y) = N^j{x)x^y^, where functions N^j(x] 
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1.2.2 N—connections in dvs—bundles 

In order to define a N-connection into dvs-bundle we consider a s- 

subbundle N of the ts-bundle T which one holds (see 

[226] and [162] respectively for jet and osculator bundles) the Whitney sum 
(compare with (1.8)) 

T (£<^>) = N (© 1/ (. 


N can be also interpreted as a regular s-distribution (horizontal 

distribution being supplementary to the vertical s-distribution V (^8^^^^^) 
determined by maps N : u E 8^^^ N{u) C Tu . 

The condition of existence of a N-connection in a dvs-bundle can 
be proved as in [160,161,162]: It is required that 8'^^^ is a paracompact 
s-differentiable (in our case) manifold. 

Locally a N-connection in 8^^^ is given by its coefficients 




tA2 


(y©(«). yti* w. KhA,iA .... 

where, for instance. 


(<;>/(“). K)a. K-^p)a,.M) 


are components of N-connection in vs-bundle . Here 

we note that if a N-connection structure is dehned we must correlate to it the 
local partial derivatives on by considering instead of local coordinate 
bases (1.4) and (1.5) the so-called locally adapted bases (la-bases) 


^<a> — (^I,^<A>) — (^I,^(Ai),^(A2), — 

S _ J_5_^ (5 

(9m<“> dx^ ’ dyf^^ ’ ’ ■ ■ ■ ’ 

(the dual la-bases are denoted as 

5<“> = (5^,5<^>) = = 


( 1 . 12 ) 
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(1.13) 


= (fa', ) 

with components parametrized as 

i, = d,- Nt'dA, - N^Oa, - ... - Nf‘-‘dA.., - Nf-dA., ( 1 . 14 ) 

fa, = fa, - A'i,“fa, - /Vi'fa, - ... - <-fa,_, - <-fa., 
fa. = fa. - Ni’dA, - Ni‘aA, -... - Ni^-'dA.A - Ni^dA., 


or, in matrix form, as 
where 


= dA,_, - 

Sa. = Oa^, 

6,=N{u) X d„ 


^9 ^<a> 


and 


/ 5/ \ 



<^Ai 


dyp 

Sa2 

— 

dvti 

K J 


5 



V ^ / 


/ 1 

-Nf^ 


0 

1 

N= 

0 

0 


V 0 

0 


•) *9* <9<;q> 


-lyj 

-Nil 

1 

0 


( di \ 

Oai 
dA2 

V ^j 

-Nf^ \ 
-Nil 
-Nil 

1 ) 


/ — \ 

I Qg;I \ 


dy, 


dy, 


r 


( 2 ) 

d 


V K) / 


In generalized index form we write the matrix (1.6) as where, for 

instance, TV] = = 5^),..., = -Ni\...,Nil = -NtM^ = 


-N- 


A 2 ’ 


So in every point u G we have this invariant decomposition: 

= No(u) © iVi(M) © ... © N,_i(u) © K(u), (1.15) 
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where 5i G iVo, (5ai G iVi, G G \4. 

We note that for the osculator s-bundle {Osc^M^ tt, there is an 
additional (we consider the N-adapted variant) s-tangent structure 


J : X (Osc^m) X {Osc^m) 

dehned as 


_ 6 _ 



s 

1 

h-1) 


J 


d 


dyl- 


( 2 - 2 ), 


dy! 


= J 


( 2 ) 


dyl- 


(1.16) 


( 2 - 1 ), 


(in this case I- and A-indices take the same values and we can not distin¬ 
guish them), by considering vertical J-distributions 


No = N,N, = J {No), W-i = J (iV.-2). 


In consequence, for the la-adapted bases on {OsNM, tt, Mj there is written 
this N-connection matrix: 


N =iVj/j 


1 


-iV(2)7 ... 


0 

1 

-iV^)r - 

-yi-i); 

0 

0 

1 


V 0 

0 

0 

1 / 


( 1 , 17 ) 


There is a unique distinguished local decomposition of every s-vector 
X G X on la-base (1.12): 

X = + (1.18) 


by using the horizontal, h, and verticals, vi,V 2 , projections: 

= hX = X^6i, = viX = = VzX = X^^^^6 az- 

With respect to coordinate transforms (1.4 ) the la-bases (1.12) and 
ds-vector components (1.18) are correspondingly transformed as 


5 

dx^ 


dx^' 5 5 

dx^ dx^' ’ 



6 

^ ’ 


(1.19) 
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and 


X'' = 




Under changing of coordinates (1.3) the local coefficients of a nonlinear 
connection transform as follows: 

^<a> ^^<cx'> — <a> <l3> ^^<I3> ) 

(we can obtain these relations by putting (1-19) and (1.6) into (1.14) where 
N<a'> satisfy (5<„.> = iV<f,'>9<^/>). 

For dual la-bases (1.13) we have these N-connection ’’prolongations of 
differentials”: 

6x^ = dx\ 

= dyf^^ + ( 1 . 20 ) 

5y^- = dyf,] + M^.^^^dyf,] + Mf,^,dx^, 


6y^‘ = dyfjl + + ... + M^^^jdx^, 

where lU*,), are the dual coefficients of the N-connection which can be 
expressed explicitly by recurrent formulas through the components of N- 
connection To do this we shall rewrite formulas (1.20) in matrix 

form: 


(5* = d* X M{u), 

where 

<5* = ( 6x^ 6y^^ 5y^^ ... 5y^‘ ) , d* = ( dyf^^ 5yf^ 



( 1 

0 

^^-'(1)7 

1 

^^^{2)1 

■■ 'l 

■■ 

M = 

0 

0 

1 



( 0 

0 

0 

.. 1 , 



and then, taking into consideration that bases <9,(<5,) and d*((5*) are mu¬ 
tually dual, to compute the components of matrix M being s-inverse to 
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matrix N (see (1.17 )). We omit these simple but tedious calculus for 
general dvs-bundles and, for simplicity, we present the basic formulas for 
osculator s-bundle (Osc^M,7r, m'^ when J-distribution properties (1.16) 

and (1.17) alleviates the problem. For common type of indices on M and 
higher order extensions on Osc^M the dual la-base is expressed as 

5x^ = dx\ 

^y[i) = dy[i) + Ml^yjdx-^, 

dyl2) — dy^{2) + ^{i)jdy'{i) + M{2)jdx'^ ^ 

dylz) = dy[z) + + M^2)jdy(z-2) + ••• + M{z)jdx'^: 

with M-coefhcients computed by recurrent formulas: 

^(i)j — (1.21) 


K)J = ^!s)J + + ... + 

One holds these transformation law for dual coefficients (1.21) with respect 
to coordinate transforms (1.3) : 


]\xK yl' 

(0,0)iC 




rK' 


{1)K'^{0,0)J 


+ w 


r 

(1,0)J; 


yrK yl' _ itrl' yK' , itrl' yK' , yl' 


yrK yl' _ yK' , ji ^7' yK' , , ji ^7' yK' , yl' 

(the proof is a straightforward regroupation of terms after we have put (1.3) 
into (1.21)). 

Finally, we note that curvatures of a N-connection in a dvs-bundle 
can be introduced in a manner similar to that for usual vs-bundles (see (1.11) 
by a consequent step by step inclusion of higher dimension anisotropies : 




S 


a-Y 


, p = 1, 2,..., 2 :, 


(p) 
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with local coefficients 




- (-) 


|/3p-i7p-i| A/--Dp AT^P 

^''7p_i^''Dp/3p_i> 


where (we consider y^° ~ x'^). 

^ ^ ^^(p) 


1.3 Geometric Objects in DVS—Bundles 

The geometry of the dvs-bundles is very rich and could have various ap¬ 
plications in theoretical and mathematical physics. In this section we shall 
present the main results from the geometry of total spaces of dvs-bundles. 


1.3.1 D—tensors and d—connections in dvs-bundles 

By using adapted bases (1.12) and (1.13) one introduces algebra DT{S^^^) 
of distinguished tensor s-£elds (ds-helds, ds-tensors, ds-objects) on 
g<z>^ T = which is equivalent to the tensor algebra of vs- 

bundle TThviV 2 ...v^ ■ hereafter 

briefly denoted as Sdz- An element Qg '^qqlq 2 .'.'.'ql% ) ds-held of type 

IP Pi P 2 ■■■ Pz j written in local form as 

\q qi q 2 - qz J 

Q = Q © • • • © <^/p © © • • • © d ^ (g) 

(9ai ©.. .©<9ap^ ©(9e, ©.. .©(9e^^ ©.. ©... 

©<9di © ... © © ... © (1.22) 

In addition to ds-tensors we can introduce ds-objects with various s- 
group and coordinate transforms adapted to global splitting (1.15). 

A linear distinguished connection, d-connection, in dvs-bundle is 

a linear connection D on which preserves by parallelism the horizontal 
and vertical distributions in 
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By a linear connection of a s-manifold we understand a linear connection 
in its tangent bundle. 

Let denote by S(M) and respectively, the modules of vector 

fields on s-manifold M and vs-bundle and by J^{M) and ), 

respectively, the s-modules of functions on M and on 

It is clear that for a given global splitting into horizontal and verticals 
s-subbundles (1-15) we can associate operators of horizontal and vertical 
covariant derivations (h- and v-derivations, denoted respectively as 
and with properties: 

DxY = {XD)Y = DhxY + D,,xY + D,,xY + ... + D,^xY, 

where 

dPy = D,xY, Dff={hX)f 

and 

= D^^xY, = {vpX)f, {p = 1,...,;.) 

for every / G X{M) with decomposition of vectors X,Y G into 

horizontal and vertical parts. 


X = hX + viX+ ....+v,X and Y = hY + viY + ... + v,Y. 

The local coefficients of a d-connection D in with respect to the 
local adapted frame (1.5) separate into corresponding distinguished groups. 
We introduce horizontal local coefficients 


(L^jk 


L 


<A> N 

<b>k) 


{L\jk{u), 


L 


Ai 

BiK 


{u),L 


A 2 

B 2 K 


(u), 



of such that 


jj{h) S 


B jk{u)yj, 




(p) 





'(p) 


{p= 


n(^) „ — 


6q 

Sx^^ 


and p-vertical local coefficients 


i^J<C >) ^<B><C> ) — i^JCp i ^)) ^slcp (A ) ^slcp (A: ■■■: ^bIcp {A ) 


Ai 


'iA2 
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5 


{p = 1, z) such that 

n('''p) ^ ^ nhp) ^ ^ nhp) „ _ 


where g G JF(£^<^>), / = 1,..., 2 ;. 

The covariant ds-derivation along vector 


X = X^ 


^ + ... + ^ 


of a ds-tensor held Q, for instance, of type 
(1.22), can be written as 


,l < r < z, see 


DxQ = DfQ + +... + 


where h-covariant derivative is dehned as 


D^Q = X^Q%:,^6 




with components 
r^IAr ^Qjb\ 


lA.r _ J tir \ fl Ar \ T /^ICr T Ar T /^lA.r 

JBr\K — Q^K ^ ^ HKWJBr + ^CiK^JBi “ ^ JK^HBr ~ ^BrKHjCr^ 


Cr Af 


and Vp-covariant derivatives dehned as 


with components 

zniAr 

/~)IAr _ I /^HAr I /^Ar /^IFr Ar /^Br /^I Ar 

^JBr±Cp— QyCp ^Cp^JBn^^FrCp^JBn ^JC^^HFr ^BrCp^JF^- 

The above presented formulas show that 

DT = {L ,..., L(p),..., C,..., C(p),...) 

are the local coefficients of the d-connection D with respect to the local 
frame (^, ^). If a change (1.3) of local coordinates on is performed. 
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by using the law of transformation of local frames (1.19),we obtain the 
following transformation laws of the local coefficients of a d-connection: 


dx^' dx"^ dx^ j dx^' d'^x^ 
dx^ dx-^' dx^' dx^ dx-^'dx^' ’ 


A'j, 


Af 


Cf 


(f)BjM 


A'^ 

+ 


f 


(1.23) 


a 


I' 

{p)J'C' 


dx^' dx^ c I 
dxi dx-^' 


lA^P 

'B'.Ci, ~ ^^Af^B'^C'p'-'BfCpi--- 


n“f — K 
"1 B'C 


As in the usual case of tensor calculus on locally isotropic spaces the trans¬ 
formation laws (1.23) for d-connections differ from those for ds-tensors, 
which are written (for instance, we consider transformation laws for ds- 
tensor (1.22)) as 

cp..c' ...FP..F4 - 


(9x^1 dx'^^ 




IpA .\... E\ ...Ep2.../?!—Dpg 

JqB\...Bq^C\...Cq2---Fl...Fqs * 


(9x^1 dx'^'^ 

To obtain local formulas on usual higher order anisotropic spaces we 
have to restrict us with even components of geometric objects by changing, 
formally, capital indices {I, J, K,...) into {i,j,k,a,..) and s-derivation and 
s-commutation rules into those for real number helds on usual manifolds. 
We shall consider various applications in the theoretical and mathematical 
physics of the differential geometry of distinguished vector bundles in the 
second Part of this monograph. 


1.3.2 Torsions and curvatures of d—connections 

Let be a dvs-bundle endowed with N-connection and d-connection 

structures. The torsion of a d-connection is introduced as 

T{X,Y) = [X,DY}-[X,Y}, X,YCE{M). 

One holds the following invariant decomposition (by using h- and v-pro- 
jections associated to N): 

T(X, Y) = T{hX, hY) + T{hX, viY) + T{viX, hX) + T(uiX, viY) + ... 
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+T(vp_iX, Vp-iY) + T{vp-iX, VpY) + T{vpX, Vp-iX) + T{vpX, VpY) + ... 

+T(t;,_iX, + T{v,_rX, v,Y) + T(t;,X, + T{v,X, v,Y). 

Taking into acconnt the skewsupersymmetry of T and the equations 

h[vpX,VpY] = 0, ...,Vf[vpX,VpY] = 0,/ 7^ p, 

we can verify that the torsion of a d-connection is completely determined 
by the following ds-tensor helds: 

hT{hX, hY) = [X{D^^^h)Y} - h[hX, hY },..., 

VpT{hX, hY) = -Vp[hX, hY },..., 
hT{hX,VpY) = -D^Y^’^hX - h[hX,VpY },..., 

VpT{hX,VpY) = DfvpY - Vp[hX,VpY ],..., 

VfT{vfX,VfY) = [X{D^'^f\f)Y}-Vf[vfX,VfY},..., 
VpT{vfX,VfY) = -Vp[vfX,VfY},..., 

VfT{vfX,VpY) = -D^^^^VfX -Vf[vfX,VpY},..., 

VpT{vfX, VpY) = DpKpY - Vp[vfX, VpY}, ...,/< p, 
n,_iT(n,_iX,n,_iy) = [X{D^^^-^^v,.,)Y} - v,_,[v,_,X,v,_,Y},..., 

VzT{vz-iX,Vz-iY) = -Vz[vz-iX,Vz-iY}, 

v^_iT{v;,_iX,v,Y) = -V;,_i[v;,_iX,V;,Y},..., 

v,T{v,.iX,v,Y) = - v,[v,.iX,v,Y}. 

where X,Y & 3(8^^^^). In order to get the local form of the ds-tensor helds 
which determine the torsion of d-connection DT (the torsions of Zi^T) we 
use equations 

, J_ J_, _ o<A>^_ IJ_ S 

dx-^ ’ dx^ ’ dx'^ ’ dy<^> dy<^> ’ 

where 

dx^ ^ ^ dxJ ^ 
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and introduce notations 


hT{ 

ViT{ 

hT{ 

VpT{ 


6 6 


6x^ ’ 

S S 


= T^ 


5x^ ’ Sx'^ 

6 6 , 


= T, 


5 


(1.24) 


5 


dy<^> ’ dx-^ 

6 6 


_ pi ^ 

-* J<A> s:,,r ’ •••’ 


VpT{ 


dy^v ’ Sx'^ 

6 6 


= P 


<A> 


JB„ 


' 6x^' 

s 

dy^'" 

_ c<A> ^ 

Qy<A> ' 


' dy^p ’ dy^f 

Now we can compute the local components of the torsions, introduced 
in (1.24), with respect to a la-frame of a d-connection 
DV = (L, L(^p ),..., C,..., C(p),...) : 


JK — JK 




KJi 


(1.25) 


rp<A> _ td<A> r>I _ 

J- ipr — xx jK^r — C/ 


5 


<A> 


<B><C> 


JK 
p<A> 

X J<B> 

= 


JK, -rJ<S> 

_ j^<A> 


J<B>, 


dy<B> 


<B><C> 


<B>J, 

<B><C>\p,<A> 


<C><B>- 


The even and odd components of torsions (1.25) can be specified in ex¬ 
plicit form by using decompositions of indices into even and odd parts 
(/ = = (j, j),..), for instance, 


T\k = - L 


jk 


kj, 


T*- — 

jk~ jk x X 


rpi _ fi _ T i 

1 j]^ jk. ^ kj") •• ’I 

and so on (see [160,161] and the second Part of this monograph for explicit 
formulas (6.24),(6.25) on torsions on a ha-space we shall omit ’’tilde” 

for usual manifolds and bundles). 
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Another important characteristic of a d-connection DT is its curvature: 
R{X, Y)Z = D[xDy} — D[x,y}^: 

where X,Y,Z G From the properties of h- and v-projections it 

follows that 


VpR{X, Y)hZ = 0, hR{X, Y)vpZ = 0, VfR{X, Y)vpZ = 0, f ^ p, (1.26) 
and 

R{X, Y)Z = hR{X, Y)hZ + viR{X, Y)viZ + ... + v,R{X, Y)v,Z, 

where X,Y,Z G Taking into account properties (1.26) and the 

equations 

r(x,y) = -(-X'R(y,x) 

we prove that the curvature of a d-connection D in the total space of a 
vs-bundle is completely determined by the following ds-tensor fields: 

R(hX, hY)hZ = ( 1 . 27 ) 


-D 


hi) 


...D 


hz-i) 


D 


(Vz) 


[hX,hY} ■■■-^[hX,hY} -^[hX,hY})^^’ 

R(hx,hY)v,z = (£>;?£><;■)’ - iifhAV)- 

n(^i) 7 _ _ n(’'p-i) W, 7 _ n(^p) w, 7 

^[hX,hY}J^P^ ■■■ ^\hX,hY})^P^ ^[hX,hY}) ^P^i 


R(v^x. hY)hZ = (Ci'j-’Z)','’; - 




D 


hi) 

lvpX,hY} 


)hZ - ...-D 


hp-i) 
[vpX,hY} 


D 


R(v,X,hY)v,Z = (fljhBt) - 

(Vp) 


hp) 
[vpX,hY} 

(h) 


)hZ, 


nhi) 

^[vfX,hY} 


)v,Z - ... - - Di:’‘x.ky)KZ, 


R{vfX,VpY)hZ = - D 


hi) 

[vfX,VpY} 


)hZ 


_ Xllz) \h7 

^[v;X,VpY} ^[v;X,VpY})'‘''^^ 
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where 


R{vsX,v,Y)v,z = - ... 

-Dt’x%y))Vp-,Z - 

p.{h) p.{h) _ p,{h) p.{h) / \\XY\ p.{h) p.{h) 

^[X ^Y} ~ ^Y I ) ^Y ^X 1 

P)W pii'^p) P)W pii'^p) ( \\^‘>JpY\ p,iPp) p,{h) 

^[X ^Y} ~ ^X ^Y I ) ^Y ^X 1 

pii'^^p) P)W _ pii'^^p) p)W ( \\‘>jp^'^\ p)W pii'^p) 

^[X ^Y} ~ ^x ^Y I ) ^Y ^X 1 

£){'^p) _ jji'^f) jji'^^p) _ ^_ '^\'^f^'>’p'^\jji.'^p) 

The local components of the ds-tensor fields (1.27) are introduced as follows: 

R{Sk,Sj)Sh = Rh^ jK^h R{^k-,5j)5<b> = R<b>.jk^<a>-, (1-28) 

R{^<c>, ^k)Sj = Rjk<c>^Ii R{^<c>,^k) S<b> = P<i^>.k<c>^<a>) 
.^(<^<0, S<B>)Sj = Rj.<B><C>^Ii 
R{S<d>, ^<C>)S<B> — R'<B>.<C><D>^<A>- 
Putting the components of a d-connection 


DT = (L,..., L(p),..., C,..., C(p),...) 


in (1.28), by a direct computation, we obtain these locally adapted compo¬ 
nents of the curvature (curvatures): 

Rh^ JK = Hj — {—)''^^^^jL^hkR 


tM tI ( \\kj\jM tI \ r^i j^<A> 

HJJ^ MK — 1 —j HK-l^ MJ + U- H<A>JA JK, 

R<B>JK = <B>J — {. — )''^'^''hL^^^<B>K + 

T <C> T <A> ( \\KJ\t<C> , r^<A> D<C'> 

^ <B>J^ <C>K — 1 —J <B>K + V- <B><C>^ JK, 

PjK<A> = ^<A>L\jk — J<A>\K + J<B>P^^^ K<A>, (1.29) 

R<B>^^^K<C> ~ <B>K — 

^<A> 1 ^<A> n<D> 

^ <B><C>IK + ^ <B><D>^ K<C>, 


43 



S'Lbxo = S<c>C^j<B> - 

r^<H> x ( \\<b><c>\^<h> r^i 

^ J<B>^ <H><C> — (, —j ^ J<C>^ <H><B>, 

Q <A> _ jr ^<A> ( \|<C><D>[ r ^<A> I 

^<B> <C><D> — 0<D>^ <B><C> — I —j 0<C>^ <B><D> + 

^ <B><C>^ <E><D> — [ — ) <B><D>^ <E><C>- 

Even and odd components of curvatures (1.29) can be written out by split¬ 
ting indices into even and odd parts, for instance, 

ry i _ J\ J\ TT i 

jk hj hk ' hj^ mk ^ hk^ mj ' ^ h<a>^ jkf 

Rnfk = hL\, + , • • •• 

(formulas for even components of curvatures are given in the Part II of this 
monograph, see (6.26)-(6.28)); we omit formulas for the even-odd compo¬ 
nents of curvatures because we shall not use them in this work). 

1.3.3 Bianchi and Ricci identities 

The torsions and curvatures of every linear connection H on a vs-bundle 
satisfy the following generalized Bianchi identities: 

^ [{DxT){Y, Z) - R{X, Y)Z + T(T(X, E), Z)] = 0, 
sc 

^ [{DxR){U, F, Z) + i?(T(X, Y)Z)U] = 0, (1.30) 

sc 

where J2sc means the respective supersymmretric cyclic sum over X, Y, Z 
and U. If H is a d-connection, then by using (1.26) and 

Vp{DxR){U,Y,hZ)=0, h{DxR{U,Y,VpZ) = 0,Vf{DxR){U,Y,VpZ) = 0, 

the identities (1.30) become 

Y,[h{DxT)(Y, Z) - hR{X, Y)Z + hT{hT{X, Y),Z) + 
sc 

hT{viT{X, F), Z) + ... + hT{v,T{X, F), Z)] = 0, 
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i: \v!(DxT)(Y, Z) - v,R(X, Y)Z+ 

SC 

VfT{hT{X, F), Z)+ ^ VfT{v;r{X, F), Z)] = 0, 
p>f 

lh(DxR)(U, Y, Z) + hR{hT{X, F), Z)U+ 
sc 

hR{v^T{X, F), Z)U + ... + hR{v^T{X, F), Z)U] = 0, 

^ [Vf{DxR){U, Y, Z) + VfR{hT{X, F), Z)U+ 
sc 

Y^VfRiv^T{X,Y),Z)U]=0. (1.31) 

p>f 

In order to get the component form of these identities we insert corre¬ 
spondingly in (1.31) these values of triples (X, F, Z), (= {Sj, Sk, ^l), or 
(^<D>, ^<c>, ^<B>)), and put successively U = 6h and U = (5<a>- Taking 
into account (1.24),(1.25) and (1.27),(1.28) we obtain: 

[T^ jk\h + jkT"^ hm + R^^^ jkC^ h<a> — R./ kh] = 0) 

SC[L,K,J} 

E r T3<A> I rriM T3<A> , t:)<B> p<A> ] ri 

[nr JK\H + J- JKJ^ HM + nr JiCn H<B>\ — U, 

SC[L,K,J} 

/^I ( rpl I rpl 

Yz J<B>\K — [ —j <-/ K<B>\J — n JK\<B> + <-/ J<B>J- KM — 

[ —J c K<B>J- JVf + n jkC m<B> + n J<B>C K<D> 

( p<D> p-ii _L p ^ I _fi 

— 1 —j -r K<B>C J<D> + -P7 K<B> ~ J<B> — U, 

p<A> ( \|nCJ|r)<A> p<A> I pyM p<A> 

-r J<B>\K — [ —J n K<B>\J — nt JK±<B> + <-/ J<B>^ KM — 

( \\KJ\p^M p<A> I rpM p<A> I p<D> p<A> 

[ —j C K<B>^ JM + n jxr' M<B> + n J<B>^ K<D> — 

( \XJ\p<D> p<A> p<D> q<A> I p <A> _ ri 

-r K<B>^ J<D> — JA JK^ B<D> + ^<B> JK “ U, 

r<I ( \\<B><C>\p^l I p^M r^I 

C J<B>±<C> — [ — ) C J<C>±<B>+C J<C>C M<B> — 

( \\<iB><iC'>\pyM pyl I q<D> pyl q-I ri 

I —j C J<B>C M<C> + O <B><C>C J<D> — ^J.<B><C> — U, 

p<A> ( \|<SxC'>| p<A> I 

-r J<B>±<C'> — I —j -r J<C>±<B> + 
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M<B> — 


<B><C>\J 


'iM td<A> 


A<B><C>\^M p<A> I p<D> 

) ^ J<B>^ M<C> + -r 


J<C'><S>| p<D> 


M<C> ~r Jr j< 

C<A> , q<D> 

<B><D> + 


^^<A> 


<C><D>- 


<B><C> 


P^^^J<D> + 


p <A> 
-r<B> J<C'> 


J<C'><^>I p <A> _ r. 

> ^<C> J<B> - U, 


E <B><C>±<D> + 

SC[<B>,<C>,<D>} 

C<F> q<A> q <A> 1 

<B><C>^ <D><F> — ^<B> <C><D>\ 


E [Pk^hj\l 

SC[H,J,L} 

E r t 3 <A> _r 

[^<D>-HJ\L 

SCIH,J,L} 


rjiM p I 

j HJJAk lm 


rpM p'<A> 

J HjJA^Dy.LM 


td<A> pi 
Ft Ff.7-r 


HJF x.L<A>\ 


p<C> p <A> 

-K HJ^<D> L<C>\ 


Pk j<D>\L '-Psr.r.^n^i r +-R/f ; 


K-L<D>\J “T LJ±<D> 


L<D>JAk JM' 


( \\LJ\p-iM p I rpM pi I 

J<D>^K LM — J JL^K-M<D> + 


p<A> p i ( \\LJ\ p<A> p i 

-r L<D>^k J<A> ~ ^ J<D>J^^K- 


J<D>Jr k L<A> 


p<A> Q-I 
— Ft .17,0 


Jlo k<a><d> 


p <A> ( 'vl^'^lp <A> I p-<A> I 

^<C> J<D>\L ~ {~) F'^cy L<D>\.J + ^<C>-LJ\<D> + 

pyM p <A> ( \\LJ\p^M p <A> 

Fy JM — — Fy .J<'n->Ft<'n^ tm — 


' L<D>JF<:C> JM 
rpM p <A> 

JLJr<C> M<D> 


\ J Fy J<D>JF<C> lm' 

_1_ p<F> p <A> 

+-r L<D>^<C> J<F>~ 


\FJ\ p<F> 


J<D>J<C> L<F> ' 
, A<C><D>\ .j 


P<F> Q <A> _ r. 

-K JLO<c> F<D> — U, 


KJ<D>±<C> 


/OM Tjl 

o T^D'^ru'. 


Pk J<C>±<D> + <D><C'>|J+ 


J<D>JK-M<C> 


J<C>ok-<D><A> 


A<C><D>\pyM pi 


J<C>JK-M<D>' 


J<C><-D>| p<A> 


p<A> q-1 I 

-T J<D>>J_ft:.<C><A> + 


C<A> pi 

o TT. 


<c><d>f^kj<a> 


p <A> ( 

-r<B> J<D>±<C> ~ 

c <A> I 

0<B> <C><D>\J + 

/ \|<C'><D>|^M 


J<C'><-D>| p <A> I 

I F'<b> J<C>F<D> + 


J<D>J<B> M<C>' 


p <A> I 

Fy J<C>Jr <B> M<D>A' 
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P<F> Q <A> ( \|<0><i/'>| T}<t > Q <A> I 

-r J<C>^<B> <D><F> ~ ^ J<D>0<b> <C><F> + 

<C><D>P<B>^^^J^F> ~ 0) 

X! [^'k.<B><C>F<D> ~ S1'^B><C>^'k.<D><A>] = 0) 

SC[<B>,<C>,<D>} 

E fq-<A> _ c<E> c.<A> ] _ r. 

[‘^<F>.<B><C>±<D> ‘^.<B><C>‘^<F>.<E><A>\ “ 

SC[<B>,<C>,<D>} 

where the supersymmetric cyclic sum over indices < B > 

SC[<B>,<C>,<D>} 

, < C >,< D > . 

As a consequence of a corresponding arrangement of (1.27) we obtain the 
Ricci identities (for simplicity we establish them only for ds-vector helds, 
although they may be written for every ds-tensor held): 


J<C'><D>| p<F> 


= R(hx, hY)hz ++x: fi'riViftz, (1.32) 

/=i 

d'J''d«AZ = R(v,X, hY)hZ + B£y„.,fcZ + £>|';y,„.,ftz, 

/=1 


_ RivpX, VpY)hZ + 


[vpX,VpY}' 


Dl^D'y^Z = R(hX, hY)v,Z + ^ D'^’J.y^v^Z, (1.33) 

/=1 


Dt^^D^Y}^pZ = R{vfX, hY)vpZ + Y.D 


[vfX,hYYP 




= R{v,X, v,Y)v,Z + Y, 

s=l 

Putting X = X^(u)^ + X^^^(u) QyiA> and taking into account the local 
form of the h- and v-covariant s-derivatives and (1.24),(1.25),(1.27),(1.28) 
we can express respectively identities (1.32) and (1.33) in this form; 

■Y<A> ( \\KL\y^<iA> _ 
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p <A> y<B> rpH y<A> 

^<B> KL^ ~ ^ KL^ \H 

yl t \\K<D>\yI 

\K±<D> — —J ±<D>|_fs' 


t}<B> y<A> 

— n kl^ ±<b>, 


p/ yH ytH yl tj<A> yl 

^H K<D>^ ~ ^ K<D>^ \H — K<D>^ ±<A>, 

\<B><C >\^1 


X ±<B>±<C> — (—; 

q-1 yH 


Q<A> yl 

o <B><C>^ ±<A> 


and 


p <A> y 
^<B> KL^ 


y<A> ( \\KL\y.^A> 

^ \K\L — ( —j \L\K 

y<B> rpH y<A> 

^ — J- KL^ \H — 


P<B> 


<A> 


y<A> 

^ \KA<B> 


X 


KC 

<A> 


,x 


c 


( \\<B>K\ y<A> 

— —j ±<B>\K 

y<A> td<D> 

<B>^ \H — K<B> 


td<B> y<A> 

-K KL^ ±<B>, 


TD<D> y<A> 

-T K<B>^ ±<D>, 


C^K<B>X 

( \^<A> 

L<B>A<C> — (, —j ±<C>±<S> 


c <A> V<D> C<D> V<-4> 

^<D> <B><C>^ ~ ^ <B><C>^ ±<D>- 

We note that the above presented formulas [265] generalize for higher order 
anisotropy the similar ones for locally anisotropic superspaces [260]. 


1.3.4 Cartan structure equations in dvs—bundles 

Let consider a ds-tensor held on 

t = . 

The d-connection 1-forms uj^j and are introduced as 

Dt = 

with 


Dt<A> = dP<A> + ^jt'<A> - dj<A>t 




I 

<B> 


= t 


<A>| J' 


dx'^ + t{A>±<B>dy 


<B> 


For the d-connection 1-forms of a d-connection D on dehned by Uj 

and ui^B> one holds the following structure equations: 

d{d^) — d^ A ujj = —f2, d{6^^^) — A dj^B> = — 
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d^j -^j = du<il - A 

in which the torsion 2-fornis and are 


= Ir^jKd^ Ad^ + 


given respectively by formulas: 
j<c>d'^ A 5^^^, 


n<^> = A d^+ 


and 

= - 


•'j = ^R/KHd^ A d" + ipj' 


— P'^ d^ A A 

2^J K<C>^ ^ ’ 


1 

0<^> _ R <^> /7^ A rl^J- 

^^<B> — 2^<b> kh^ /\ a -h 


^ P <Al> 

2P<b> 


> j-ft" A A<C'> I ^ C <^> A<C'> A A<B>> 

2-* <i(> K<c>^ Ac) + 2^<b> <c><d>^ a () 

We have dehned the exterior product 

i-<a> A ^<3> / aI- 


on s-space to satisfy 


1.3.5 Metrics in dvs—bundles 

The base M of dvs-bundle T^^^is considered to be a connected and para- 
compact s-manifold. 

A metric structure on the total space of a dvs-bundle T'^^^is a 

supersymmetric, second order, covariant s-tensor held 

which in every point u G is given by nondegenerate supersymmetric 

matrix G<a>< 3 > = G((9<a>, i9</3>) (with nonvanishing superdeterminant, 
sdetG 7^ 0). 

The metric and N-connection structures on are compatible if there 
are satished conditions: 

G((5/, d<A>) = 0, G{dAf, <9aJ = 0, z>p>f>l, 
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or, in consequence, 


Gi<a> — Nf^^h<^A><B> — 0, Ga.Ap — ^A^fhApEp — 0, (1-34) 




jAp ^'Af"'^v^p 


where 

Gi<a> = G{di,d^A>)iG AfAp = G{dAj:, Oap)- 
From (1.34) one follows 




Gi<a>, N2; = h^^^-GA,Bp,..., 


where matrices ... are respectively s-inverse to matrices 


h<A><B> = G{dcA>, dcB>), hApBp = G{dAp, dsp)- 

So, in this case, the coefficients of N-connection are uniquely determined by 
the components of the metric on . 

A compatible with N-connection metric on is written in irreducible 
form as 

G{X,Y) =G{hX,hY)+G{viX,viY)+...+G{v,X,v,Y), X,Y e 

and looks locally as 

G = gapiu)S°' ® ( 5 ^ = gjjd^ ® ® = 

gijd^ + hAiBid"^^ + hA2B2^^^ + ... + hA^sJ^'' ® (1.35) 

A d-connection D on is metric, or compatible with metric G, if 

conditions 

= 0 

are satished. 

A d-connection D on provided with a metric G is a metric d-con¬ 
nection if and only if 

DPihG) = 0 ,dP{v^G) = 0,D^2^\hG) = 0,Dp\v^G) = 0 (1.36) 

for every , f,p = 1, 2, ..., ;2, and X G Conditions (1.36) are written 

in locally adapted form as 

giJ\K = 0,giJ±<A> = 0, h^A><B>\K = 0, h^A><B>L<C> = 0. 
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In every dvs-bundle provided with compatible N-connection and met¬ 
ric structures one exists a metric d-connection (called the canonical d- 
connection associated to G) depending only on components of G-metric and 
N-connection . Its local coefficients CT = {L^jk) L‘^j^Ki^j<c>^^<B><c>) 
are as follows: 



+ SjgHK - SHgjK), 


(1.37) 


1 

[S<K>h<^B><C> ~ <B>^K^^)^<D><C>~i^<C>^K^^)^<D><B>]^ 

^J<C> = 29^^^<c>gjK, 

GbJ<c> = + 

S<B>hcD><C> —5<D>h<B><C>- 


We emphasize that, in general, the torsion of GF-connection (1.37) does 
not vanish. 

It should be noted here that on dvs-bundles provided with N-connection 
and d-connection and metric really it is dehned a multiconnection ds-struc- 
ture, i.e. we can use in an equivalent geometric manner different types of 
d- connections with various properties. For example, for modeling of some 
physical processes we can use an extension of the Berwald d-connection 


BT = S^b>N<^>, 0, G<^><c>), (1-38) 

where jk = L^jk ^'^‘3 ^b><c> = ^<b><c>> which is hv-metric, i.e. 

satisfies conditions: 


D^hG = 0 ,..., D^x'^VpG = 0 ,..., D^x^\,G = 0 

for every X G S(£^^^^), or in locally adapted coordinates. 


gij\K — 0, h^A><B>±<c> — 0. 


As well we can introduce the Levi-Civita connection 

< a > , 

< {3 ><7 >' 
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^ ^<a><0> (pi f-i 

-Lr 1<^</9 >^<t>< 7> 


+ d<'y>G<_T><p> *9<-r>G^</3><7>)) 


constructed as in the Riemann geometry from components of metric 
G<a><p> by using partial derivations 


d<a> 


d 


d d 


dx^ ’ ’ 


which is metric but not a d-connection. 

In our further considerations we shall largely use the Christoffel d- 
symbols defined similarly as components of Levi-Civita connection but by 
using la-partial derivations, 

(1.39) 

having components 


cr = {L\jK,o,o,c<^>^B><c>), 


where coefficients LPk and ^b><c> must be computed as in formulas 
(1.38). 

We can express arbitrary d-connection as a deformation of the back¬ 
ground d-connection (1.38): 

r<“></3><7> = f <“/><.,> + P<“><;3><7>, (1.40) 

where i^^"^</ 3 >< 7 > is called the deformation ds-tensor. Putting splitting 
(1.40) into (1.25) and (1.29) we can express torsion and cur¬ 

vature 

^ d-connection r'^“^</ 3 >< 7 > as respective deformations 
of torsion and torsion for connection r<( 3 ><.y> : 


rp<a> 


</3><7> — 


nn<a> 

■</3><7> 


I nn<a> 

■</3><7> 


and 


R 


</ 9 > 


<a> 


<7><<5> 


_ f) <Ol> 

~ .0'</3>.<7><<5> 


+ R 


■<a> 

<l3>-<'r><S> 


1 


where 


rp<Ct> _ .p<0> 

■^<l3><'r> ~ ^ </3><'r> 


|</3><7>|f <a> 

<'r><i3> 
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rp<a> _ ■n<a> _ /_\|</3><7>|-p<o> 

</3><7> ~ </9><7> I ) <7></3>) 


and 

B<a> _ X r<a> ( '\l<7><<5>lr ■p<a> i 

-^</3>'<7><<5> “ </3><7> ~ 0<^>i </3><5>-h 

■p<i^> ■p<a> _ ( _\|<7><5>|-p<(p> ■p<a> _L ■r<“> 

<P><'Y>^ <tp><5> \ ) </J><(5>-‘- <(/j><7> “T</3><(p>^ <7><S>i 


-^</9>-<7><5> -D<7>-P^“^ </3><5> + 

p<</J> p<a> ( \ p<«> 

-T </3><7>-' <(p><S> \ ) -T </3><5>-' <(p><7> 




<7><5>) 


the nonholonomy coefficients ta‘^“^</ 3 >< 7 > are defined as 


[5<a>,5</t>} = 5<a>5</3> - = 


= tc 


<T> 


<a><l3>0<T>- 


We emphasize that if from geometric point of view all considered d- 
connections are ’’equal in rights”, the construction of physical models on 
la-spaces requires an explicit fixing of the type of d-connection and metric 
structures. 


1.4 Higher Order Tangent S—bundles 


The aim of this section is to present a study of supersymmetric extensions 
from M to TM and Osc^^^M and to consider corresponding prolongations 
of Riemann and generalized Finsler structures (on classical and new ap¬ 
proaches to Finsler geometry, its generalizations and applications in physics 
se, for example, [78,56,213,160,161,17,18,159,163,13,14,41,29]). 

The presented in the previous section basic results on dvs-bundles 
provided with N-connection, d-connection and metric structures can be cor¬ 
respondingly adapted to the osculator s-bundle {Osc^M^ tt, . In this case 
the dimension of the base space and typical higher orders fibre coincides and 
we shall not distinguish indices of geometrical objects. 

Coefficients of a d-connection i7F(iV) = ..., in 

Osc^M, with respect to a la-base are introduced as to satisfy equations 


Sx^ 


6 

Hf) 


tM 


5 

W)' 


D 


Sy 


(P) 


d 

Hf) 


/oM 

^{p)ij 


6 

W) 


(1.41) 
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(/ = 0,l,...,2:;p= and yfo) = ^^)- 

A metric structure on Osc^M is ds-tensor s-symmetric field gij{u(^z)) = 
9 ij{x,y{i),y( 2 ),---,yiz)) of type (0,2), srank\gij\ = {n,m). The N-lift of 
Sasaki type of gu is given by (see (1.35)) defines a global Riemannian 
s-structure (if M is a s-differentiable, paracompact s-manifold): 


G = gij{u(^z))dx^ (g) dx-^ + gij{u(^z))dyli) 0 di/p) + ... + gij{u(z))dylz) 0 dy(^y 

(1.42) 

The condition of compatibility of a d-connection (1.41) with metric (1.42) 
is expressed as 

DxG = 0,VX e E{OsGM), 

or, by using d-covariant partial derivations |(p) defined by coefficients 
giJ\M=0, fi'/J|(p)M = 0) (P = 1) •••> ^)- 

An example of compatible with metric d-connection is given by Christoffel 
d-symbols (see (1.39)): 

jM ^ ( dgxj dgiK _ 5gij \ 

2^ y dx^ dx-^ dx^) ’ 


— —n 

^{p)IJ - c. 9 


MK 


dgxj dgiK 


Mr) 


dy^ 


(p) 


dgij 


■p= 1 , 2 ,...,^. 


1.4.1 Supersymmetric extensions of Finsler spaces 

We start our considerations with the ts-bundle TM. An s-vector X G 
E(TM) is decomposed with respect to la-bundles as 

X = XiuYSi + Y{uydi, 

where u = u°‘ = {x^y^) local coordinates. The s-tangent structures (1.16) 
are transformed into a global map 

J : S(TM) ^ S(TM) 
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which does not depend on N-connection structure: 


5 


dy^ 


^ and J( ^ 


dy^ 


= 0 . 


This endomorphism is called the natural ( or canonical ) almost tangent 
structure on TM; it has the properties: 


1) = 0, 2)ImJ = KerJ = VTM 


and 3) the Nigenhuis s-tensor, 

Nj{X, Y) = [JX, JY} - J[JX, Y} - J[X, JY] 

{X,Y e E{TN)) 

identically vanishes, i.e. the natural almost tangent structure J on TM is 
integrable. 

A generalized Lagrange superspace, GLS-space, is a pair 
GL^’^ = {M, gij{x,y)), where gij{x,y) is a ds-tensor field on 

TM = TM — {0}, s-symmetric of superrank {n,m). 

We call gij as the fundamental ds-tensor, or metric ds-tensor, of GLS- 
space. 

There exists an unique d-connection Gr(iV) which is compatible with 
gij{u) and has vanishing torsions T^jk and jk (see formulas (1.25) 
rewritten for ts-bundles). This connection, depending only on gij{u) and 
Nj{u) is called the canonical metric d-connection of GLS-space. It has 
coefficients ^ 

JK = -^9^^ {^j9hk + Sh9jk — Sh9jk), 

C^JK = ^9^^ {9jgHK + dH9JK — dH9JK)- 

There is a unique normal d-connection DV[N) = {Mjk-, C^jk) which is 
metric and has a priori given torsions T^jk and jk- The coefficients of 
Dr{N) are the following ones: 

= L^jk — -9^^{9jrT^hk + 9krT^hj — 9hrT^kj), 
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C[jK = C^JK - ^-g 


2 


{QjrS^hk + QkrS^HJ — QhrS^Kj): 


where jk and jk are the same as for the CT(iV)-connection (1.41). 

The Lagrange spaces were introduced [136] in order to geometrize the 
concept of Lagrangian in mechanics (the Lagrange geometry is studied in 
details in [160,161]). For s-spaces we present this generalization: 

A Lagrange s-space, LS-space, = {M,gjj), is dehned as a partic¬ 
ular case of GLS-space when the ds-metric on M can be expressed as 


9ij{u) 


1 d^L 

2 dy^dy^ ’ 


(1.43) 


where L : TM A, is a s-differentiable function called a s-Lagrangian on 

M. 

Now we consider the supersymmetric extension of Finsler space: A 
Finsler s-metric on M is a function Fs TM ^ A having the properties: 

1. The restriction oi Fs to TM = TM \ {0} is of the class and F 
is only supersmooth on the image of the null cross-section in the ts-bundle 
to M. 

2. The restriction of F to TM is positively homogeneous of degree 1 
with respect to (?/'^), i.e. F{x,\y) = \F{x,y), where A is a real positive 
number. 

3. The restriction of F to the even subspace of TM is a positive function. 

4. The quadratic form on A"'’’” with the coefficients 

, , 1 d^F^ 


dehned on TM is nondegenerate. 

A pair = (M, F) which consists from a supersmooth s-manifold M 
and a Finsler s-metric is called a Finsler superspace, FS-space. 

It’s obvious that FS-spaces form a particular class of LS-spaces with 
s-Lagrangian L = F^ and a particular class of GLS-spaces with metrics of 
type (1.58). 

For a FS-space we can introduce the supersymmetric variant of nonlinear 
Gartan connection [56,213]: 
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where 


G*i 



d^e 

dy^dx^ 


.K 



£{u) = gij{u)y^y^, 


and g*^'^ is inverse to gij{u) = | dy^dyj ■ this case the coefficients of 
canonical metric d-connection (1.25) gives the supersymmetric variants of 
coefficients of the Cartan connection of Finsler spaces. A similar remark 
applies to the Lagrange superspaces. 


1.4.2 Prolongations of Lagrange s—spaces 

The geometric constructions on TM from the previus subsection have corre¬ 
sponding generalizations to the Osc^^^M s-bundle. The basic idea is similar 
to that used for prolongations of geometric structures (see [168] for prolon¬ 
gations on tangent bundle). Having dehned a metric structure gij{x) on 
a s-manifold M we can extend it to the Osc^M s-bundle by considering 
gij{u(^z)) = gij{x) in (1.42). R. Miron and Gh. Atanasiu [162] solved the 
problem of prolongations of Finsler and Lagrange structures on osculator 
bundle. In this subsection we shall analyze supersymmetric extensions of 
Finsler and Lagrange structures as well present a brief introduction into 
geometry of higher order Lagrange s-spaces. 

Let = (M, F) be a FS-space with the fundamental function Fs : 
TM —A on M. A prolongation of F on OsFM is given by a map 


(To7r^)(M(^)) = T(m(i)) 


and corresponding fundamental tensor 


Mj(m(i)) 


1 (92 T2 

2 dyl^dy^^ ’ 


for which 

{gij°K){u(z)) = ^/j(m(i)). 

So, gjj{u{i)) is a ds-tensor on 

Osk^M = OsFM/{Q} = {(m(z)) G OsFM^srank\yly^ \ = 1}. 
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The Christoffel d-symbols 


^/dgKiiuii)) dgjK{u(^i)) dgij{u(^i)) 

luW ') = jS (“w)( Ox^ + -a^> 

define the Cartan nonlinear connection [55]: 

^\n)j = 

The dual coefficients for the N-connection (1.21) are recurrently computed 
by using (1.44) and operator 


T 


1 /( 1 ) 


d 

dx^ 


+ 2 yl2) 


d 

W) 


+ ... + Z 


d 



^il)J — ^{N)J: 


Ku = ([ryt-DJ+ 

The prolongations of FS-spaces can be generalized for Lagrange s-spaces 
(on Lagrange spaces and theirs higher order extensions see [160,161,162] and 
on supersymmetric extensions of Finsler geometry see [260]). Let L"’’™' = 
{M,gjj) be a Lagrange s-space. The Lagrangian L : TM ^ A can be 
extended on Osc^M by using maps of the Lagrangian, {L o 7rf)(M(2)) = 
L , and, as a consequence, of the fundamental tensor (1.43), {gu o 

=9IJ (m(i)) . 

1.4.3 Higher order Lagrange s—spaces 

We introduce the notion of Lagrangian of z-order on a differentiable s- 
manifold M as a map : Osc^M A. In order to have concordance with 
the definitions proposed by [162] we require the even part of the fundamental 
ds-tensor to be of constant signature. Here we also note that questions 
to considered in this subsection, being an supersymmetric approach, are 


58 




connected with the problem of elaboration of the so-called higher order 
analytic mechanics (see, for instance, [64,150,149,226]). 

A Lagrangian s-differentiable of order z (z = 1,2,3,...) on s-differenti- 
able s-manifold M is an application : Osc^M A, s-differentiable on 

Osk^M and smooth in the points of Osc^M where = 0. 

It is obvious that 




1 

^dyU^vU 


is a ds-tensor held because with respect to coordinate transforms (1.3) one 
holds transforms 

Kj gpjt = gij, 

A Lagrangian L is regular if srank\gij\ = {n,m). _ 

A Lagrange s-space of 2 :-order is a pair = (M, where 

is a s-differentiable regular Lagrangian of 2 :-order, and with ds-tensor gu 
being of constant signature on the even part of the basic s-manifold. 

For details on nonsupersymmetric osculator bundles we cite [162]. 


1.5 Discussion 

We have explicitly constructed a new class of superspaces with higher order 
anisotropy. The status of the results in this Chapter and the relevant open 
questions are discussed as follows. 

From the generally mathematical point of view it is possible a dehnition 
of a supersymmetric differential geometric structure imbedding both type 
of supersymmetric extensions of Finsler and Lagrange geometry as well var¬ 
ious Kaluza-Klein superspaces. The hrst type of superspaces, considered 
as locally anisotropic, are characterized by nontrivial nonlinear connection 
structures and corresponding distinguishing of geometric objects and basic 
structure equations. The second type as a role is associated to trivial non¬ 
linear connections and higher order dimensions. A substantial interest for 
further considerations presents the investigations of physical consequences 
of models of held interactions on higher and/or lower dimensional super¬ 
spaces provided with N-connection structure. 
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It worth noticing that higher order derivative theories are one of cur¬ 
rently central division in modern theoretical and mathematical physics. It 
is necessary a rigorous formulation of the geometric background for devel¬ 
oping of higher order analytic mechanics and corresponding extensions to 
classical quantum held theories. Our results do not only contain a super- 
symmetric extension of higher order hber bundle geometry, but also propose 
a general approach to the ’’physics” with local anisotropic interactions. The 
elaborated in this Chapter formalism of distinguished vector superbundles 
highlights a scheme by which supergravitational and superstring theories 
with higher order anisotropy can be constructed. 
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Chapter 2 

H A—S up er gravity 


In this Chapter we shall analyze three models of supergravity with higher 
order anisotropy. We shall begin our considerations with N-connection s- 
spaces in section 2.1. Such s-spaces are generalizations of flat s-spaces 
containing a nontrivial N-connection structure but with vanishing d-con- 
nection. We shall introduce locally adapted s-vielbeins and dehne s-£elds 
and differential forms in N-connection s-spaces. Sections 2.2 and 2.3 are 
correspondingly devoted to gauge s-held and s-gravity theory in osculator 
s-bundles. In order to have the possibility to compare our model with 
usual N = 1 ( one dimensional supersymmetric extensions; see, for instance, 
286,170,215]) supergravitational models we develop a supergavity theory 
on osculator s-bundle Osc^M(m) where the even part of s-manifold M{^m) 
has a local structure of Minkowski space with action of Poincare group. 
In this case we do not have problems connected with definition of spinors 
(Lorentz, Weyl or Maiorana type) for spaces of arbitrary dimensions and 
can solve Bianchi identities. As a matter of principle, by using our re¬ 
sults on higher dimensional and locally anisotropic spaces, see [256,255] we 
can introduce distinguished spinor stuctures and develop variants of ex¬ 
tended supergravity with general higher order anisotropy. This approach 
is based on global geometric constructions and allows us to avoid tedious 
variational calculations and define the basic field equations and conserva¬ 
tion laws on s-spaces with local anisotropy. That why, in section 2.5, we 
introduce Einstein-Cartan equations on distinguished vector superbundles 
(locally parametrized by arbitrary both type commuting and anticommut- 
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ing coordinates) in a geometric manner, in some line following the geo¬ 
metric background for Einstein realtivity, but in our case on dvs-bundels 
provided with arbitrary N-connection and distinguished torsion and metric 
structures. We can consider different models, for instance, with prescribed 
N-connection and torsions, to develop a Einstein-Cartan like theory, or to 
follow approaches from gauge gravity. In section 2.6 we propose a variant 
of gauge like higher anisotropic supergravity being a generalization to dvs- 
bundles of models of locally anisotropic gauge gravity [258,259,272] (see also 
Chapter 7 in this monograph). 


2.1 N—connection Superspaces 

Before we continue our analysis of the locally anisotropic superspace, we 
shall hrst consider dvs-spaces provided with N-connection structure, having 
trivial (flat like with respect to la-frames) d-connection and d-metric. Such 
spaces will be called as N-connection superspaces and denoted as ■ 


2.1.1 Supervielbeins in N—connection s—spaces 

Coordinates on s-space are denoted 








We shall use la-frame decompositions of metric on 


<z> 


G<a><(}>{u) — !-<a>{u)l^0y{u)G^g><y>- ( 2 - 1 ) 

Indices of type < a>, < P >,... are considered as abstract ones [180,181, 
182] s-vielbein indices. On N-connection s-spaces we can £x la-frames and 
s-coordinates when s-vielbein components /<«> and d-metrics G^g><i 3 > 
and G^a><p> are constant. 

We suppose that s-space is provided with a set of a-matrices 



£]_ _ 7^ ai 

Q-l ••*5 ^p 



az 

^az a^ 



necessary for spinor parametizations of anticommuting variables 


Qi = 




= (C^, C^), = (C^, C^), = (C^, C^) 

(for simplicity, in sections 2.1-2.4 we consider Lorentz like spinor indices 
(op, ttp), ...^ , p = 0,1,2, ..., 2 : for a 4-dimensional even component of 

a s-space, but in our case provided with N-connection structure). For 
symplicity, we shall omit dots before and after indices enabled with subindex 
p if this will not give rise to ambiguities. 

The locally adapted to N-connection partial s-derivations are introduced 
in this manner; 



5 



+ i(j" 





6 

dv°-p ’ 

( 2 , 2 ) 


where i is the imaginary unity and, for instance, 5aQ = La- 

derivations from (2.2) are consturcted by using operators (1.12). In brief 
we denote (2.2) as (5<a> = where matrix is parametrized as 


j<a> _ 

‘<o> ~ 


/ 5) 0 0 

iaF . 9 ^ 5 ^ 0 

—iO^a^ 0 —5 

A 


0 

0 


0 

0 


0 

0 




0 0 0 


0 

0 

0 


0 0 
0 0 

0 0 




I a'- 


• di 

-iQ^a 


0 

0 
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e-objects of type are spinor metrics. The inverse matrix /<«> satisfies 
conditions 

/<«>/<“> _ /<“>/<«> _ ^ 

and are parametrized as 


;<Q> _ 

''<o> ~ 


/ 


4 

-ia -4 i 9- 


j e 


0 

0 

0 




0 0 

<5j 0 

0 - 5 : 


0 

0 

0 


0 

0 

0 


0 

0 

0 


. ^ 

dr) dr) ^ 


0 

0 

0 


0 

0 

0 

0 

0 


-K 


dj) Ojp 

■(T- 


) 


We call (j<a>^ generalized supervielbien, s-vielbein, (inverse s-vielbe- 
in) of N-connection s-space. Additionally to (2.2) we shall use differential 


operators: 

5 


Pa. = 


dy° 


) Qa„ 


dd^ 


— ia„ 


,C- 


dy^ 


') Qap 


89^ 


I • -C 


5 


V “p 0.,,a. 


dy^ 

(2.3) 

For a trivial N-connection operators (2.2) and (2.3) are transformed re¬ 
spectively into ’’covariant” and inhnitesimal generators on flat s-spaces 
[286,170,215]. 


2.1.2 Locally anisotropic superfields 

Functions on are called superhelds (s-£elds) in For simplicity 

we consider a real valued s-held on dvs-bundle : 

^(^(p—i),..., y(p), C(p)) •••) y{z—i)) C(2:—1)) y{z)) C{z)) — 

V (^(p—i),..., y(p), C(p)) •••) y{z-i)j C(2— 1 )) y{z)j C(z))) 
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where by ”+” is denoted the Hermitian conjugation. Every s-£eld is a poly¬ 
nomial decomposition on variables (0*,...). For instance, with respect 
to (C^,C^) = (C(^))C^) we have a such type polynom (for simplicity, here 

we omit spinor indices): 

^ C^) = <^(“(2-1), l/(^)) + 

*^X(W(2-1), 1 /( 2 )) - <(2j X(«(2-l),l/(2)) + 

% % 

y{z)) y{z))) ~ '^ ^{z)^{z) {y{u(^z-l), y{z))~ 

iv{u(^z—l)l y{z))) ^( 2 ) *^ C( 2 j '^i('^( 2 — 1 ); 1 /( 2 )) + ^ ^( 2 )^( 2 )C( 2 j -^('^(2 — 1 ); 1 /( 2 )) 

^ C(2|C(2|^(2) -^('^(2 —1); yjz)) '^ ^{z)C{z) ^iX{.'^{z — l)l 1 /( 2 ))^ C(2) ~l~ 

1 . _ 

'^ C{z)C(z)(^(z) 0' <5iX('^(2—1)) 1 /( 2 )) + 

^(2)^(2)^(2)^(2) ^(■^)) ^l)C{U(^z-l)l y{z))^ ) ••• 

(in a similar manner we shall decompose on spinor variables 

( C(2-l) , C(2-l) ), •••, (^, ^), (^, 1^))- 

2.1.3 Differential forms in N—connection spaces 

For locally adapted differntials (1.13) we introduce the supersymmetric com¬ 
mutation rules 


For every integer q we introduce the linear space generated by basis elements 
^ where every multiple satisfies the above presented 

s-commutation rules. So, a function $(m) on is a 0-form, 
is a 1-form, ^^a><( 3 > is a 2-form and so on. Forms can be 

multiplied by taking into account that = (— 

Let 

= (5m<“i>A5m<“2>A...A(5m<“^> 
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be a q~form. The N-connection adapted differntial 


is a (q+l)-form. One holds the Poincare lemma: 55 = 0. Under some 
topological restrictions [203,63,147] the inverse Poincare lemma also holds: 
from = 0 one folios that p = 5w (it should be noted here that on 
dvs-bundles we must take into account the condition of existence of a N- 
connection structure). 

An arbitrary locally adapted basis in the space of 1-forms can be 
described by its s-vielbein matrix (generally being different from the (2.3)): 

The inverse matrix is dehned in a usual manner. 

2.2 HA—Gauge S—Fields 

This section is devoted to the geometric background of gauge theory on 
curved s-spaces provided with N-connection structure. 

2.2.1 Gauge transforms in osculator s—bundles 

The structural group is a Lie group, acting on q-forms: 

U = exp{iT(M(^_i),l/(^),C^,C^)}, 

e 

where are generators of group : 




The connection form 

(p = C^) = , C^) 


(2.4) 
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takes values in Lie algebra, i.e. 




This s-field is a higher order anisotropic generalization of Yang-Mills s- 
potentiah We have these transformation rules 

cp' = U-^^U + U-^6U, 

‘f'<a> = + U-^S^^yU, 

where (5<a> = l<a>^<a>- 

The equation K = 6if — (p ■ (p shows that we can construct ds-tensor 
values from connection s-potential (2.4). Computing expressions 


dip = 

/<^><5<^>/<->and p>-p> = 
we get for the coefficients of 

where 

K<^Xa> = 

the formula: 


I J ~ ~ ^<a>\^<l3>^<a> )^<2> \ ) ~ ~ ^</3> W<a>^<«>/V^<7> 

where w<^><q> unholonomy coefficients are dehned as in subsection 1.3.5. 
As an example, we present the structure of ds-components of the coefficients 

^apbp — ^ap^bp ~ ^bp^ap + \dPap-i V^fep] + '^apbp ^<a>i 
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— ^ap'^^ ^^‘^ap + [^ap,'^^] + bp 9^<o>) 

Kapbj, = Sap^bj^ - Sbj,^ap + [<^ap, ^bj + 

-^Op^ = + <^bpV^ap + { 9 ^^) V^bp} “I" "^ap bpV^<a>) 

~ { 9 ^^) UpbpH^<a> 1 

K^b_^ = 5ap<^^ + 5^¥^ap + + {(^^, 

where p = 0,1,2,..., z. 

In the next subsections we shall analyze constraints substantially de¬ 
creasing the number of independent helds containing components of s-£eld 
‘f<a> without restrictions on theirs dependence on coordinates 


2.2.2 Abelian locally anisotropic s—fields 

This class of s-helds satisfy conditions [v^<q></?</ 3 >} = 0. If constraints 

-h^Op^ = T'i^ap bp''P<ct> 1 ^~ “t^’^ttpbp V^<o> 

are imposed, there are such s-helds A{u) ,B {u) that 

With resect to gauge shifts by a s-function k,{u) 

A ^ A + K + , S' is a s-function satisfying 5j^S = 0,..., (Japs' = 0, 

B ^ B — K + T, Tisa s-function satisfying 5j^T = 0, ...,5apT = 0 
one holds these transformation laws: 


Vcip ^ V^Op i^apl^T^pap — ‘pap *<Jap^ 


If (additionally) equations 


Kap bp = SapPbp + Sb^Pap + = 0 ( 2 . 5 ) 



are satisfied, the s-functions 9 ?^,... can be expressed through A and 
B] gauge transforms of these helds are parametrized as 

^ <a> ^ V^<Q> iS^oi^K,. 


So we can express s-£eld (p<a>-, as well curvatures 
Kij ,..., ..., Kij_, Kij ^,..., Ka ^^,... as functions on A, B. All in¬ 

variants can be expressed through values 


+ B),...,Wa,= e^f"5,p5ep5ap(dl + B), 


1 1 ^p^ ^p 

^ap bp g ^dp ^ dp bp ^^Cp ) -^ap bp 8 ^ ^'^p dp i 

Kapbp = ^^{{eaa,<ybpY^ 


^cpWdJ + {eaa,a^,)^ . 

From dehnition of IF j , IF j ,..., IF^ , IFq ,... one follows that 



0,5cpfF. 



0 . 


The reality conditions for our theory are specihed by conditions (p = 
within a gauge transform when A + B = [A + B)~^ IF^ and S' = T. In this 
case the corresponding Lagrangian is chosen as 

L ~ w^W^ + W^W^ + ... + W^W^ + W^Wj^ + W‘^Wa^ + ... + W^W^. 

( 2 . 6 ) 

In a similar manner we consider nonabelian gauge s-£elds of s-spaces 
with local anisotropy. 


2.2.3 Nonabelian locally anisotropic gauge s—fields 

Constraints are imposed as in the Abelian case: 


K„ 


= K„ 


= K„ 


0 . 


69 



From Kj^ ^ = ... = ^ = ...0 and Kj^ ^ = ... = ^ = ...0 we 

respectively obtain 

= -e~^S^e^ (2.7) 

and 

= -e~^S^e^. 

Considering transforms 

^ and e"^ ^ e’^e-V, (2.8) 

from which one follows transformation laws for A and B : 

A ^ A + K + S~^ + ... and B-^B — k + T + ..., 

and imposing constraints of type (2.5) we can express, similarly as in Abe¬ 
lian case, the s-£eld 9 ?<q>, and curvatures 

Kij , ..., Kapbp :•••■: :•••■: ^aphp i ^apJ^i • • • 

as functions on A, B, and, as a consequence, as functions of invariants 

W^,W^,...,Wa^,Wa^. 

Finally, in this subsection we remark that traces 
Tr{W^Wj^),Tr{W^Wai), ...,Tr{W^Wa^) are gauge invariant and 

d^Tr{W^W^) = ... = Sa^TriW^WaJ = ... = 0 . 

So, we can use these traces and theirs complex conjugations in order to 
define Lagrangians of type (2.6) for nonabelian gauge theories. Reality 
conditions and gauge transforms can be considered as in the Abelian case 
but by taking into account changings (2.7) and (2.8). 

2.3 Supergravity in Osculator S—Bundles 

The generalized s-vielbein i7<f> and connection form fhe last 

takes values in a Lie algebra, are considered as basic variables on osculator 
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bundle Osc^M with base M being of dimension ((3,1), 1) where (3,1) de¬ 
notes respectively the dimension and signature of the even subspace and 1 is 
the dimention of the odd subspace. Our aim is to hnd respectively a higher 
order extension of d-covarant equations for the held of spin 2 and spin 3/2. 
As a posible structural group we choose, for instance, the Lorentz subgroup 
(locally the action of this group is split according to the hxed N-connection 
structure). With respect to coordinate d-transforms 






du<^> 


one holds the transformation laws 


r'<“> 

"<a'> 


jp<a> 1 I <o> 




Let introduce 1-forms 


B<a> = and 

satisfying transformation laws of type: 
E<^> = and 


The torsion and curvature are dehned respectively by the hrst and second 
structure equations 




5E<^> - 


<a> 


and 


D<^> 

^<a> 


.^<f3> ^<'y> ^ 

- d><^>d> 


<d> 

< 7 >- 


The coefficients with values in Lie algebra are written in this form: 


and 
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(_)l<fc«i>+<a>+<7»l,.<l>^^^4<£> + 


(^ _ y <£>(<">+<i>) I $ 


<7> 


$ 


</ 9 > 


<q><(5>^<7><£>' 


Putting = /<->, with from (2.3), = 0 in (2.9) and 

for a vanishing N-connection we obtain that torsion for a trivial osculator 
s-space has components: 


(0)^ _ „(o)^ _ 9 • 

“bp Cp — “bp Cp — ^*<^bp Cp 


0 , 


( 2 . 10 ) 


the rest of components are zero. 

In order to consider the linearized osculator s-gravity we substitute 

in (2.3), where k is the interaction constant and 
h<a> is linear pertnrbation of a ds-frame in N-connection s-space. By 
straightfoward calculations we can verify that from eqnations (2.10) and 

c c =^f c =^V c =^V c =0 

Up L.p Up L.p Up Cp Up Cp Up Cp Up Cp 


one follows only algebraic relations. In this case on the base s-space of the 
osculator s-bundle we obtain exactly a dynamical system of eqnations for 
spin 2 and spin 3/2 fields (for usnal snpergravity see [70,81,93,47,288,215]). 
We can also solve nonlinear eqnations. It is convenient to introdnce the 
special gange when for ^ = _^ = ... = ^(p) = = ... = 0 the s-vielbein 

and ds-connection are prametrized 


(^) 1 ••••! (^(p—1) 1 ^(p)) ) • • •) ^ i ^ i 1 "'1 ^^p ) • • •) • • • 

( 2 . 11 ) 

i 1 i 1 ^p 

2^* 2 ^^(p—1) ’ ^(p)) ’ ■■ ■’ 

1 1 
the rest of components of the s-vielbein are zero, and 

fc = Cp = Cp(“(p-I)i l/(p))i --i (2-12) 
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the rest of components of ds-connection are zero. 

Fields («(p-i)) ,(x), (m(p-i), |/(p)),... and 

cp(«(p-i)>l/(p))>-- from (2.11) and (2.12) are corresponding 

extensions of the tetrad, Rarita-Schwinger and connectiom helds on oscu- 
lator bundle [162]. 

We note that equations 






= n; 


= 0 ,... 


dehnes the dynamics in x-space (in (^M(p_i), a;(p)j-space).The rest of nonva¬ 
nishing components of torsion are computed by putting components (2.11) 
and (2.12) into (2.9) : 



\jL=e^=o 


rrk 


1 

2 




q“p 

fcpCp| <)(p) = C(p) =0 


T“ 

■i h 


1 

2 






..., 


which shows that torsion in dvs-bundles can be generated by a correspond¬ 
ing distribution of spin density, and 


^ij\A=A=^ ~~ 2 ^j'^i ))•••) 

CLp CLp ]_ dp 2 

^bpCp|C(p)=C(p)=0 ~ '^bpCp ~ l^i^bpi^Cp — Dcplp^^ ), ..., 

where Hj,..., ... are usual d-covariant derivatives on the base of oscula- 

tor space. 

We note that in this and next sections we shall omit tedious calcula¬ 
tions being similar to those from [288]; we shall present the hnal results 
and emphasize that we can verify them straightforward manner by tak¬ 
ing into account the distinguished character of geometical objects and the 
interactions with the N-connection helds). 

The Bianchi identities in osculator s-bundle are written as 


= 0 , 
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-u 


^</3> ^<'r> ^<I3> . 

-R <^> — $<a>‘^<7> — 0) 


or, in coefficient form, as 


- ■RS<<!><2> = “• (2-13) 

p<7> p</3> p<a> f ^ j_ P^—^ ^ 0 

h - h - h — U, 

where the supersymmetric gauge d-covariant derivation acts, for in¬ 

stance, as 






and 


<h> 




<«><A‘>^</9>- 


Introducing parametrizations (2.11) (the special gauge) in (2.13) we hud 
equations: 

,'S'2 = 0 (2.14) 


(TI 


(the Rarita-Shwinger equations on osculator bundle) and 


"R-ttp c„ b„ + ^'^dp^ap Cp fp'^bp Cp + ^'’Pdp'^ap Sp fp^bp Cp ~ 0) (2-15) 


where components of sourse are 


3^5, = - oXib 


and curvature (in the special gauge) is expressed as 


7®P 7/1 


.,Jv :fP Jp ,£P^ 


T^apbpCpdp ^Cplji RapbpSpfp '^{^cpPdp ^dp'^<^p)^fp Sp tp^. 


Lp 

£ ^ ■ “ ttp bp 


tr, Sn 


'^Q'dp'^CpSp ^^p^dpSp)'^fp ^ap bp tp |qp)=qp)=0) 


prZ. _ TT'lZTT'rLDrZ. I j ^!^ jd 2 z . I 

^dp^hpCpdp ^Cp ^d'o^h'oS'od-o' 


'-^p ^p tip 
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-Kfe „ 


+ Ec„ u E.I -R X + Ecr, E(i Rh 




4 + $■ 

•-p Op u,p Up Lip 


h ^ ^f- 

O'of^V Jp^p 


bpCp fpdp 


+ <"d 

t-^ntiD C.'nU'n 


Finally, in this section, we note that for trivial N-connection sructures 
and on vector superbundles the equations (2.14) and (2.15) are transformed 
into dynamical field equations for the model of supergravity developed by 
S. Deser and B. Zumino [70]. 


2.4 Bianchi Identities: Osculator S—Bundles 

The purpose of this section is the analyse of Bianci identities in the frame¬ 
work of locally anisotropic supergraviry theory on osculator s-bundle. We 
shall impose s-gravitational constraints and solve these identities with re¬ 
spect to s-£elds and theirs ds-covariant derivations. 


2.4.1 Distinguiched Bianchi identities 

The Bianchi identities are written as (2.13). Constraints on torsion are 
imposed in general form as (2.11) with the rest of components being zero. 
By using the technique developed in [95] we shall solve in explicit form the 
system (2.13) with the mentioned type of constraints on osculator s-bundle 
in explicit form. We note that to do this we shall not use an explicit form 
of ds-covariant derivation; the necessary information is contained in the 
s-symmetric commutator 

[R’<a>,'R</3>} = ~R*,<a><l3> ~ ^<Z></3>^<7>• 

In order to find solutions we distinguish identities (2.13) in this form: 


RapbpC^ep + RbpCaapep + Rc^apbpep — 0, 


(2.16) 


Ra„b„r„d„ + Rb^r„a„d„ + ‘^'^7 ^ u Via ^pdp + ‘^^<7 J ^ CpSpdp — 0, (2.17) 


RapbpCpdp bp Cp^o,p^pdp Cp^bpCpdp ^ (^48) 
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Sp Sp 

-^dp bp Cpdp dp Sp bp ^~^dpCp ^^^dp Sp cip c-p ^ 

(2.19) 


Sp Sp 

RapbpCpdp = ~‘^'iO'dpSpbp^apCp ~ ‘^'^^dpSpap^bpCpi 

(2.20) 


RapbpCpdp “i" RbpCpapdp H“ Rcpapbpdp 0, 

(2.21) 

(linear 

equations without derivatives) 



RapbpCpdp R Ryibpapdp 4“ RCp^apbpdp 4“ Rap^Cpbpdp 0) 

(2.22) 


^^apbpCpdp bp Cp ap dp 4~ Cp^^bpapdp 1 bp Cp^^^aipttpdp ^ 

(2.23) 


R kRjj 1. + R jR k,i /, = 0, 

(2.24) 

(linear 

identities containing derivations) and 



RapbpCpdp RapRbpCpdp 4“ RbpRcpapdp 4“ RCpR‘apbpdp~^ 

(2.25) 


^bpCp^rripapdp + ^bpCp^rUpapdp + ^CpO^mpbpdp + ^CpO^mpbpdpt ■■■) 


R-apbpCpdp T^ap^bpCpdp + T^bp^c^ap(^ + c^^apbp<^^ (2.26) 

rrip 


U-p Up C-p u,p LLp Up Cp 

m- 

Cp “ “ lltpiJ'p tip 


^bp Cp^m-papdp + ^b^c^^rnpapdp + ^Cpap^nipbpdp + ^c^dp^rnpbpdp — 0 , ..., 


I top "I'p 

^^bpCp dp ~t~ '^^bp^^CpCLp dp ~t~ ^^^CpCLpbp dp ~t~ ^^CLpbp^^ fnp Cp dp ~t~ ^^o^pbp^^ Tn,p Cp dp ~t~ (2.27) 


rrip rrip nip rrip 

^bpCp^rnpapdp + ^bpCp^rnpapdp + ^ CpGp ^mpbpdp + ^ Cpap ^mpbpdp ; ••• 


(nonlinear identities). _ ^ ^ 

For a trivial osculator s-bundle Osc^M = M, dimM = (4,1),M being 
a s-simmetric extension of the Lorentz bundle formulas (2.16)-(2.27) are 
transformed into the Bianchi identities for the locally isotropic s-gravity 
model considered by [95]. 
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2.4.2 Solution of distinguished Bianchi identities 

It is convinient to use spinor decompositions of curvatures and torsions (see, 
for instance, [180,181,182]) 


p _ _/p p Q _ _®P Q 

^Cpdp^epfp^a.pbpdpfpi ^l^apbpCpdp ^ bp Cp^‘‘ap^pdp 


R-ap bp Cp dp Sp fp 2 ^ Cp Cp ^apbpdp fp dp fp^apbp Cp ep i ■■■ ■ 

Let start with the solutions of linear equations without derivatives. By 
straightforward calculations we can verify that 

j j J^R{tS)i •••i^apbpCpdp apCp^ bpdpR(p)i • ( 2 . 28 ) 


anu 

Rap bp Cp dp 4 apdp^bp Cp “h £bpdp^apCp^ 

where 

R^0)=9^^Rlu:...:Rip)=g^^^^RXcpbp:-. 

satisfy correspondingly identities (2.18) and (2.19). 

Similarly we can check that spinor decompositions 

S^OpdpQ^^^ ) 

R^ap bp Cp dp=^ Cpap^^ dp bp ~t~ ^dpap^^Cpbp 7 

solve identities (2.16),(2.17) and (2.20). 

The identity (2.21) allows as to express a part of curvature components 
through some components of torsion; 

Cp €p €p 

<ip bp Cp dp ^ ^p ^p ^dp ^p ^p ^^bpCj) ^Cp Rp ^p d-p b-p } ‘ 
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Now we consider these spinor decompositions of curvatures: 


^^Cip Cip bp bp Cp Cp dp dp ^ (ip bp ^ Cp dp dp bp Cp dp ^ ^ ^p bp ^ Cp dp f^p bp Cp dp 

(^(^‘^dpbpCpdp ~ 

The identity (2.21) is satisfied if 

CLp 

Cp dp dp bp •: X bpdpCp (-^ real). 

The next step is the solution of linear identities (2.22),(2.23) and (2.24) 
containing derivatives. Putting (2.28) into (2.24) we find 

T’^-R(p) = 0. 

The d-spinor 

Q _ Q 

bp^Cpdp^^ ep dp bp 

can be decomposed into irreducible parts [180,181] 

where Wb^cpCp is an arbitrary d-spinor and Tbp and TapCpCp are expressed 
through derivations of Qdpbp (see below ). A tedious but trivial calculus can 
convinse us that the solution of (2.22) can be expressed as 


Cp dp bp Cp dp ^ dp Cp ^^^^bp Cp Cp I 2 ^ ^p dp Cp Cp I Cp bp Cp ) 

1 

^^Qjp bp Cp dp Cp 2 ^ dp Cp Cp l~ ^ Qip dp bp Cp Cp 


'^^dp bp Cp dp Cp dp bp^^^dp Cp Cp ~l~ Cpdp^^^dp^^ bpCp ~l~ ^ Cp Cp'^^dp^^ bp dp^ ‘ 
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This solution is compatible with (2.23) if 


So we have solved all linear identities. 

Nonlinear relations (2.25),(2.26) and (2.27) can be transformed into lin¬ 
ear ones by using commutators of d-covariant derivations. Omitting such 
algebraic transforms we present expressions 

XapbpCpdp ~ 

Ojp dp ^ Cp bp ~t~ ^ bp dp ^ Cp dp ) ^ 

lX(v,_^V‘-^Ry + - 2BB-] 


and 


‘f Cpdpdpbp ^(Qop^Q^c^ + Q^(^Q<^c^)R 


g T T^(ypy^Qh^<^ T (ypd^ + 

Cp'^ bp Q dp dp RCp'^dpQ bpdp R dpT^ bpQ dp Cp Rdp'^dpQ bp Cp 

which solves (2.25); if conditions 

0 

are satisfied we obtaine solutions (2.26) and (2.27). 


2.5 Einstein—Cartan D—Structures 

In this section we shall introduce a set of Einstein like gravitational equa¬ 
tions, i.e. we shall formulate a variant of higher order anisotropic super¬ 
gravity on dsv-bundle over a supersmooth manifold M. This model 
will contain as particular cases the Miron and Anastasiei locally anisotropic 
gravity [9,160,161] on vector bundles (they considered prescribed compo¬ 
nents of N-connection and h(hh)- and v(vv)-torsions; in our supesymmetric 
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approach [260] we used algebraic equations for torsion and its source in or¬ 
der to close the system of held equations). There are two ways in developing 
super gravitational models. We can try to maintain similarity to Einstein’s 
general relativity (see in [16,172] an example of such type locally isotropic 
supergravity) and to formulate a variant of Einstein-Cartan theory on dvs- 
bundles, this will be the aim of this section, or to introduce into considera¬ 
tion generalized supervielbein variables and to formulate a supersymmetric 
gauge like model of la-super gravity (this approach is more accepted in the 
usual locally isotropic supergravity, see as reviews [215,288,170]). The sec¬ 
ond variant will be analysed in the next section by using the s-bundle of 
supersymmetric affine adapted frames on la-superspaces. 

Let consider a dvs-bundle provided with some compatible nonlin¬ 
ear connection N, d-connection D and metric G structures (see detailes and 
conventions in section 1.3). For a locally N-adapted frame we write 


D 


5 




_ ■n<o> ^ 


where the d-connection D has the following coefficients: 


T^ 


JK — 


jK, r^j<^> — 


j<:A>, 


r^<A>j — o,r^<A><B> — 0, 


(2.29) 


p<A> ri ■p<A> ri ■p<A> T <A> 

i Jif — u, i J<s> — U,i <B>K — <B>K, 

p<A> _ ^<A> 

i <B><C> — ^ <B><C>- 

The nonholonomy coefficients of d-connection (2.29), dehned 

as [5 <o>,5</3>} = <a><f 3 >^<'r>, are computed as follows: 

W^IJ = 0,w^^A>j = 0,w^7<A> = 0,w^<A><B> = 


W <A>7 


= -(-) 


P<A>| 


dy <^>’ 


W icA> 


dN<^> 

<a><s> — 0. 


dy 


By straightforward calculations we obtain respectively these components of 
torsion, 

T(h<,>,5<;3>) = r<^^<,>5<a>, 
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and curvature, 


ds-tensors: 

'^JK = JK-,Tj^a> = j<A>,Tj^a> = “C''^J<A>, X<A><B> = 0, 

T<A> _ p<A> r-r<A> _ ry<A> ^<A> _ ry<A> 

■‘■IJ — IJ, <B>I, ^ <B>I, 

T-<A> _ q<A> 

■‘■<B><C> — <B><C> 

and 

'Ty J _ idJ 'Ty J _ ^<A> _ r. ^<A> _ p<A> 

'^■IKL — ^IKLi '^ BKL — U, I'^.JKL — U, i'^.<B>KL — ^■<B>KL^ 

'^JK<D> = P/ K<D>,T^<B>K<D> = 0)^JK<D> = 0) 

'n<A> _ p<A> ypl _ ( A<D>K\pI 

'^<B>K<D> — ^<B>K<D>: '^J<D>K — \ ) ^JK<D>^ 

'^<B><D>K = ^^'^J<D>K = 0) 

'Ty<A> _ ( \|X<D>|p<A> 'p/ _ qI 

''^<B><D>K — \ ) ^<B>K<D>i ''^J<C><D> — '^J<C><D>-! 

'^<B><C><D> — U, >^J<C><D> — U, '^<B><C><D> — ^BCD 

( see formulas (1.25) and (1.29)). 

The locally adapted components TZ<a><f 3 > = 'J^ic{D){6ca>,S<p>) (we 
point that in general on dvs-bundles Tl<a></ 3 > 7 ^ (—of 
the Ricci tensor are as follows: 

T^IJ = RfjKi'^I<A> = Pi<A> = ~Pm<A> 

P<A>I = ^^^P<A>I = P<A>I<B>iP<A><B> = ^<A><B><C> ~ S^a><B>- 

For the scalar curvature, 'R = Sc{D) = a><i 3 >, we have 

Sc{D) = R + S, 

where R = g^'^Rij and S = S<a><b>- 

The Einstein-Cartan equations on dvs-bundles are written as 

R'<a><l3> — ':^G^a><l3>'R + ^G^a><l3> = >^l<J<a><P>-, (2.30) 
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and 


where 


rp<a> I ^ <a>rp<r> 

^ </3><7> + ^</9> ^ 

J</3><7>lr^ <a>rp<T> 


^ <a>rp<_r> _ ^<a> 

'-^<7> ^ <I3><t> n<2V </3><7>) 


J^<a><l3> &Ild Q<^><^> 


(2.31) 


are respectively components of energy-momentum and spin-density of mat¬ 
ter ds-tensors on la-space, Ki and K 2 are the corresponding interaction con¬ 
stants and A is the cosmological constant. To write in a explicit form the 
mentioned matter sources of la-super gravity in (2.30) and (2.31) there are 
necessary more detailed studies of models of interaction of superhelds on lo¬ 
cally anisotropic superspaces (in previous sections we presented details for a 
class of osculator s-bundles; further generalizations with an explicit writing 
out of terms higher order anisotropic interactions of s-£elds on an arbitrary 
dvs-bundle is connected with combersome calculations and formulas; we 
omit such considerations in this monograph). 

Equations (2.30), can be split into base- and fibre-components. 


Rij — -^{R + S — \)gij — KiJ'ij, (2.32) 


S<A><B> ~ 2 ^R R R~ ^)g<A><B> — I^2>J<A><B>-I Pl<A> — 

are a supersymmetric higher order, with cosmological term, generalization 
of the similar ones presented in [9,160,161], with prescribed N-connection 
and h(hh)- and v(vv)-torsions. We have added algebraic equations (2.31) 
in order to close the system of s-gravitational held equations (realy we 
have also to take into account the system of constraints (1.34) if locally 
anisotropic s-gravitational held is associated to a ds-metric (1.35)). 

We point out that on la-superspaces the divergence does 

not vanish (this is a consequence of generalized Bianchi and Ricci identities 
(1.30), (1.31) and (1.39)). The d-covariant derivations of the left and right 
parts of (2.30), equivalently of (2.32), are as follows: 


C<o>|K<y? - 1(K - 2X)Sil^f] = 
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f [Rj‘ -\(R + S- 2A)ij']|, + = 0, 

I -\(R+S- - <">F'<b>|, = 0, 

where 


(1) p 




<B> 


= ^^^Pj<B>g 


ij 


ryl _ p „^K p<^> _ C r<A><C> 

^ J — ^Kjg ,0 <B> — 0<cC><B>B , 

and 

D<^>J<%=U<^>, (2.33) 

where 


P<a> 


rr<cC> _ 


J'm + 


^^'A‘<a>v 


■J|7 T >^.J±<A> — Ki‘ 

+ ^<A>±<B> = -tl^<A>, 


and 


U. 


<a> 




> 


<5><(p><f3> ^ ■<a><7> 




(2.34) 


^_y<a><h>l^</3><(5>.^<7> 


'T"<<P> 
<5><</j><a> ■</9><7> 


+ n<^>TT^ 


■<(p> ‘^ <(3><a>j 


So, it follows that ds-vector Ua vanishes if d-connection (2.29) is torsionless. 

No wonder that conservation laws for values of energy-momentum type, 
being a consequence of global automorphisms of spaces and s-spaces, or, 
respectively, of theirs tangent spaces and s-spaces (for models on curved 
spaces and s-spaces), on la-superspaces are more sophisticate because, in 
general, such automorphisms do not exist for a generic local anisotropy. 
We can construct a higher order model of supergravity, in a way similar 
to that for the Einstein theory if instead an arbitrary metric d-connection 
the generalized Christoffel symbols (see (1.39)) are used. This is a 
locally anisotropic supersymmetric model on the base s-manifold M which 
looks like locally isotropic on the total space of a dvs-bundle. More general 
super gravitational models which are locally anisotropic on the both base 
and total spaces can be generated by using deformations of d-connections 
of type (1.40). In this case the vector 14^ from (2.34) can be interpreted 
as a corresponding source of generic local anisotropy satisfying generalized 
conservation laws of type (2.33). 

More completely the problem of formulation of conservation laws for 
both locally isotropic and anisotropic higher order supergravity can be 
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solved in the frame of the theory of nearly autoparallel maps of dvs-bundles 
(with specihc deformations of d-connections (1.40) and in consequence of 
torsion and curvature), which have to generalize our constructions from 
[249,250,251,263,278,279], see section 3.4 and Chapter 8) 

We end this section with the remark that held equations of type (2.30), 
equivalently (2.32), for higher order supergravity can be similarly introduced 
for the particular cases of higher order anisotropic s-spaces provided with 
metric structure of type (1.35) with coefficients parametrized as for higher 
order prolongations of the Lagrange, or Finsler, s-spaces (subsection 1.4.2). 

2.6 Gauge Like Locally Anisotropic Super¬ 
gravity 

The aim of this section is to introduce a set of gauge like gravitational equa¬ 
tions (wich are equivalent to Einstein equations on dvs-bundels (2.30) if well 
dehned conditions are satished). This model will be a higher order anido- 
topic supersymmetric extension of our constructions for gauge la-gravity 
[260,272,258,259] and of affine-gauge interpretation of the Einstein gravity 
[195,196,194,240,246]. 

The great part of theories of locally isotropic s-gravity are formulated 
as gauge supersymmetric models based on supervielbein formalism (see 
[174,215,286,288]). A similar model of supergravity on osculator s-bundles 
have been considered in section 2.3. Here we shall analyse a geometric back¬ 
ground for such theories on dvs-bundles. Let consider an arbitrary adapted 
to N-connection frame /<«>(«) = (//(m),/< c>('w)) on and s-vielbein 

matrix 

Ij 0 ... 0 

0 ... 0 
. 0 

0 0 0 /A 

0 0 0 0 

0 0 0 0 

GL{n^ /c. A) © GL{Tfi\^ /i. A) © ... © GLirrip^ Ip^ A) © ... © GLijn^^ A) 
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for which 


or, equivalently, ^ = li-{u)li{u) and = l<c>‘^-^l<c>{u), and 




where, for simplicity, ri^a><i 3 > is a constant metric on vs-space V"'’^ © 

Y<l,rn> 

By LN is denoted the set of all locally adapted frames in all points 
of sv-bundle For a surjective s-map ttl from LN{S^^^) to 

and treating as the structural s-group we define a principal 

s-bundle, 

CN{S<^>) = {LN{S<^>),7rL : LN{S<^>) 

called as the s-bundle of linear adapted frames on 

Let /<Q> be the canonical basis of the sl-algebra Qn'k'^^ for a s-group 
{A) with a cumulative index < a >. The structural coefficients 
of satisfy s-commutation rules 


[/• 


<&> 1 I <()>}— f <a><j3> I<1>- 


On we consider the connection 1-form 


r 




(2.35) 


where 

are the components of the metric d-connection, s-matrix 
is inverse to the s-vielbein matrix <f 3 >, and = 

(5^^^ is the standard distinguished basis in SL-algebra ■ 

The curvature B of the connection (2.35), 

s = dr + rAr = a 5 u <^> 
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has coefficients 


'^<a><j><S> 




><7><<5>) 


where "^<a><-y>< 5 > are the components of the ds-tensor (1.29). 

In addition with CN{£^^^) we consider another s-bundle, the s-bundle 
of locally adapted affine frames 

AN{£<^>) = {AN{£<^>),tia : AN{£<^>) ^ 


with the structural s-group AN^^'^^{A) = 0 A”’^ © A<™’^> 

being a semidirect product (denoted by © ) of GL)^J’*^(A) and A"-’^©A<”^’*>. 
Because the LS-algebra of s-group AF^™’^^(A), is a direct sum 

of and JSA’^ © we can write forms on as 0 = 

( 01 , 02 ), where 0i is the ^))'™’^^-component and 02 is the (A"-’*^ © A<”^’^>)- 
component of the form 0. The connection (2.35) in CN{£"^^^) induces a 
Cartan connection T in AN (see the case of usual affine frame bundles 
in [40,195,196,194] and generalizations for locally anisotropic gauge gravity 
and supergravity in [272,260]). This is the unique connection on dvs-bundle 
AN{£^^^) represented as TT = (r,x), where y is the shifting form and 
i : ANCN{8^^^) is the trivial reduction of dvs-bundles. If 
^ = {^<a>) is a local adapted frame in CN{8^^^) then I = i o / is a local 
section in ANIS"^^^) and 


r = ir = {r,x),B = BB={B,T), (2.36) 

where y = e<a> © e<a> is the standard basis in A'^’^ © 

A<m,i> torsion T is introduced as 

T = dy + [T A y} = A 

are dehned by the components of the 

torsion ds-tensor (1.25). 

By using metric G (1.35) on dvs-bundle 8^^^ we can dehne the dual ( 
Hodge ) operator ^ A™ ^(T^^^) for forms with values in 

LS-algebras on (see details, for instance, in [288]), where A'^’^(T^^^) 

denotes the s-algebra of exterior (q,s)-forms on 8^^^. 



Let operator be the inverse to operator * and Sq be the adjoint 
to the absolute derivation d (associated to the scalar product for s-forms) 
specihed for (r,s)-fornis as 

Sg = (—o d o *G- 

The both introduced operators act in the space of LS-algebra-valued forms 
as 

*GiI<a> ® 0 ^“^) = I<a> ® 

and 

SGiI<a> ® = I<a> ® 

If the supersymmetric variant of the Killing form for the structural s-group 
of a s-bundle into consideration is degenerate as a s-matrix (for instance, 
this holds for s-bundle AN{S'^^^) ) we use an auxiliary nondegenerate 
bilinear s-form in order to dehne formally a metric structure G _4 in the total 
space of the s-bundle. In this case we can introduce operator Ss acting in 
the total space and dehne operator A = H o where H is the operator of 
horizontal projection. After iL-projection we shall not have dependence on 
components of auxiliary bilinear forms. 

Methods of abstract geometric calculus, by using operators ♦g, 6g, 

and A, are illustrated, for instance, in [195,196] for locally isotropic spaces 
and in [260,272,258,259] for locally anisotropic, spaces. Because on super¬ 
spaces these operators act in a similar manner we omit tedious intermediate 
calculations and present the hnal necessary results. For AB one computers 

AB= (Ai3,77r+ 77i), 

where TZt = 5gJ + *J} and 

= *d'[x, *Gn] = 

(2.37) 

Form TZi from (2.37) is locally constructed by using the components of 
the Ricci ds-tensor (see Einstein equations (2.30) as one follows from the 
decomposition with respect to a locally adapted basis (1.12)). 

Equations 

AB = 0 (2.38) 
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are equivalent to the geometric form of Yang-Mills equations for the connec¬ 
tion r (see (2.36)). D.A. Popov and L.I. Dikhin proved 196,197] that such 
gauge equations coincide with the vacuum Einstein equations if as com¬ 
ponents of connection form (2.35) the usual Christoffel symbols are used. 
For spaces with local anisotropy the torsion of a metric d-connection in 
general is not vanishing and we have to introduce the source 1-form in the 
right part of (2.38) even gravitational interactions with matter helds are not 
considered [272,258,259]. 

Let us consider the locally anisotropic supersymmetric matter source 
J constructed by using the same formulas as for Ai3 when instead of 
^<q></ 3> from (2.37) is taken - |G'<a></3>77) - A(G<a></ 3 > - 

\G ■ By straightforward calculations we can verify that Yang- 

Mills equations 

^B = J (2.40) 

for torsionless connection P = (P,x) in s-bundle are equivalent 

to Einstein equations (2.30) on dvs-bundle But such types of gauge 

like la-supergravitational equations, completed with algebraic equations for 
torsion and s-spin source, are not variational in the total space of the s- 
bundle . This is a consequence of the mentioned degeneration of 

the Killing form for the affine structural group [40,195,196] which also holds 
for our la-supersymmetric generalization. We point out that we have intro¬ 
duced equations (2.39) in a ’’pure” geometric manner by using operators 
*, 5 and horizontal projection H. 

We end this section by emphasizing that to construct a variational gauge 
like supersymmetric la-gravitational model is possible, for instance, by con¬ 
sidering a minimal extension of the gauge s-group AF^j!{A) to the de Sitter 
s-group S'™^^(A) = acting on space A™j! © 77, and formulating a 

nonlinear version of de Sitter gauge s-gravity (see: [240,194] for locally 
isotropic gauge gravity, [272] for a locally anisotropic variant and Chapter 
7 in this monograph for higher order anisotropic generalizations of gauge 
gravity). 



Chapter 3 

Supersymmetric NA—Maps 


The study of models of classical and quantum field interactions in higher di¬ 
mension superspaces with, or not, local anisotropy is in order of the day. The 
development of this direction entails great difficulties because of problem¬ 
atical character of the possibility and manner of dehnition of conservation 
laws on la-spaces. It will be recalled that conservation laws of energy- 
momentum type are a consequence of existence of a global group of auto¬ 
morphisms of the fundamental Mikowski spaces. As a rule one considers 
the tangent space’s automorphisms or symmetries conditioned by the exis¬ 
tence of Killing vectors on curved (pseudo)Riemannian spaces. There are 
not any global or local automorphisms on generic la-spaces and in result 
of this fact, at first glance, there are a lot of substantial difficulties with 
formulation of conservation laws and, in general, of physical consistent field 
theories with local anisotropy. R. Miron and M. Anastasiei investigated the 
nonzero divergence of the matter energy-momentnm d-tensor, the source 
in Einstein equations on la-spaces, and considered an original approach to 
the geometry of time-dependent Lagrangians [12,160,161]. In a series of 
papers [249,276,263,273,274,278,279,252,275,277] we attempt to solve the 
problem of dehnition of energy-momentnm values for locally isotropic and 
anisotropic gravitational and matter helds interactions and of conservation 
laws for basic physical values on spaces with local anisotropy in the frame¬ 
work of the theory of nearly geodesic and nearly autoparallel maps. 

In this Chapter a necessary geometric backgronnd (the theory of nearly 
autoparallel maps, in brief na-maps, and tensor integral formalism) for for- 
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mulation and investigation of conservation laws on higher order isotropic 
and anisotropic superspaces is developed. The class of na-maps contains 
as a particular case the conformal transforms and is characterized by corre¬ 
sponding invariant conditions for generalized Weyl tensors and Thomas pa¬ 
rameters [227,230]. We can connect the na-map theory with the formalism 
of tensor integral and multitensors on distinguished vector superbundles. 
This approaches based on generalized conformal transforms of superspaces 
with or not different types of higher order anisotropy consist a new division 
of differential supergeometry with applications in modern theoretical and 
mathematical physics. 

We note that in most cases proofs of our theorems are mechanical but 
rather tedious calculations similar to those presented in [230,252,263]. Some 
of them will be given in detail, the rest will be sketched. We shall omit split¬ 
ting of formulas into even and odd components (see Chapter 8 on nearly 
autoparallel maps and conservation laws for higher order (non supersym¬ 
metric) anisotropic spaces). 

Section 3.1 is devoted to the formulation of the theory of nearly autopar¬ 
allel maps of dvs-bundles. The classihcation of na-maps and formulation 
of their invariant conditions are given in section 3.2. In section 3.3 we 
dehne the nearly autoparallel tensor-integral on locally anisotropic multi¬ 
spaces. The problem of formulation of conservation laws on spaces with 
local anisotropy is studied in section 3.4. Some conclusions are presented 
in section 3.5. 


3.1 NA—Maps of DVS—Bundles 

This section is devoted to an extension of the ng- [230] and na-map [249, 
250,252,273,274,278] theories by introducing into consideration maps of dvs- 
bundles provided with compatible N-connection, d-connection and metric 
structures. 

We shall use pairs of open regions {U, U_) of higher order anisotropic s- 
spaces, U and 1-1 local maps / : U^U_ given by necessary 
class supersmooth functions /^“^(m) and their inverse functions 
nondegenerated in every point u&U and uE.U_- 

Two open regions U and U_ are attributed to a common for f-map coor- 
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dinate system if this map is realized on the principle of coordinate equality 
q{u'^)^q{u°') for every point qE.U and its f-image qEU_. We note that all 
calculations included in this work will be local in nature and taken to refer 
to open subsets of mappings of type — ^LLc^- For simplicity, we sup¬ 

pose that in a hxed common coordinate system for U and U_ spaces 
and are characterized by a common N-connection structure (in con¬ 
sequence of (1.34) by a corresponding concordance of d-metric structure), 
i.e. 



which leads to the possibility to establish common local bases, adapted to 
a given N-connection, on both regions U and U_. Let denote by 
a compatible with metric structure d-connection on the dvs-bundle . 
The linear d-connection on the dvs-bundle is considered to be a gen¬ 
eral one with torsion 


rp<ct> _ ■n<a> _ ■n<a> i <a> 

W</3><7> ~ J^.</3><7> J^.<7></3> ' ‘^.</9><7>- 

and nonmetricity 


^<o></9><7> — D-<a>Q-<f3><'y>- 


(3.1) 


Geometrical objects on are parametrized by underlined symbols, 
for example, A<“>, or underlined indices, for example, A-, B— 

(in this Chapter we shall not underline indices for s-vielbein decompositions 
as in Chapters 1 and 2). 

It is convenient to use auxiliary s-symmetric d-connections. 


C</3><7> 


and 

-i-.</9><7> 

dehned respectively as 


J</3><7>| <«> 

' /.<7></3> 


^_'|l<d><7>U<o> 


7 


.<7></3> 


on 

on 


p<a> _ <a> r-p<ia> P<Q> _ . <0> l rp<ict> 

^ .</3><7> ~ 7.</3><7> ^ .</3><'y> ^.</3><7> ~ 7 </3><7> —■<l3><'y>' 

We are interested in dehnition of local 1-1 maps from U to U_ charac¬ 
terized by s-symmetric, and s-antisymmetric. 


/0<ct> (^<a> _ _/_|</ 3 >< 7 >|^< q > 

V.</3><7>fV.</3><7> ~ 1 / V,<7></3> 
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deformations: 


<o> _ ^<o> p<a> 

l.<p><'y> l■<|3><'r> ^ -^.</ 3 >< 7 > 

and 

rp<a> _ rp<,a> _l_ P)<a> 

^.</3><7> ~ -^.</3><7> V.</3><7> 

The auxiliary linear covariant derivations induced by 

7 /^“^ and 
7.</3><7> 1.</3><7> 

are denoted respectively as and 

Locally adapted coordinate parametrizations of curves on U are written 
in form: 


(3.2) 

(3.3) 


^ t£^“>(7/) ^ (x^^^(r;),y^'^^(j/)), j/i < J/ < 112 , 

where corresponding tangent vector helds are dehned as 

^<a> _ du<°‘> _ ^ dx^{r]) dy<^>{r]) ^ 
drj drj ’ drj 

Definition 3.1 T curve I is auto parallel, a-parallel, on if its tangent 
ds-vector field u" satisfies a-parallel equations : 

= p(?7)u^“^, (3.4) 

where p{p) is a scalar function on . 

We consider a curve /C is given in parametric form as 

Pi < p < P 2 with tangent vector held 7^0 

and suppose that a 2 -dimensional s-distribution i? 2 (i) is dehned along /, 
i.e. in every point uG/ is hxed a 2 -dimensional ds-vector space 
The introduced distribution i? 2 (i) is coplanar along / if every ds-vector 
p^“^(M^^^)ci? 2 (i), rests contained in the same s-distribution after 

parallel transports along/, i.e. p^“^(M‘^^^(? 7 ))ci? 2 (i)- 

Definition 3.2 A curve I is nearly autoparallel, or in brief na-parallel, on 
space if a coplanar along / distribution i? 2 (i) containing tangent to 

I vector field v^'^^{p), i.e. u^“^(? 7 )ci? 2 (i), is defined. 


92 



We can define nearly antoparallel maps of la-spaces as an anisotropic 
generalization (see [279,276], for ng- [230] and na-maps [249,273, 
278,274,247]): 

Definition 3.3 Nearly autoparallel maps, na-maps, of higher order anisot- 
ropie s-spaces are defined as local 1-1 mappings of dvs — bundles, 

g<z>^ g<z>^ 

changing every a-parallel on into a na-parallel on . 


Let formulate the general conditions when deformations (3.2) and (3.3) 
characterize na-maps : An a-parallel l(ZU is given by functions 

= M<“>(? 7 ), , pi < f] < P 2 , satisfying equations (3.4). We 

consider that to this a-parallel corresponds a na-parallel I <Z U_ given by 
the same parameterization in a common for a chosen na-map coordinate 
system on U and IJ_. This condition holds for vectors and 

satisfying equality 

= gip)v<^> + b{7])vff^> (3.5) 

for some scalar s-functions 0 ( 77 ) and 6 ( 77 ), see dehnitions 3.4 and 3.5. In¬ 
troducing (3.2) and (3.3) into expressions for and (3-5) we 

obtain; 


v<g>v<i>v<^> 


+ P.<p><T>P.<'y><&> + Q.<f3><T>^ .<-y><5>) 


<a> p<T> _ 


+ av 


(3.6) 


<a> 


where 


6 ( 77 , n) = 5 — 3p, and ci{p-,v) = a + bp — (3.7) 

are called the deformation parameters of na-maps. 

The deformation of torsion Kiust satisfy algebraic compatibil¬ 

ity conditions for a given nonmetricity tensor K_^a><p><'i> (see (3.1)) on 
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( or metricity conditions if d-connection D_a on is required to be met¬ 
ric) : 


P,^a>{<l3>G<'f>}<5> ^<o></3><7> Q.<a>{<l3>G<'f>}<5> ■} 


<S> 


(3.8) 

where { ] denotes the s-symmetric alternation satisfying, for instance, 

conditions 


we shall use also operation [...} dehned, for instance, as 

So, we have proved the 


Theorem 3.1 The na-maps from a dvs-bundle to a dvs-bundle 
with a fixed common nonlinear connection structure 



and given d-connections, 


rxT>< 7 > onS<^> andVfif^^ on , 


are locally parametrized by the solutions of equations (3.6) and (3.8) for 
every point and direction on Uc . 


We call (3.6) and (3.8) the basic equations for na-maps of higher or¬ 
der anisotropic s-spaces. They are a generalization for such s-spaces of 
corresponding Sinyukov’s equations [230] for isotropic spaces provided with 
symmetric affine connection structure. 


3.2 Classification of Na—Maps 

We can classify na-maps by considering possible polynomial parametriza- 
tions on variables of deformations parameters a and b from (3.6) and 

(3.7) ). 
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Theorem 3.2 There are four classes of na-maps characterized by cor¬ 
responding deformation parameters and deformation ds-tensors and basic 
equations: 

1. for na(o)-maps, ■n(Q)-maps, 

prfu,>(») = 

is the Kronecker symbol and = 'ipcp>{u) is a covariant 
ds-vector field); 

2. for na(i) -maps 

a{u,v) = h{u,v) = 

and is the solution of equations 

D{<a>P)<p><-^>} + -P(<a></3>-P.<7>}<r> ~ P{<a><P>Q^<^>}<r> = (3-9) 

^(<a>-P.</3><7>} ®(<«></3>'^<7 >}j 

3. for na{ 2 ) -maps 

a[u, v) = a<py{u)v^^^, h{u, v) = - . ^ —, 

-P.<L></3>(“) = '^{<a>^Tp>} + ^(<a>^<p>} 
and F^p^ {u) is the solution of equations 

n<-,>Fi0i, + F;fZF(t><^>} - QT>«g>Fi3, = ( 3 - 10 ) 

n<i3>F;;Z}+ 

(/^</ 3 >('w), z^</ 3 >(m),'^< a>(M), ct<o>(m) are covariant ds-vectors) ; 


95 



4- for na(^)-maps 


h{u, v) 


cr<a><f3>v<^>v<'^> 


^.<^>< 7 >(“) = ^«/ 3 >'^< 7 >} + ^</ 3 >< 7 ><^^“^> 
where is the solution of equations 


(3,11) 

where a<<i><,><j>(«),ff<„><<i>('u),V’<(i>('“),>'(«) and li«i>('u) are 
(is — tensors. 

Proof. We sketch respectively: 

1. Using a ds-tensor P^"^</ 3 >< 7 >(m) = t/’(</ 9 >'^< 7 >} can show that 
a-parallel equations (3.4) on transform into similar ones on 

if and only if deformations of type (3.2) are considered. 

2. From corresponding to na(i)-maps parametrizations of a{u,v) and 
b{u, v) (see conditions of the theorem) for a n" 7 ^ 0 on U G 

and after a redehnition of deformation parameters we obtain that 
equations (3.6) hold if and only if P‘^"^</ 3 >< 7 > satisfies (3.3). 

3. In a similar manner we obtain basic na( 2 )-map equations (3.10) from 
(3.6) by considering na( 2 )-parametrizations of deformation parameters 
and d-tensor. 

4. For na( 3 )-maps we must take into consideration deformations of tor¬ 
sion (3.3) and introduce na( 3 )-parametrizations for b{u,v) and 
P^“^</ 3 >< 7 > into the basic na-equations (3.6). The last ones, for 
na( 3 )-maps, are equivalent to equations (3.11) (with a corresponding 
redehnition of deformation parameters). □ 

We point out that for 7 r(o)-maps we have not differential equations on 
-^.<^>< 7 > isotropic case one considers a hrst order system of differ¬ 

ential equations on metric [230]; we omit constructions with deformation of 
metric in this section). 
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To formulate invariant conditions for reciprocal na-maps (when every 
a-parallel on is also transformed into na-parallel on ) we intro¬ 

duce into consideration the curvature and Ricci tensors dehned for auxiliary 
connection ■ 


^<a><l3><T> '^[</3>7.<t>}<o> + 

7.<p>[</3>7.<t>}<o> 7 <a><(f>>^ <P><T> 

and, respectively, r^a><T> = ''"<a><T>< 7 >, where [ } denotes antisymmet¬ 

ric s-alternation of indices. We dehne values: 

(0)rp<fJ.> _ -p<fJ.> _ rp<fJ.> ^ p<5> _ rp<5> \ 

.<a><f3> ~ ^ .<a><f3> .<a></3> .<f3>}<S> .</3>}<7>h 

I 

1 

(0)T;r/<r> _ „<r> , ^ ^n<V?> 

<a><P><'^> ' <a><f3><'y> [1 ■ <'f><T>^{<a> ^ </3>}<7> 

>^E 

('^<a>^[<7><h>} '^<7>^[<«></9>} ~ ^</9>^[<a><7>})] ~ 

[<7></3>} ~ 7-<t>[<7>'^ </?>}<¥») + 

^<^>(27.<^^<t>'^”^'^^<Q>< 7> ~ 7.<Q^<r>'^”^'^^<7><</5>)]; 

Ue 

—!-r9<«>(«7>^”7,7><A> + 

— i 

— ('^<?> - e<^^^^?</3>)[7.<a><r> + + 

Ue 

He- I 

= P<pl<l><5> + e<^^“^?<r>P</f>.<7><5> + 

(^<S> ~ q<S>)p<l3><'y> — 
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{^E~‘^)P<a><l3> — ~P<a></3>~^(l<T>^ P<a>.<f3><'y>~^ ~ [P<t>.</9><o> 

Tie 

^q<0>P^^^P<a><T> - eg<r><^<^>P<|>,</3><a> + 

pTr>.</3><^> + 

where q<a>P^^^ = e = ±1, n^; is the dimension of dvs-bundle, 


<a> 

r </ 9 >< 7 >< 5 > 


= r 


■<Q> 

<l3>-<'r><s> 


+ 


2 ('^(</3>'^<^>} + <'y><S> 


( we write 

P^<p><-i><5> = h</?><7><5> — 2('*^(<d>'^<v>} ~ <!><&> 

for a corresponding value on and p<a><f}> = P^a><0><T>- 

Similar values, 


(0)m<a> 

—.</ 3 >< 7 > 


,(o) w<'^> 


iP' 

<a><l3><'y>i .</ 9 >< 7 >’ .<I3><t>-! 


<a> 


,T 


<a> 


(3) 7^<5> (3) ur/<a> 

.<a><l3><^>i .<a></3><7>’ ^.<a><l3>^ -!-J-.</3><7> 

are given, correspondingly, by auxiliary connections 


*7 


<a> 

.<f3><X> 


~,<a> _ ~<a> I ^ t 7'<A> r-) T?<t> 

T</3><A> ~ 7.</3><A> + C-r<T> -^{</3>-^<A>}) 

~<o> _ .,<a> I ^ Tp<a> 

7.</3><r> ~ 7.</9 ><t> + ‘^(</3>-^<t>}’ 
7.</9><A> ~ *7.</3><A> + '^(</3>'J<A>}’ 

where d</ 3 > = 


Theorem 3.3 Four classes of reciprocal na-maps of higher order anisot¬ 
ropic s-spaces are characterized by corresponding invariant criterions: 
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1. for a-maps 


— (0) t^<M> 


(0)w<<5> _{0) w<5> 

.<q></ 9><7> Xi_.<a></3><7>> 


(3.12) 


/or na(i) -maps 


3('’'B<a>P5®<«> + Ptl<x>P%l<e>) = 

„.<<5> _ J- rT'<^> p<T> I 

' (<a>.</3>}<A> .!-(<«>.</3>}<A> L-^ .<T>(<a>-' .</3><A>}“'" 

<5xt^>(<a>-P.<^><A>} + ^(<a>-P.<^><A>} + '^(<a>«</3><A>}] ; 
3. for na( 2 )-maps 

'^'^.<o></ 3><7> .<a></3><7>) 


for na^ 3 )-maps =(3) 


(3)^<q> _(3) W<Q> 

.<P><'1><&> — -!^.</3><7><5>- 


(3.13) 


Proof. 

1. First we prove that a-invariant conditions (3.12) hold. Deformations 
of d—connections of type 

'"’2r><«> = (s.u) 

dehne a-maps. Contracting indices < p, > and < /? > we can write 
^<“> = - 7<^><a></3>)- (3-15) 

Introducing d-vector '^<a> into previous relation and expressing 

.<a> _ rp<a> I p<a> 

7 <P><T> ~ <P><T> ~r J- <P><T> 

and similarly for underlined values we obtain the hrst invariant con¬ 
ditions from (3.12). 
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Putting deformation (3.14) into the formula for 

1^<q>-</9><7> L<a><p> — T.<aXp><T> 

we obtain respectively relations 


-<a> 


■</9><7> '^<a>-</3><7> '^<a>'l/’[<7><h>}“^ 




and 


T-<a><P> f'<a><p> — 

'4’[<a><p>} + {nE — ^)'4’<a><P> <P><a> <P><y:» , 

(3.16) 

where 

4’<a><P> = — '^<a>'^<P>- 

Putting (3.14) into (3.16) we can express 7[<o></3>} as 


1 2 

(3-17) 

2 

<r> <V> 

7^7777 < ip >< T >'^ [<o></ 3 >} — 

~ 7777 <T>[<o>'a^ </ 3 >}<</ 7 >]- 

T" -L 

To simplify our consideration we can choose an a-transform, paramet¬ 
rized by corresponding ^^vector from (3.14), (or £x a local coordinate 
cart) the antisymmetrized relations (3.17) to be satisfied by the ds- 
tensor 

1 

~ ^<oiXP>~ 

ue- t-1-<"><^> 
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2 


1 


ue + I 


7 


<r> 


<tp><T> 


W 


<ip> 


<a><P> + I 1 ^ <a><T>^ </9><(p>] 

n^; + 1 

(3.18) 

Introducing expressions (3.14),(3.17) and (3.18) into deformation of 
curvature (3.15) we obtain the second conditions (3.12) of a-map in¬ 
variance: 


where the Weyl d-tensor on (the extension of the usual one for 
geodesic maps on (pseudo)-Riemannian spaces to the case of dvs— 
bundles provided with N-connection structure) is defined as 




_ ■<T> 

n<Q>.</3><7> 


+ —[ 7 : 

riE - 


<T> 

■—■<ip><T> (<a> 


^ </9>}<7>' 


(<^<o>£[< 7></3>} + <^<7>Il[<a></3>} '^</3>£[<a><7>})] 

The formula for hh<'2>^</3><7),> written similarly with respect to non- 
underlined values is presented in section 1.2. 


2. To obtain na(i)-invariant conditions we rewrite na(i)-equations (3.9) 
as to consider in explicit form covariant derivation and deforma¬ 
tions (3.2) and (3.3): 

odi) n p<<5> -i-Wn ^ p<<5> n p<^> ^ I 

p<<5> p<r> _l_ p<5> p<'r> , 

<T><a>J^ </9><7> “T 2 <T><p>-‘^ <o><7>“r 

p<5> p<r> 3 _ rp<i5> p<r> i 

2 <T><7>-' <a><P>) — 2 <r>(<a>2 </3><7>}“r 

Er< 5 > p<r> I 

22 <r>(<a>2^ </3><7>}“r 

b{<a>P^^^ <f3><'r>} + ®(<q></9><^<7>}- (3.19) 

Alternating the hrst two indices in (3.19) we have 

2 (r(<Q>.</ 3 >}< 7 > ~ ''"(< 1 >'</ 3 >}< 7 >) ^ 2 (('^^Zl<a>P^^^</ 3 >< 7 > + 
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( 7 ) n ^ p<<5> _ 9 ( 7 ) n p<<5> I 

-^</9>-' <o><7> ^ <o></9>T^ 

p<<5> p<r> I 

-< <T><a>-' </3><7> + 

p<<5> p<r> 9 p<5> p<r> \ 

-T <t></ 3>-' <a><7> ~ <r><7>-' <a></3>J- 

Substituting the last expression from (3.19) and rescalling the defor¬ 
mation parameters and d-tensors we obtain the conditions (3.9). 

3. We prove the invariant conditions for na(o)-maps satisfying conditions 

t^O and 

Let dehne the auxiliary d-connection 

(3.20) 

and write 


D<^> 




<a> 

<7> ’ 


where a<i3> = ) or, as a consequence from the last equality, 


- .D«„>py;,)+d«„>yg,. 

Introducing auxiliary connections 


Tfcry 


<o> 

■</3><X> 


and 

7.</3><A> 7.</3><A> + <T> <X>} 

we can express deformation (3.20) in a form characteristic for a-maps: 

7.<“^><7> = *7^<1^<7> + ^«h><^<A>}- (3-21) 

Now it’s obvious that na( 2 )~invariant conditions (3.21) are equivalent 
with a-invariant conditions (3.12) written for d-connection (3.21). 
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4. Finally, we prove the last statement, for na( 3 )-maps, of the theorem 
3.3. Let 

= e = ±1, (3.22) 

where is contained in 

lS><7> = ^^“^<h><7> + ^«/3>'^<7>} + (3-23) 

Acting with operator on (3.23) we write 

^<p>q<a> = — t/’(<Q>Q'</3>} ~ C(T<q,><^>. (3.24) 

Contracting (3.24) with we can express 


Introducing the last formula in (3.23), contracted on indices < a > 
and < 7 >, we obtain 


nEi^<p> = 721 ></ 3 > - 7^“^<a></3> + eiJ<a>^^‘"^q<p> + 

- (^)D<; 3 >). (3.25) 

From these relations and (3.22), we have 

Using the equalities and identities (3.24) and (3.25) we can express 
deformations (3.23) as the hrst na( 3 )-invariant conditions from (3.13). 

To prove the second class of na( 3 )-invariant conditions we introduce 
two additional ds-tensors: 


1 

2 


<a> 

H </ 9 >< 7 >< 5 > 


= r 


<a> 

</ 9 >-< 7 >< 5 > 


+ 
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(3.26) 


„<Q> _ ^■<oi> _ 

^■</3><7><<5> ■^-</3><7><<5> 

Considering deformation (3.23) and (3.26) we write relation 


-<«> _ ^<«> _ ^<«> — 
^■<l3><'f><s> ti.<(3><^><5> y-<p><'r><i> 


(3.27) 


t/’</3>[<(5>^<”>} t/’[<7><5>}'^<^> <^</3><7><(5><7’^°'^; 

where 


^<a></ 3 > = + ^<a>^</ 3 > “ (z^ + V?‘^^^^<r>)o-<a></ 3 >, 

and 

Z^<a></3><7> ^"*^^-^[<7>Z^</9 >}<o>“I“ 

<r> 

h[<7><^</9>}<a> ~ <7 <q>[<7><7</3>}<t><7’ 

Multiplying (3.27) on g<o> we can write (taking into account relations 
(3.22)) the relation 


6^<o></ 9><7> 5'<'r>^.<Q></3><5> “l“t(’<a>[</3>5'<7>} t(’[</9><7>}5'<o> • 

(3.28) 

The next step is to express 'ip<a><( 3 > in terms of ds-objects on . 
To do this we contract indices < a > and < /? > in (3.27) and obtain 

eg<r><^^^^f^.<A><a></3> “ e^[<a>^</3>}- 

Then contracting indices < a > and < 5 > in (3.27) and using (3.28) 
we write 

iP'E ~ ‘^)'ip<a><l3> — ^■<a><f3><T>~ 

eg<r><^^^^d.<'"^></3><A> + ^[</3><a>} + e(^</3>g<a> “ ^{<a>q< 0 >}, 

(3.29) 

where 'ipca> = If the both parts of (3.29) are contracted 

with one follows that 



- eg<a>, 

and, in consequence of <^<^>(<-y>< 5 >} = 0, we have 
{he - l)^ = 

By using the last expressions we can write 
{ue - = <d^^^c^.<r><a><A> “ a. 


e(^^£;-l) \<a>^ 


ip a. 

Contracting (3.29) with we have 
{nE)'iij<a> = 


<r>,„<A>„< 5 > 

■<r><\><5>- 


■<\><a><5> 

(3.30) 


+ ij 


<a> 


and taking into consideration (3.30) we can express t/’<o> through 


<a> 

^ ■<P><'y><5>- 

As a consequence of (3.28)-(3.30) we obtain this formulas for d-tensor 

'4^<a><p> '■ 

{ue - 2)^<„><;3> = f^.<a></3><r> “ e?<r><^^^^f^.<a></3><A> + 

1 


{-<r></3><a> + eg<r><^<^><A></3><a>- 


Ue 


q<p>{eip^'"^(T. 


<r>^<X> 
<Q^ 


q<T>ip^^^ip^^^(T:^<a><X><5>) + eg<a>[<^^^^C^.<r></3><A>- 


^<X>,<5> <T> 


^Q<t>P’ P> ^■<\><p><5> 






<\>, ^<&>, ^<e> <T> 


eq<T>ip ip ip 


a 


■<\><5><e> 


)]}• 


Finally, putting the last formula and (3.28) into (3.27) and after a 
rearrangement of terms we obtain the second group of na( 3 )-invariant 
conditions (3.13). If necessary we can rewrite these conditions in 
terms of geometrical objects on and . To do this we mast 
introduce splittings (3.26) into (3.13). □ 


105 



For the particular case of na( 3 )-maps when 

i^<a> = o,<^<„> = 9<a><0>^^^^ = > 0 

and 

(^<a></3> = g<a><p> 

we dehne a subclass of conformal transforms ~ ^^('*^)5'<«></9> 

which, in consequence of the fact that d-vector 99 <q,> must satisfy equations 
(3.11), generalizes the class of concircular transforms (see [230] for references 
and details on concircular mappings of Riemannaian spaces). 

The basic na-equations (3.9)-(3.11) are systems of hrst order partial 
differential equations. The study [278] of their geometrical properties and 
dehnition of integral varieties, general and particular solutions are possible 
by using the formalism of Pffaf systems [57]. We point out that by using 
algebraic methods we can always verify if systems of na-equations of type 
(3.9)-(3.11) are, or not, involute, even to hnd their explicit solutions it is 
a difficult task (see more detailed considerations for isotropic ng-maps in 
[230] and, on language of Pffaf systems for na-maps, in [247]). We can 
also formulate the Cauchy problem for na-equations on and choose 

deformation parameters (3.7) as to make involute mentioned equations for 
the case of maps to a given background space . If a solution, for 
example, of na(i)-map equations exists, we say that space is na(i)- 

projective to space . In general, we have to introduce chains of na-maps 
in order to obtain involute systems of equations for maps (superpositions of 
na-maps) from to : 


jj ng<ii> jj ng<i2> 

U - U 1 —>■ 


ng<ik-i> JJ ng<ik> jj 

—^ 'Jk-1 —^ LL 


where U C Ui C ..., Uk-i C £^-1,11 C £^^^ with correspond¬ 

ing splittings of auxiliary symmetric connections 


r^<oi> _ p<oi> p<a> _l_ p<a> 

X</3><7> ^.<p><'y> .</3><7> “r • • • “r<ij,> 

and torsion 


rp<ct> _ rp<ia> I p\<a> I p\<a> , , p\<a> 

—.</3><7> ~ .</9><7> “r<ii> V.</3><7> “r<*2> V.</3><7> “r • • • “r<ij.> V.</3><7> 

where cumulative indices < ii >= 0,1, 2, 3, denote possible types of na- 
maps. 
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Definition 3.4 A dvs-bundle is nearly conformally projective to dvs- 

bundle 

nc : £<^>^£<^>^ 

if there is a finite chain of na-maps from to £_^^^. 

For nearly conformal maps we formulate : 

Theorem 3.4 For every fixed triples f/ C £^^^) and 

) Ex^>< 7 >; H- ^ (^f components of nonlinear connection, d- 

connection and d-metric being of class C'^{U),C^{U_), r > 3, there is a 
finite chain of na-maps nc : U ^ IJ_. 

Proof is similar to that for isotropic maps [249,273,252] (we have to 
introduce a finite number of na-maps with corresponding components of 
deformation parameters and deformation tensors in order to transform step 
by step coefficients of d-connection into 

We introduce the concept of the Category of la-spaces, C{£‘^^^). The 
elements of C{£^^^) consist from ObC{£^^^) = £fAff,£^f^, • • •, } be¬ 

ing dvs-bundles, for simplicity in this work, having common N-connection 
structures, and MorC{£'^^^) = {nc{£^f^, £^f^)} being chains of na-maps 
interrelating higher order anisotropic s-spaces. We point out that we can 
consider equivalent models of physical theories on every object of C{£^^^) 
(see details for isotropic gravitational models in [249,252,278,273,274] and 
anisotropic gravity in [263,276,279]). One of the main purposes of this chap¬ 
ter is to develop a ds—tensor and variational formalism on C{£'^^^), i.e. on 
higher order anisotropic multispaces, interrelated with nc-maps. Taking 
into account the distinguished character of geometrical objects on dvs— 
spaces we call tensors on C{£'^^^) as distinguished tensors on dvs-bundle 
Category, or dc-tensors. 

Finally, we emphasize that presented in that section definitions and the¬ 
orems can be generalized for dvs—bundles with arbitrary given structures 
of nonlinear connection, linear d-connection and metric structures. Proofs 
are similar to those from [251,230]. 
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3.3 Na—Maps and Tensor—Integral 


Our aim in this section is to define ds-tensor integration not only for ds- 
bitensors, objects defined on the same dvs-bundle, but for dc-tensors, de¬ 
fined on two dvs-bundles, and , even it is necessary on higher 

order anisotropic multispaces. A. Moor tensor-integral formalism having a 
lot of applications in classical and quantum gravity [234,289,100] was ex¬ 
tended for locally isotropic multispaces in [278,273]. The unispacial locally 
anisotropic version is given in [258,102]. 

Let and be tangent spaces in corresponding points 

ue.Uc. 8^^^ andne^C and, respectively, T*8^^^ andT*8^^^ be their 
duals (in general, in this section we shall not consider that a common co- 
ordinatization is introduced for open regions U and U_ ). We call as the 
dc-tensors on the pair of dvs-bundles ) the elements of distin¬ 

guished tensor algebra 


defined over the dvs-bundle for a given nc : 8^^^^ 88"^^. 

We admit the convention that underlined and non-underlined indices 
refer, respectively, to the points u and u. Thus Q^a>, for instance, are the 
components of dc-tensor QE.Tu8'^^^®Tu8f'^^. 

Let open regions U and U_ be homeomorphic to a superspace sphere 
and introduce an isomorphism fj,u,u between Tu8'^^^ and Tu8f-^^ (given 
by a map nc : U^U_)- We consider that for every ds-vector v^eTu8‘^^^ 
corresponds the vector , with components 

being linear functions of 


,<«> 


= h^%{u,u)v 


<a> 


■'<«> 


= h<2l{u,u)v^ 


a>i 


where /i^"^(n, n) are the components of dc-tensor associated with In 
a similar manner we have 


,<o> 


= h^'^l{u,u)v^-^, n<Q> = h<f>(n,M)n<Q>. 


In order to reconcile just presented definitions and to assure the identity 
for trivial maps ,u = u, the transport dc-tensors must satisfy 

conditions : 





and 


lim(„^„) /i<g {u,u) = (5<^>, /i<"> {u,u) = 5, 


<a> 
<a> • 


Let SpCUcS^^^ is a homeomorphic to p-dimensional sphere and suggest 


that chains of na-maps are used to connect regions: 


U ^Sp-^U. 


Definition 3.5 The tensor integral in uESp of a de-tensor 
^<J>.<-^>.<ai>--<ap> completely antisymmetrie on the indices 

< oi Op >, over domain Sp, is defined as 


;ir.<7>-<'t> 


{u,u) 


= .N 


.<7>.<K> 


(Sp) <<p>-<T>.<ai>...<ap> 






(Sp) 


h<ly{u, u)h^=l{u,u)N. 


.<7>.<K> 
<</j>.<T>.<ai>---<a 


>{u,u)dS 


<ai>---<ap> 


(3.31) 


where ■ ■A5Up°‘^. 


We note that in this work we a dealing only with locally trivial geometric 
constructions so ambiguities connected with global dehnition of integration 
and Stoke formulas on different types of s-superspaces [203,204] are avoided. 
Let suppose that transport dc-tensors and admit covariant 

derivations of order two and postulate existence of deformation dc-tensor 
u) satisfying relations 

D<a>h'^^l{u,u) = (3.32) 

and, taking into account that = 0, 

D<a>h^pl{U:U) = 


By using formulas (1.25) and (1.29) for torsion and curvature of d-connec- 
tion we calculate s-commutators: 




(-^<7><a></9> 


+ T<^> 


.<a><p> 



N , <7> 


(3.33) 
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On the other hand from (3.32) one follows that 
-D[<a>£></3>}h<^ = (-D[<a>-B<^>}<^>+-Bi;^a:^<r>|.-S<^>}<^>,)h^^, (3.34) 

where | <r >| denotes that index < r > is excluded from the action of 
s-antisymmetrization [ }. From (3.33) and (3.34) we obtain 


(-^<7>.<q></9> 


+ T<^> 


.<a><p> 



Let F'p be the boundary of S'p-i. The Stoke’s formula for tensor-integral 
(3.31) is dehned as 


7 _ Ar.<7>-<«;> J q<ai>...<ap> _ 


J- *(p)r), _ /\r-<7>-<K> JC<7><ai>...<Op> 


where 






.<7>.<K> 


o..^e> _ ^•<7>-<K> I ^.<7>.<K> I 

[<7>|<r>-' <¥>>.<£>.|<oi>...<ap>} ^ .[<7><ai>| <</?>.<T>.<e>|<02>...<ap>}^ 

<(p>.<T>.\<al>...<ap>}■ 

We dehne the dual element of the hypersurfaces element c^5'<“i>---<“p> as 




(3.35) 


where e<^^>.,,<.y^> is completely s-antisymmetric on its indices and 


^12...{ue) 


sdet |G<a><^>|, 


G<a><f 3 > is taken from (1.35). The dual of dc-tensor 
is dehned as the dc-tensor satisfying 

<T>.<oi>...<Op> ~ ^p''<</3>.<r> ^<l 3 i>...<l 3 „^_p><ai>...<ap>- 

(3.36) 
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Using (3.14), (3.35) and (3.36) we can write 

7 _ Ar.<7>-<«> J q<ai>...<ap> _ 

[ PD - _ 

J 5 “‘^</3i>...</3„^_p_i>’ 


(3.37) 


where 


fn ./-<7>-<K></3i>-</3n£-p-i><7> _ 

— ,.<7>.<K><;ai>...<;fln^-p-i><7> 


(-l)"“-<-\nE - P + l)T'tZ,j,K 


[<e> .r-l<7>-<K 

<7><?>-'^ <¥».<“> 


.|<7>.<k>|</3i>...</3„„_„_i>}<7> 


R..<?> ..■<7>.<«></3i>...</3„^-p-i><7> 

<7> <“>■'^ <¥». <?> “7 

R..<«> A/-• <^><^1 >• • • -p-1 ><7> 

<7><e>-'''<<,3>. <T> 

The equivalence of (3.36) and (3.37) is a consequence of equalities 

Z1<7>6<qi> <Q,j,> 0 


The developed in this section tensor integration formalism will be used in 
the next section for dehnition of a class of conservation laws on s-spaces 
with higher order anisotropy. 


3.4 Ds—Tensor Integral Conservation Laws 

There are not global and local groups of automorphisms on generic higher 
order anisotropic s-spaces and, in consequence, the dehnition of conserva¬ 
tion laws on such s-spaces is a challenging task. Our main idea is to use 
chains of na-maps from a given, called hereafter as the fundamental higher 
order anisotropic s-space, dvs-bundle, to an auxiliary one with trivial cur¬ 
vatures and torsions admitting a global group of automorphisms. The aim 
of this section is to formulate conservation laws for higher order anisotropic 
s-gravitational helds by using dc-objects and tensor-integral values, na- 
maps and variational calculus on the Category of dvs-bundle. 
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3.4.1 Divergence of energy—momentum ds—tensor 

R. Miron and M. Anastasiei [160,161] pointed to this specific form of con¬ 
servation laws of matter on la-spaces. Calculating the divergence of the 
energy-momentum ds—tensor from equations (2.31) on dvs-bundle 
we hnd 

(3.38) 

Ki 

and concluded that ds-vector 

1 

TT _ _(rp<,<p> _ 

^<Q> ^<S><<f>><p> •<o><7> 

^</9><5> D<7> rp<lp> TD<P> rp<(j>> \ 

^<5><(f>><a> ■<l3><'y> ■<f3><a>) 

vanishes if and only if d-connection D is without torsion. 

Here we note the multiconnection character of higher order anisotropic 
s-spaces. For example, for a ds-metric (1.35) on we can equivalently 
introduce another (see (1.39)) metric linear connection D. The Einstein 
equations 

R<a><l3> ~ ~ ^l-^<0></9> (3.39) 

constructed by using connection (3.20) have vanishing divergences 

[R^a><0> ~ ~ ^ E^a><(3> — 0 ) 

similarly as those on (pseudo)Riemannian spaces. We conclude that by 
using the connection (1.39) we construct a model of higher order anisotropic 
s-gravity which looks like locally isotropic on the total space of . More 
general s-gravitational models with higher order anisotropy can be obtained 
by using deformations of connection 

p<Q> _ p<o> I p<o> I /0<a> 

</3><7> — J- ■</3><7> + ^ </3><7> + V </3><7>) 

were, for simplicity, is chosen to be also metric and satisfy Ein¬ 

stein equations (2.31). We can consider deformation d-tensors 
generated (or not) by deformations of type (3.9),(3.10) and (3.11) for na- 
maps. In this case ds—vector !/<«> can be interpreted as a generic source 
of local anisotropy on satisfying generalized conservation laws (3.38). 
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3.4.2 D—conservation laws 

From (3.31) we obtain a tensor integral on of a d-tensor : 

We note that tensor-integral can be defined not only for dc-tensors but 
and for d-tensors on . Really, suppressing indices (p and 7 in (3.36) 
and (3.37), considering instead of a deformation dc-tensor a deformation 
tensor 

BpT<0,(n,u) = B<St^>(“) = PZl<sM (3-«) 

(we consider deformations induced by a nc-transform) and integration 
Isp - ■ in la-space we obtain from (3.31) a tensor-integral 

on of a ds—tensor: 

N<Z{u) = «)A77'“.a)rfs<»> 

Taking into account (3.39) and using formulas (1.25),(1.29) and (3.3) we 
can calculate that curvature 


p<A> 

^<7><a></3> 


. 77 r)..<\> 1 r)..<T> r)..<\> ,rp<T>.. r)..<\> 

^l<l3>^<:a>}<'Y> ' -^[<a>|<7>[-^</9>}<r> .<o></9>-^<t><') 


of connection (m), with 

taken from (3.40), vanishes, ^a><p> = 0- So, we can conclude that la- 
space admits a tensor integral structure on C(£^^^^) for ds—tensors 

associated to deformation tensor if the nc-image is locally 

parallelizable. That way we generalize the one space tensor integral con¬ 
structions in [100,102,258] were the possibility to introduce tensor integral 
structure on a curved space was restricted by the condition that this space 
is locally parallelizable. For q = ue relations (3.37), written for ds—tensor 
(we change indices < a >, < j3 >,... into < a >, < /?>,...) 


extend the Gauss formula on C{S 


<z>\ 


= W—D 


<r>A/ <a> a V_, 


(3.41) 


where dy_ = ^J\G^a><| 3 >\du^■ ■ -dlR and 




<r>*^ v <a> 


<Q,> 
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.<1><T> <l> . ..<.><r; 

<€> + ^ <r><e>'^^ <OL> 


(3.42) 


,.</3> 


Let consider physical values on defined on its density 


,.</3><7> . 

Ala - - , 1 . e. 


r-</9> 


r.<P><'y> 


^<n> = dS^i> 

with this conservation law (due to (3.41) and (3.42)): 

^I^<7>AC:1s = 0. 


(3.43) 


(3.44) 


We note that these conservation laws differ from covariant conservation 
laws for well known physical values such as density of electric current or 
of energy- momentum tensor. For example, taking density , with 

corresponding to (3.42) and (3.44) conservation law, 


g—1 /-) _ /-) 


we can define values (see (3.42) and (3.43)) 


' <a> dS. 


— Is 


<7> • 


Defined conservation laws (3.42) for E'^^^ have nothing to do with those 

for energy-momentum tensor E'^2> from Einstein equations for la-gravity 
[160,161] or with E^a><i 3 > from (_3.44), (3.42) and (3.43) with vanishing 
divergence = 0. So E'^a>^E'^a>- A similar conclusion was 

made in [100] for unispacial locally isotropic tensor integral. In the case of 
multispatial tensor integration we have another possibility (firstly pointed in 
[278,258] for Einstein-Cartan spaces), namely, to identify E'^p^ from (3.43) 
with the na-image of E'^J^ on dvs-bundle (we shall consider this 

construction for a nonsupersymmetric case in Chapter 6, subsection 6.7.6). 


3.5 Concluding Remarks 

We defined a new class (a generalization of conformal transforms) of maps of 
distinguished vector superbundles with deformation of linear d-connection. 
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This class consists from nearly autoparallel maps transforming every au¬ 
toparallel on the first s-space into nearly autoparallel on the second s- 
space. There are four types of na-maps characterized by corresponding 
basic equations and invariant conditions (see Theorems 3.2 and 3.3). We 
proved that by using chains of na-maps ( nearly conformal transforms ) 
every d-connection on a given dvs-bundle can be transformed into another 
given d-connection on a second dvs-bundle. In consequence one follows that 
we can equivalently modelate physical processes on all types of higher or¬ 
der anisotropic s-spaces being connected by chains of nonsingular na-maps. 
This result can be applied for definition of conservation laws on s-spaces 
where such laws and equations of motion takes a more simplified form. 

The problem of formulation of conservation laws for supersymmertic in¬ 
teractions with higher order anisotropy have been also considered by using 
the formalism of tensor integral. We introduced Stoke’s and Gauss type 
formulas on distinguished vector s-bundles and found that tensor integral 
conservation laws can be formulated for values on auxiliary s-spaces con¬ 
nected with the fundamental one with a chain of na-maps. 

Finally, we note that Chapter 8 is devoted to a detailed investigation 
of na-maps and conservation laws on (non supersymmetric) higher order 
anisotropic spaces of energy-momentum type values for gravitational mod¬ 
els with local anisotropy. 
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Chapter 4 

HA—Superstrings 


The superstring theory holds the greatest promise as the unification the¬ 
ory of all fundamental interactions. The superstring models contains a lot 
a characteristic features of Kaluza-Klein approaches, supersymmetry and 
supergravity, local field theory and dual models. We note that in the string 
theories the nonlocal one dimensional quantnm objects (strings) mntually 
interacting by linking and separating together are considered as fnndamental 
valnes. Perturbations of the quantized string are identified with quantnm 
particles. Symmetry and conservation laws in the string and superstring 
theory can be considered as sweeping generalizations of gange principles 
which consists the basis of qnantnm field models. The new physical con¬ 
cepts are formnlated in the framework a ’’new” for physicists mathematical 
formalism of the algebraic geometry and topology [106]. 

The relationship between two dimensional a-models and strings has been 
considered [153,80,53,229,7] in order to discnss the effective low energy field 
eqnations for the massless models of strings. Nonlinear a-models makes np a 
class of qnantnm field systems for which the fields are also treated as coordi¬ 
nates of some manifolds. Interactions are introdnced in a geometric manner 
and admit a lot of applications and generalizations in classical and qnantnm 
field and string theories. The geometric strncture of nonlinear sigma models 
manifests the existence of topological nontrivial configuration, admits a geo¬ 
metric interpretation of conterterms and points to a snbstantial interrelation 
between extended snpersymmetry and differential snpergeometry. In con¬ 
nection to this a new approach based on nonlocal, in general, higher order 
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anisotropic constructions seem to be emerging [254,269,261]. We consider 
the reader to be familiar with basic results from supergeometry (see, for 
instance, [63,147,290,203]), supergravity theories [86,215,288,286,287] and 
superstrings [115,289,139,140]. 

In this Chapter we shall present an introduction into the theory of 
higher order anisotropic superstrings being a natural generalization to lo¬ 
cally anisotropic (la) backgrounds (we shall write in brief la-backgrounds, 
la-spaces and la-geometry) of the Polyakov’s covariant functional-integral 
approach to string theory [193]. Our aim is to show that a corresponding 
low-energy string dynamics contains the motion equations for field equa¬ 
tions on higher order anisotropic superspaces and to analyze the geometry 
of the perturbation theory of the locally anisotropic supersymmetric sigma 
models. We note that this Chapter is devoted to supersymmetric models 
of locally anisotropic superstrings (details on the so called bosonic higher 
order anisotropic strings are given in the Chapter 9). 

The plan of presentation in the Chapter is as follows. Section 4.1 con¬ 
tains an introduction into the geometry of two dimensional higher order 
anisotropic sigma models and an locally anisotropic approach to heterotic 
strings. In section 4.2 the background held method for a-models is gen¬ 
eralized for a distinguished calculus locally adapted to the N-connection 
structure in higher order anisotropic superspaces. Section 4.3 is devoted 
to a study of Green-Schwartz action in distinguished vector superbundles. 
Fermi strings in higher order anisotropic spaces are considered in section 
4.4. An example of one-loop and two-loop calculus for anomalies of locally 
anisotropic strings is presented in section 4.5. Conclusions are drawn in 
section 4.6. 


4.1 Superstrings in HA—Spaces 

This section considers the basic formalism for superstrings in dvs-bundles. 
We shall begin our study with nonsupersymmetric two dimensional higher 
order anisotropic sigma models. Then we shall analyze supersimmetric ex¬ 
tensions and locally anisotropic generalizations of the Green-Schvarz action. 
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4.1.1 Two dimensional ha—sigma s—models 

Let be a higher order anisotropic space (not superspace) with coor¬ 
dinates = u{z) = (ir* = = y{z)) = {x\y°'^, ....,y'^^, ...,y'^^\ 

d-metric g<a><i 3 >', we use denotation (iV 2 , 7 ae) for a two dimensional world 
sheet with metric jde(z^) of signature (+,-) and local coordinates 2 : = z^, 
where d, e, it, ... = 1, 2. 

The action of a bosonic string in a dv-bundle is postulated as 

= d^z{^^r%U<^>{z)deU<^>{z)}, (4.1) 

which defines the so called two dimensional sigma model (a-model) with 
d-metric g<a><y> in higher order anisotropic spaces (dv-bundles with N- 
connection) and A being constant. We shall give a detailed study of different 
modifications of the model (4.1) in Chapter 9, see also [269,261]. Here we 
shall consider a supersymmetric generalization of the string action by ap¬ 
plying the techniques of two dimensional (l,l)-supersymmetry by changing 
of scalar helds u{z) into real N=1 s-£elds (without constraints; for locally 
isotropic constructions see [24,45,68,87,111,176]) u{z, 6) which are polynoms 
with respect to Maiorana anticommuting spinor coordinate 9 : 

9) = u<^>{z) + 9\<^>{z) + ]^9F<^>{z). (4.2) 

We adopt next conventions and denotations with respect to 2-dimension 
Dirac matrices 7 a and matrix of charge conjugation C : 

{7a, 7e} = 27ael, = ‘^Ved, {idf = 1; 

d = C^lC-^ = -7a, C = -C^ = C-\ 

For Maiorana spinors 9d, Xa, ■■■ one holds relations 

9 = 0+7°, ¥ = C'^^9f„ 

Ox = XO: 9xdX = -XXd9, 9 x 5X = -XlhO- 

Let introduce in the two dimensional (l,l)-superspace the covariant 
derivations 

~ ~ 

69 
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satisfying algebra 


{Df,, Do] = 2i{dC)no = ‘2idno 

and the integration measure on anticommuting variables with properties 

J d9n = 0,j d9J^ = = 1 - 

The (l,l)-supersymmetric generalization of (4.1) in terms of s-£elds 
(4.2) is written as 

Ls = J d^z J d^0{^<a></3>(M) - 6<a></3>(i2)})Dh<“>(l + 75)T)ii<^>, 

where = 27ia' which is a higher order anisotropic generalization of the 
Curtright-Zachos [68] nonlinear sigma model. Integrating on 9 and exclud¬ 
ing auxiliary fields according to theirs algebraic equations we obtain 

from the last expression: 

= ^ / d‘^z{g<a><(3>d''u"^'^^deU^^^+ (4.3) 

g-^</3><a><7><<5>-^ (1+75)A^^^A ^ (1 75)A<^>}, 

where 

^<I3> 

^<a>< 7 > Christoffel d-symbols (1.39) on dv-bundle. In order to have 
compatible with the N-connection structure motions of la-strings we con¬ 
sider [269,261] these relations between ds-tensor &<o></ 3 >, strength 


B 


<o></9><7> 


= 5 


[<a>0</3><7>} 


and torsion 


(see (1.29)): 


rp</3> 

<o><7> 




y _ ^ rp<s> 

<a>^<l3><^> — y<o><<5>-'</3><7>5 


(4.4) 
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with s-integrability conditions 


^apa/a^&</3><7> = <^KT1 j4</3><7>> (/ < P, P, « = 0, 1, • • •, ^), (4-5) 


where Qapas are the coefficients of the N-connection curvature (1.11). In 
this case we can express B^a><i 3 ><'r> ~ ^[<o></ 9 >< 7 >}- Conditions (4.4) 
and (4.5) dehne a model of higher order anisotropic superstrings when 
the (T-modes s-antisymmetric strength is introduced from the higher order 
anisotropic background torsion. More general constructions are possible by 
using normal coordinates locally adapted to both N-connection and torsion 
structures on background s-spaces. For simplicity, we omit such considera¬ 
tions in this work. 

Ds-tensor R<a><i 3 ><'y>< 5 > from (4.3) denotes the curvature with torsion 


B : 

-^</3><a><7><5> ir(±)] = 

-R</3><a><7><5> T 

D^y>B^a><l3><5> i h^<5>-B<Q></3><7> + 


R R<'’'> R R<'’’> 

-0<r><o><7>-R<5></3> -R<T><a><5>-R<-y></3>) 


where R<p><a><-y>< 5 > is the curvature of the torsionless Christoffel d- 
symbols (1.39), 


p<Q>(±) _ ^<a><T>fi(±) p(i) _ 

^ </3><7> ~ y <t></3><7>) <T><l 3 ><'r> ~ 


<t></3><7> 


±B 


(±) 

<r></3><7>) 


r<T></3><7> ~ '^{^<li>9<T><'i> + <^<7>fi'</3><r> ~ ^<t>5'</3><7>)- 

In order to dehne a locally supersymmetric generalization of the model 
(4.3) we consider a supersymmetric calculus of the set of (l,l)-multiplets of 
higher order anisotropic matter = A^"^) with the multiplet of 

(l,l)-supergravity in two dimensions (see [137,139,140] for locally 

isotropic constructions). 

The global supersymmetric variant of action (4.3), for 2T[a' = 1, is writ¬ 
ten as 


4ob, A] = ^ 


</3> 


+ b<a><( 3 >£- 


(4.6) 
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iB<.>B<„><;5><,>(A^®75A<'’>)(A^"^A<'>)- 

jB<»<;3><x>B5;J<j>(A^®75A<'’>)(A^’^75A^‘>)], 

where covariant derivation -D<e> is defined by torsionless Christoffel d- 
symbols. 

The action (4.6) is invariant under global s-transforms with Maiorana 
spinor parameter e : 

A(^<“> =e A<“>, 

AA<“> = -*(97i^“y<r+ f (hJb.,>A''’^A<’> - 

Defining Maiorana-Weyl spinors (MW-spinors) instead of A^“^ 

we can rewrite the action (4.6) in a more convenient form: 

^ob, A±] = ^ / Z[g<a><l5>d-U '^°'^+ 6<„></3>e-+ 

(4.6a) 

»9<o><S>AA(C+A+)<'’>+»g^„><^>Af"(B-A_)<'’> + 

with s-symmetric transformation law 

= e+ Af“> + e_ A<“>, 

AA<“> = -%{du<^>)e^ - A± 

For simplicity, in the rest of this Chapter we shall omit ’’hats” on geo¬ 
metrical objects if ambiguities connected with indices for manifolds and 
supermanifolds will not arise. 

In string theories one considers variations of actions of type (4.6) with 
respect to s-symmetric transformation laws and decompositions with re¬ 
spect to powers of A. Coefficients proportional to A® vanishes because they 
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do not contain derivations of e(; 2 )-paranieters. In order to compensate the 
therms proportional to A and A^ one adds the so-called Nether term 


jiN) ^ 


1 J 


( A'“^7-A^'’^ ) (A^’^75Vi), 

where ipe is the higher order anisotropic generalization of Maiorana gravitino 
with s-symmetric transformation law 

A^/Je = -dee + ... 

From the standard variation, but locally adapted to the N-connection, 
of the with a next covariantization (with respect to {e^ip^) of the 
theory. In result (it’s convenient to use MW-spinors) we introduce this 
action: 

/ = ^ y d^z e + 

(4.7) 

ig<a><p>\T(D+Kr^^ + ig<c.><p>\T^(D-\.)<^>+ 

(y<^>{7- + + (A^^^{7““ - + 

|B<«><s><,>{(y“7“Af 7(y’7'a) - (7”7“A77(A77a)}|. 

where e = det |e||, for which the higher order anisotropic laws of supersym¬ 
metric transforms holds: 

Aef = 2iej-iJe, A'lpe = -D^e, (4.8) 

= A+(^<“> + A_(^<“> = e+ Af“> + e_ A<“>, 
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AA<“> = -t{du<^> + - r<“>!f^)>Af > A± (^<^>. 

Restricting our considerations in (4.7) and (4.8) only with A^“^-spinors 
and ^.-parameters, when e+,Af"^ = 0, we obtain the action for the het¬ 
erotic higher order anisotropic string on background (fi'<a></ 3 >, &<«></?>) 
with (l,0)-local supersymmetry —> t/’a(-)) • This action can be inter¬ 

preted as the ’’minimal” interaction of the higher order anisotropic (1,0)- 
matter A^“^^ with (1,0)-supergravity (^e|, ■^e) • 

4.1.2 Locally anisotropic heterotic strings 

As an illustration of application of s-£eld methods in locally anisotropic s- 
spaces we shall construct the action for a model of higher order anisotropic 
s-string. 

The (l,0)-superspaces can be parametrized by two Bose coordinates 
{z^,z^) and one Fermy coordinate = {z^,z^,9~^). One represents vec¬ 
tor indices as (++,-) = (|, =) taking into account that by (-I-, — ) there 

are denoted spirality ±1/2. 

The standard derivations 

= {D+, di, d=y, D+ = A + ie^d+, 

in the flat (l,0)-superspace [214] satisfy algebra 

{D+,D+} = 2idx, <9j(9= = □, [da,D+] = [4, <9^ = 0, 
and s-space integration measure 

/ d6^ = -;—,d^u~ = d‘^zd9^. 

J d9~^ 

In the flat (l,0)-superspace one defines scalar and spinor s-£elds 
(p{z, 9) = A{z) ± 9^\+{z),i>-{z, 9) = r]_{z) + 9~^F{z) 

and action 

1 = J d^uL = J d^z{D+L)ie=o 

with a charged Lagrangian, L = L_, in order to have the Lorentz invariance. 
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The (l,0)-multiplet of supergravity is described by a set of covariant 
derivations 

Va = 4% + =^A + I^A, (4.9) 

where is a s-vielbein and is the Lorentz connection with L- 

generator M : 

[M, A±] = ±2-^±- 

The covariant constraints in s-space (for (l,0)-supergravity [46,85]) are 
given by relations: 

{V+, V+} = 2iV|, [V+, V=] = -2iS+M, (4.10) 

[V+, V|] = 0, [V|, V=] = V+ - 

where = 2V+S’'' and dehnes the covariant strength of (l,0)-super- 
gravity in s-space. 

As a consequence of (4.10) only i?", E^ and E^ are independent 

s-fields; the rest of components of vielbein and connection can be expressed 
through them. The conditions of covariance of derivations (4.9) lead to 
these transformation laws with respect to d-coordinate and local Lorentz 
transforms with corresponding parameters K— and Aj : 

Vi = Va K = + A^M; 


for vielbeins we have 

A'ipj., + A,[M, Bfl, 

from which one follows that 

/\eI = K^D^eX + 2iE+K+ - E^D^K^ + ^AiEX- 
It is convenient to use the s-symmetric gauge (when eX = 0), 
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and to introduce the Lorentz-invariant scalar s-field S and Lorentz com¬ 
pensator L satisfying correspondingly conditions 

^+(^=)i/2 ^ g-5 = e^. 

In a Lorentz invariant theory we can always choose the gauge L = 0; in 
this gauge the s-conformal transforms are accompanied by a corresponding 
compensating Lorentz transform with parameter 

A. = (B+)-'V+A'+ - i(K)-‘V.A- = i(V,A-t - V./f") + ... 

The solution of constraints (4.10) in the s-symmetric gauge E\ = L = 0 
and in the linear approximation is [85] 

v+ = (1 - + H-d. - (D+S + d.H;)M, 

V, = (1 - S)a, + + (D+S)]D^- 

i[D+H=]d= - {d^S - iD+d=H=)M, 

V= = (1 - S)d= - '-[{D+Hi)]D^ + Hidi + id=S + diHi)M, 

= '-[D+id^Hi + 2d=S) + diH=] + ..., 

where s-£elds and S are prepotentials of the system. These s- 

potentials have to be used in the quantum held theory. 

The linearized expression for s-field density E~^ = Ber{E^) is computed 
as 

E-^ = sdet{Ej) = + iHi{D+H= + H=d=H=)]-\ 

The action for heterotic string in higher order anisotropic (l,0)-super- 
space accounting for the background of massless modes of locally anisotropic 
graviton, antisymmetric d-tensor, dilaton and gauge bosons is introduced in 
a manner similar to locally isotropic models [105,116,139,140] but with cor¬ 
responding extension to distinguished and locally adapted to N-connection 
geometric objects: 

IhS = j + b<a><l3>{u)] + 

(4.11) 
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>I>J'i,h,llj|V+ + /1+P|(«.)1>I>W + a'4(«.)E+}, 
where AJ^||jj(m) = A|/||j|<q>V+m^“^ is the gauge boson background, $(u) 
is the dilaton held and are hetrotic fermions, |/|, | J|,... = 1, 2,...,, N. 

4.2 Background D—Field Methods 

The background-quantum decomposition of superhelds of (1,0) higher order 
anisotropic supergravity considered in previous section can be performed in 
a standard manner [85] by taking into account the distinguished charac¬ 
ter of geometrical objects on locally anisotropic s-spaces; constraints (4.10) 
should be solved in terms of background-covariant derivations and quantum 
s-helds (tT", s'^ , quantum s-helds L and E\. are gauged in an algebraic 

manner (not introducing into considerations ghosts) and note that by us¬ 
ing quantum scale transforms we can impose gauge S' = 0 (also without 
Faddeev-Popov ghosts). Finally, after a background-quantum decomposi¬ 
tion of superhelds of (1.0) higher order anisotropic supergravity in the just 
pointed out manner we can hx the quantum gauge invariance, putting zero 
values for quantum helds (in absences of super gravitational and conformal 
anomalies and for topological trivial background conhgurations). In this 
case all (1,0) supergravity helds can be considered as background ones. 

The hxing of gauge symmetry as a vanishing of quantum s-helds induces 
the ghost action 

Ipp = j d^z-E{hly+c= + 6=V=c^}. (4.12) 

The aim of this section is to compute the renormalized ehective action, 
more exactly, it anomaly part on the background of s-helds (1,0) higher 
order anisotropic supergravity for the model dehned by the action (4.11). 

In order to integrate on quantum helds in (4.11) in a d—covariant man¬ 
ner we use background-quantum decompositions of the action with respect 
to normal locally adapted coordinates along autoparallels (see details in 
Chapter III ) dehned by Christohel d-symbols (1.39). We emphasize the 
multiconnection character of locally anisotropic spaces; every geometric con¬ 
struction with a hxed d-connection structure (from some purposes consid¬ 
ered as a simple or more convenient one) can be transformed, at least locally. 
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into a another similar one for a corresponding d-connection by using de¬ 
formations of connections (1.40) (or (3.2) and (3.3) if we are interested in 
na-map deformations). Let 

<a> 5X<P> 5X<'^> _ 

ds^ ~*”^</5><7> ds ds 

where = 0) = = 1) = -1- and are 

quantum fluctuations with respect to background Covariant quantum 

helds (’’normal helds”) are dehned as 

r ;y<a> 

A<a> — ^ I — I 

C - U=0= C (s) U=0 . 

We shall use covariantized in a a-model manner derivations in (1,0) higher 
order anisotropic s-space 

^ (B+, V.) = ^ ^x<-<>, 

on properties of derivation Vq see (4.3) and (4.4), into distinguished au¬ 
toparallel (in a (j-model manner) d-covariant derivation with properties 

D {s) D{s)C,<->{s) = 0. 


The derivation T>-^ is dehned as 

2W^ = {V+,V+}- 

we note that T>^ ^ V|°^. One holds the next relations: 


< r >< a > 




< {3 > 


}V=X<'">C^^^ 


< r >< a > 


ViC<P> = 


X -> 2 


V+X<'">V+X<^>C^^^, 

V,X<">, 
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where 


ycov^<P> ^ + {- 


< (3 > 




< r >< a > 

For heterotic fermions the d-covariant and gauge-covariant formalism 
of computation of quantum-background decomposition of action can be 
performed by using the prescription 




Id f 


: ^^(O) = 'tl'i,. = 1) = »!!!, + = 0, 




Id 

(-) 




where are quantum fluctuations with respect to background \k; func¬ 
tions interpolate in a gauge-covariant manner with -|- be¬ 

cause of dehnition of the operator D{s) : 




idki 

<a> 


hA<“> 

ds 




(5'F 


ds 






(-)• 


As d-covariant and gauge-covariant quantum s-£elds we use spinors 

X(^) = |,=o 

satisfying conditions 

We also define the next derivation in (1,0) higher order anisotropic s- 
superspace 


for which one holds identities 


where 'P< 7 > is both d-covariant and gauge invariant derivation and the 
strength d-tensor of gauge fields is defined by using la-derivation operators, 

dd .Id ^ .Id , .Id .ii^i _.id a \ k \ 
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The action (4.11) consist from four groups of terms of different nature: 


= iW + /( 2 ) + /( 3 ) + /( 4 )^ 

The first term 

r‘> = y'dVB9^„<^>(X)V+A'<“>V=X<'’> 

is associated to the higher order anisotropic gravitational sector and has the 
next background-quantum decomposition 

/W|x + x(C)] = 4‘’ + /P + /P + ..., 


where 


di) ^ 

^ b\ ds'^ 


s=o; & — 0,1,2,.... 


Thes terms are computed in a usual (but distinguished to the N-connection 
structure) manner: 


d’ = - 5 ^ (4.14) 


4“’ = 

4'^ = / d';^-i?{^(P<^>i?<A><.><r><.>V+X<'^>I)=C<"> + 
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{ g (^</i>-R<A><c 

j(l) _ 

-'6 — 




j(i) _ 
-'5 — 


d^z Ex 


Ana' 


45 


47ra' 

>R 


d z i?{—P<a>^^<^>-R<A><c 


.+ 


<a><cr> ■ <ti> 




where by dots, in this section, are denoted those terms (containing multiples 
(VX)) which are not important for calculation of anomalies, see section 4.5. 
The second term in (4.13) 


j(2) ^ 


47rQ; 


-J d3;,-E5<„><^>(X)V+X<“>V=X<^> 


having the next background-quantum decomposition 

j(2)[X + 7r(C)] = /f+/f^ + /f+ ..., 

where 

1 

s=o; fe = 0,1,2, 


,(2) _ 1 
■LK - 


b\ ds^ 

describes a Wess-Zumino-Witten like model of interactions (in a higher 
order anisotropic variant). The diagram vertexes depends only on intensity 
H of antisymmetric d-tensor b : 




2 *^[<T>^</i><!/>] 






+ 5. 


</i>^ 


-h 


<v>'~ 


By straightforward calculations we hnd the coefficients: 
I? = -7^ [ 


27ra' 
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7 '( 2 ) _ 

In — 


47ra 


- J dh-E{C<^>V^C^^>V=X<P>H^r><a><P> + 


C<">V+X<“>I)=C<''>^^<r><a></ 3 > + 

C<">C<">V+X<“>V=X<^>I)<A>i/ <T><a><0>}, 


7 '( 2 ) _ 

23 — 




dh-E{-c<^>v+c<^>v=c 


C<">C<">C<">i?<!i;><p>[<5>^<.>]<r><;.>v+x<'>v=x<^>+ 


3 


>+ 




<T><a><(3> 


}, 




> + 




6 


X (v+x<^>p=x<'^>+ 

P+X<^>V=X<'^>) + (<^>(<^>(<^>(<^>V+X<''>X=X<f^>x 

{'^^<X>H<r><tJ.>[<p>R<u><a>^'^<l3> ~ <0‘>^<0>^<1>H< 

1 


) + 


V=C<‘'>V+X<^^>)V^,yV^x>H, 
1 






[-^^<7>^^<A>-f^- 

r(2) 


_ 

-ifi — 


47rQ; 


15 ^^ •< 7 ><A>[<At>''''<^>-l<'r><P>/ + •••) 

; J dh-EC^>c<^>C^>C^>v+c<p>v=c<^>x 


1 <^> 1 
[g^<A>-^<r></i>[<p>-R<i/>]<Q,> . </3> ■<7><P>[<5>'^<'^>]<'’'><A‘>”^ 


18 
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-^T^<a>^<l3>^<>'>H<r><P><u>\ + •••; 

where by dots are denoted terms not being important for calculation of 
anomalies and operations of symmetrization ( ) and antisymmetrization are 
taken without coefficients. 

The third term in (4.13) 

/(3) = 43 ) ^ j(3) ^ j(3) ^ ^ j0) ^ 

is of Fradkin-Tseitlin dilaton type with coefficients 

[ dh-Ea'E+^, 

47ra' J 

The forth term in (4.13) 

= -4b / 

has the next background-quantum decomposition 

/(")[vl/ + A(x),X + 7r(C)] = + 4"^ + 4'^ + 

with coefficients 

/k = / d^^-E {x,-|'''l>+X(-)''' + (4.15) 
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4“’ = / dh-E {x,-,l'lf|,||j|<„><.>C^'‘^V+A'<''>X(-)'-''+ 

C'"^C^'‘^X(-)'''®<A>-Fi;||j|<»<.>V+A'<''>*(_,l''l+ 

X(-)'''fi/||j|<»<.>C‘''^'P+C^‘'^>l'(-)''''- 

ic^^>C<'>C<'‘>®(^)l'l®(-)l''lv+A'<‘'^x 

(P<^>P<A>-F|/||J|<;i><^> — R^x>]<iy>'^^<T>^W\J\<fd>«d>)^ 

4*’ = ~ I d^z-E {ix(-)'''-F|;||A|<,.>o.>X(-)''''C^‘'"P+C"'‘»- 

ic^"^C^'‘^X(-)'"'(»<A>F|,|p|<x><x>)X(-)''''V+A<‘'»+ 

5C^"^C''‘^X(-)'''(0<i>-F|;||j|<,><.>)>l'(-)'-''®+C'‘'^ + 

ic<"^C<""C"'‘"X(-)l'ix 

^c<"^c<'‘>c<’>>t(-)i'i4'(-)i''i(3»<;,>»<A>fi,iiji<,><.>+ 

\P<'X>R<T>R<\>F\I\\J\<Ei><v> + (’^<7>-^<A><iA>^-^<M>)-^l/||J|<'r><p> + 

3 ('C’< 7 >-F| 7 ||J|<T><p>)-R<A><!x>^.^</i>]V+X'^'^^}, 

(2^<A>i"l/llJ|<M><.>)X(-)'"'^^+C<^> + •••}, 


133 




(3r><^>'E><A>-F|/|iJi<^><l.> + + ••• 

The kinetic terms for quantum fields fhe decompo¬ 

sitions (2.14) and (2.15) define the propagators (27rQ;' = 1) 

< r'‘>(a)c'-qfi') >= = 

Ahikl r n 

Finally, we remark that background-quantum decompositions of the action 
(4.11) for heterotic string dehne the Feynman rules (vertixes and propa¬ 
gators) for the corresponding generalization of the two-dimensional sigma 
model which are basic for a perturbation quantum formalism in higher order 
anisotropic spaces. 

4.3 Green—Schwarz DVS—Action 

The Green-Scwarz covariant action ( GS-action ) for superstrings can be 
considered as a two dimensional a-model with Wess-Zumino-Witten term 
and flat, dimension d = 10, s-space as the tangent space [91,109,110,158]. 
The GS-action was generalized for the curved background N=l, d = 10 of 
the superspace under the condition that motion equations hold [293] and 
under similar conditions for N=2, d = 10 supergravity [96]. 

The GS-action in dimensions d = 3,4, 6,10 can be represented as 

/ = ^ y (4.16) 
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by using of the flat vielbein /<«> and 2 -form 

in the flat d = 10 s-space with coordinates An important role in 

formulation of the GS-action plays the fact that 3-form H = dB is closed, 
dH = 0. Because H is s-invariant the 2-form B changes on complete deriva¬ 
tion under s-transforms 


5*H = 0, 5*dB = d5*B = 0, 5*B = dA, 


where 6* is dual to d, which ensures the s-invariance of the GS-action. 

We generalize the action (4.16) for higher order anisotropic s-spaces by 
changing the flat vielbein into the locally anisotropic, E^a>: with a 
possible dependence of the Lagrangian on scalar helds (see [202] for locally 
isotropic spaces), 

/ = ^ y (4.17) 

Gif ^'^'7^(ae%||j| + i75“>A|,,|^,<,>)vI/l4l], 

where P is a scalar function, 7 ^- = VfVf'j^, V = det(lf),M<“^ are coordi¬ 
nates of the higher order anisotropic s-space and 4/1-1 are two dimensional 
(heterotic) MW-fermions in the fundamental representation of the interior 
symmetry group Gr. 

As background s-£elds we shall consider 


where 


A 


llllil 


= A 


\LU\<a> 


E 


<a> 









S-helds A| 7 ||j| belong to the adjoint representation of the interior symmetry 
group Gr. 
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The action (4.17) is invariant under transforms 

AA<^> = 0, AE^ = 2(r<«>)“E5->Vj4 (4.18) 

ATl^l = -{AE<^>)A'g^¥^\,AVi = -i(7a- + e^M^kl 

where Sei is dehned as a two-dimensional tensor, parameter k%a> is anti- 
self-dual as a two-vector, juggling of indices of d -dimensional Dirac matri¬ 
ces is realized by using the d-dimensional matrix of charge conjugation and 
, for simplicity, we can consider matrices (r<Q>)®° as symmetric; we shall 
dehne below the value 

The variation of action (4.17) under transforms (4.18) can be written as 
A/ = I d^z^le'‘A(VY‘)E^^>EAv<^><,l>+ (4.19) 

AEHe'’(VY<)Ef<^EA’l<a><e>DsP-2e'^A(VY<)Ef<^^EAT<^>i<^>+ 

e’^^Ef-^E-- - H^a><i>d — 

A(DD|)T'-’7^(De^)l4l, 

where "Dg is the Gr-covariant derivation and the torsion 2-form , the 
strength 3-form H and the supersymmetric Yang-Mills strength 2-form 
^IIITI are respectively dehned by relations 

T<^> = dE<^> + = ]^E<^> 

H = dB = 

FI^II4I = (iTlhllil + TllIllAyilAITI = 

The variation of action (4.19) under transforms (4.18) vanishes if and 
only if there are satished the next conditions: 

1) 3-form H is closed under condition 

(r<^>)ei(r<,>)g^ + (r<^^>)ig(r<„>)g^ + (r<^^>)gg(r<«>),^ = o. 
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which holds for dimensions d = 3,4, 6,10; 

2) there are imposed constraints 

d<7>««>^<7>)a = V<a><0>Ba, = 0, (4.20) 

H^o = 0, = -*6^ (f <«> )ei, 

3) The coefficient M-* from (4.18) is taken in the form 

where 

DuP + 2Hu — 2Bu = 0; 

4) The last term in (4.19) vanishes because of conditions of chirality, 

\]>lh = -^gll/lll. 

In the locally isotropic s-gravity it is known [86,175,21] that s-field equa¬ 
tions of type (4.20) are compatible with Bianchi identities and can be in¬ 
terpreted as standard constraints defining supergravity in the superspace. 
Considering locally adapted to N-connections geometric objects end equa¬ 
tions (4.20) we obtain a variant of higher order anisotropic supergravity 
(see sections 2.3 and 2.6 in this monograph [260,265,266,267] for details on 
locally anisotropic supergravity) which for dimensions d = n -|- m = 10 con¬ 
tain, distinguished by the N-connection structure, motion equations of N=1 
of higher order anisotropic supergravity and super-Yang-Mills matter. 

The above presented constructions can be generalized in order to obtain 
a variant of higher order anisotropic N=2, d = 10 supergravity from so- 
called IIB-superstrings [96] (which, in our case, will be modified to be locally 
anisotropic). To formulate the model we use a locally adapted s-vielbein 

1- form a 5'0(1, 9) ® U{1) connection 1-form a 

2- form of complex potential A and one real 4-form B. Strengths are defined 
in a standard manner: 

T<^> = DE<^> = 5E<^> + (4.21) 
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p<^> 

^<a> 






< 0 > 
<7>) 


F = 6A, G = 6B + AF- AF. 


On the mass shell (on locally anisotropic spaces we shall consider dis¬ 
tinguished metrics) ds-tensors (4.21) are expressed in terms of one scalar 
s-£eld V e S[/(l, 1) : 


V 


q s 

u V 


,qq — ss = 1. 


Excluding a scalar by using the local U(l)-invariance we can use the hrst 
components of complex s-helds (g, s) as physical scalar fields of the theory. 

The constraints defining IIB supergravity in d = n -|- m = 10 higher 
order anisotropic s-space contain equations (on every anisotropic ’’shell”, 
in locally adapted frames, they generalize constraints of IIB supergavity 
[113]; see sections 2.2 and 2.3 for denotations on higher order anisotropic 
s-spaces): 

Tb\ =T'^\ =Tt\ =0, (4.22) 

'-'p '-'p *-p ' ’-'p *-p ^p *-p ' ’-'p *-p '-'p *-p ' ^ 


(Xp bp Cp (Xp bp Cp '(Xp bp Cp (Xp bp Cp '(Xp bp Cp 


= 0 , 


^p 

^p bp Cp ^ ^^p ) bp Cp 5 flp bp Cp ^ ^dp bp ) Cp dp 5 


'P ^p /'-'?> ^p ^ 

dp _ 

,pUp / yp -Up 1 


Fapf^c^ ^'5(^ap)^c^) ^apbpCj^ ^i'^apbp) CpA^, 

HapbpCp f(g '5) (^flp) fep Cp ) HapbpCp ^(d '®) (^ap) fep Cp ) 


^p >-^p _ 

HapbpCp (d s)(^(Japbp) CpAd^, HapbpCp ^(d ^){^apbp) Cp , 


where 



(4.23) 


the same formula holds for _’’-underlined spinors, spinor will be used 

below for hxing of 17(1) gauge and 3-form H = F + F = 6B is real and 
closed (this condition is crucial in the construction of the GS-action on 
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the background of I IB-super gravity, with respect to usual isotropic string 
model see [96]). 

The action (4.16) can be generalized for N=2 higher order anisotropic 
s-spaces in this manner: 

(4.24) 

where P{q, s) is a function of scalar helds q and s, and 




- diti 





...). 


The variation of the Lagrangian in (4.23) under respective k-transforms 
of type (4.18) can be written as 

AL = (4.25) 

1|A(V=77‘"4’) + v^7‘"AP]£52> E^ V<a><q>- 

Taking into account constraints (4.22) we can express variation (4.25) 
as 


AL = ({-^(£-y“(g - s) + 


i,<">(i5^>^,<“>f)<^><„>)(a<.,>)^<^[£^“7“(g - s)A^+ 

(_^)-V2^»«£ea(^ - s)A^]ka^} + h.C.) + 

^A(^Y‘)E-r'Ef'''V<-,><s>P + \^l''‘Er'P^''fl<s><s>AP, 

where h.c. denotes Hermitian conjugation. 

Using relation (4.23) and hxing the U(l)-gauge as to have 

P = q — s = q — s and AP = {q — s) {AE^A^ — AE^A „ ) 
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we can obtain zero values of the coefficients before ((Tapf)j,)-ternis. The rest of 
terms in AL vanish for a corresponding fixing of the variation A(^— 77 *“). 

So, in this section we have constructed a model of higher order anisotrop¬ 
ic IIB-superstring on the background of IIB supergravity with broken chiral 
t/(l)-subgroup of the supersymmetry SU{1, l)-group of automorphisms of 
N = 2, d = n + m = 10 supergravity. We omit in this Chapter calculus for 
supersymmetric /3-functions; we shall present similar details in sections 9.1 
and 9.2 for higher order anisotropic nonsupersymmetric a-models. 

4.4 Fermi Strings in HA—Spaces 

There are some types of Fermi strings in dependence of the number N=0, 1, 
2, 4 of supersymmetry generators (see, for instance, [115,139,140] for reviews 
and basic references on this classihcation for locally isotropic strings). The 
aim of this section is to present basic results on Fermi and heterotic strings 
on higher order anisotropic backgrounds: the construction of actions and 
calculation of superconformal anomalies. 

We note that there are two possible interpretations of models considered 
in this Chapter. On one hand they can be considered as locally anisotropic 
supersymmetric two dimensional supersymmetric nonlinear sigma models 
connected with supergravity. Under quantization of such type theories the 
superconformal invariance is broken; the two point functions of graviton 
and gravitino, computed from the quantum effective action can became 
nontrivial in result (this conclusion was made [ 1 ] for locally isotropic sigma 
models and, in general, holds good for locally anisotropic generalizations). 
On the other hand our models can be interpreted as Fermi strings on higher 
order anisotropic background. We shall follow the second treatment. 

The effective ” off-shell” action F for a (inhnite) set of locally anisotropic 
helds is introduced (in a manner similar to [80]) as 

r|G, H,..] = 1:^0 \dA]\Du^“^] exp(-/), 

X 
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where dots are used instead of possible sources (with higher order deriva¬ 
tions), compatible with the reparametrization invariance, of another types 
of perturbations and 7 ^^^ is the Euclid two dimensional metric. In (4.26) 
we consider in explicit form the components of locally anisotropic graviton 
and antisymmetric d-tensor and, for simplicity, omit the dilaton held and 
topological considerations. 




Figure 4.1: The diagrams defining the conformal anomaly of a closed boson 
string in a ha-space 

The problem of calculation of T is split into two steps: the hrst is the 
calculation of the effective action on an higher order anisotropic with hxed 
Euler characteristic y then the averaging on all metrics and topologies. In 
order to solve the hrst task we shall compute 

exp{-W[G,H,g]} = J[Dr]] exp{-I[u + v{z), g]}. 

The general structure W is constructed from dimension and symmetry 
considerations [193] 

W = -^/ R(z)^d^z+7(u) J iR{z)^),n;XR{z)^),,d^zd^z', 
^ (4.27) 
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where the dimensional regularization [e = 2 — d 2 on world sheet), 7 (e) is 
the determinant of the two dimensional metric, R = one holds the 

relation P{u) = 4'j{u) for dimensionless functions (we can computer them 
as perturbations on a') and note that the second term in (4.27) is the Weyl 
anomaly which shall be computed by using normal locally adapted to N- 
connection coordinates on higher order anisotropic space. 

For a two-dimensional conformal flat two-dimensional, d 2 = 2, metric 
■jgf we hnd 

7 ^ = R(n) = -2e-^-’na, 7 “ = ^=e^. 

From decomposition 7'7 “ with respect to first and second 

order terms on h we have 

\F^7(e) = [1 + “ 4 )^ 2 (^)] 5 “ 

when hei = 2ahei, h = h'^ = 2 (jd{ 2 )- We give similar formulas for the frame 
decomposition of two metric 

e^/2ge = (1 + ieo-)(5|, = (1 - ^£0-)%, 

which are necessary for dealing with spinors in curved spaces. 

Transforming the quantum held C — \/2na'(^, where C is the tangent 
d-vector in the point u G of the higher order anisotropic space and 

using the conformal-hat part of the two dimensional metric we obtain this 
ehective action necessary for further calculations 

lU/ = / (4.28) 

0 

ya(z)a,C=“>ds(<“> + 
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where (m) higher order anisotropic space coordinates not depending on two 
coordinates So, the anomaly in (4.27) takes the form 


4-d J (fz a{z)Oa(z) 


(4.29) 


If a in (4.26) is the connection on topologies constant the first term in 
(4.27) can be absorbed by the renormalization of this connection constant. 
The set of two-loop diagrams dehning (4.29) is illustrated in the hgure 4.1. 
We note that we must take into account tedpoles because of the compactness 
of the string world sheet there are not infrared divergences. 

In the one-loop approximation (figure 4.1) we find 

+ mi + ... + rriz), 7^^^ = + mi + ... + m^); 

247r 9b7r 

there is correspondence with classical results [193] if we consider a trivial 
distinguishing of the space-time dimension ue = n + nii + ... + ruz. 

The two-loop terms (figure 4.1) from (4.29) are computed as 


{p ■ k — p^riq ■ k — qp + {p ■ k — p^fip ■ q){q ■ k — qp 


p^{k — pyq^{k — qY 


Cl = -7TwwrG(0) [ (Yka{k)a{—k) 


3(27ri4 
na'e'^R 


{p ■ k — p^Y 
p‘^{k — pY 




p‘^{k — pp 


e) + /) =- ^<a>^<q><'y> ^ei^au J (Yka{k)a{—k) J dY^pdP'^qx 

1 

_^ 

p‘^{k — pYq^{k — p — qY 

Yk ■ p - pY{k ■ q - qYPe{k - q)i{k - q)aqu 
^ {k - qY 
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{k-p- p^Yqe{k - q)iqa{k - p)i 

{k-pY 




where 


a[z) = 


(2i) 


(fpa{p) exp{—ipx). 


The contributions of tedpole nonvanishing diagrams mutually compen¬ 
sate. The sum of the rest of contributions results in the anomaly 



— {-R+-HY 
647r^ 3 ^ 


647r 


-R 



where and R is the scalar curvature with 

torsion. 

Computing W in the leading order on a' for the closed boson string, it 
is not difficult to hnd the effective action T for massless perturbations of 
the string (of the metric G<a></ 3 > and held hf<a></ 3 >) on the tree (y = 2) 
level. Taking into account the identity 


I {R{z)^),a-^\{R{z)^))^'d‘'zdh' = levr 
for the metric on sphere we hnd 

/ K'R'Ert! I ”1 

(4.30) 

where = n -|- mi is the dimension of higher order anisotropic 

space. Formula (4.30) generalizes for such type of spaces (scalar curvature 
R and torsion H are for, distinguished by N-connection, on la-space) of 
that presented in [53,54]. The cosmological constant in (4.30) arises due to 
the taxion modes in the spectrum of boson strings and is absent for super¬ 
strings. From vanishing of /^-functions for R and tacking into account the 
contributions of reparametrization ghosts [193] into the anomaly of boson 
string we obtain into the leading approximation 


He — 8 a 

247r IOtt 


nE - 26 a' ^ 

967r 647r 
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In consequence, the correction to the critical dimension is 

D^ = 2Q + a'H‘^ + 0{\a'f). (4.31) 

We emphasize that torsion in (4.31) can be interpreted in a different manner 
that in the case of locally isotropic theories where is considered as an 
antisymmetric strength of a specihc gauge held (see the Wess-Zumino- 
Witten model [287,293]). For locally anisotropic spaces we suggested the 
idea that the FT.-terms are induced by the distinguished components of 
torsions of, in our case, higher order anisotropic spaces. 



Figure 4.2: The diagrams defining supergravitational and superconformal 
anomalies in the theory of higher order anisotropic superstrings 

The presented in this section constructions can be generalized for the 
case of N=1 and N=2 higher order anisotropic Fermi strings. Let decompose 
action Is[e%u + C(^),t/’(^)] fo within forth order on quantum helds 
and After redehnition C, ip —> we obtain 

the next additional to (4.28) term: 

Ipiint) = J 

^y/2na'{l - 

^^<a></3><7><5>^^“^(l + + 75 )^^^^]- 

Fixing the gauges 

N = 1 : e| = e'"(5f = ]pe\ 
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Nl = 2 : ef = e'if i-i = 

where A is the Maiorana (N = 1 ) or Dirac (N = 2 ) spinor. Because of 
supersymmetry it is enough [80] to compute only the coefficient before Weyl 
anomaly in order to get the superconformal anomalies. The one-loop results 


are 


N = 1 : 


^( 1 ) 

IOtt’ ' 


riE 

647r’ 


N = 2 ; 


Ue 
Stt ’ 



riE 

327r’ 


from which, taking into account the reparametrization and superconformal 
ghosts we obtain these values of critical dimension (7 = 0 ): 


N = 1 : ) 


ng - 2 

IOtt ’ 


^( 1 ) 


He — 10 
647r 


N = 2 : 


^ ^( 1 ) 
Stt’ ^ 


He — 2 

327r 


From formal point of view in the two-loop approximation we must con¬ 
sider diagrams b)-m) from £g. 4.2. By straightforward calculations by us¬ 
ing methods similar to those presented in [80] we conclude that all two-loop 
contributions b)-m) vanish. In result we conclude that for Fermi strings one 
holds the next formulas: 


He — 2 a'H^ ue — 10 a'H'^ 

IOtt 247r ^ ^ 647r OOtt ’ 


M _ o a I _nE-2 a'H^ 

^ 87r 247r ’ ' 327r OOtt 

or 

N = 1 : Dc = 10+‘^a'H^ + ..., 

o 

N = 2: D^ = 2 + -aH^... 

3 

in the leading order on a'. 

Finally, we note that because contains components of N-connection 
and torsion of d-connection on higher order anisotropic space we conclude 
that a possible local anisotropy of space-time can change the critical di¬ 
mension of Fermi strings. 
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4.5 Anomalies in LAS—Models 

Anomalies in quantum field theories are considered beginning with works 
[2] and [35]. Conformal and gravitational anomalies have been analyzed in 
[61,72,6] (see also reviews [298,169,139,140,92]). The aim of this section is 
to investigate anomalies in higher order anisotropic (l,0)-superspaces. 

4.5.1 One—loop calculus 

Supergravitational and conform anomalies of heterotic locally anisotropic 
(j-models connected with (1,0) higher order anisotropic supergravity are 
dehned by the hnite (anomaly) parts of diagrams of self-energy type (£g. 
4.2). In order to compute anomalies it is necessary to consider all the ver¬ 
texes of the theory with no more than the linear dependence on potentials 
H^,Hi (see subsection 4.1.2 and section 4.4 for denotations on higher or¬ 
der anisotropic heterotic superstrings). We consider this ’’effective” action 
(without ghosts): 

7 = 7o + 7mt, lint = Iq + 7i, (4.32) 

where 

7o = - / + xL"71+xL"'], 

C<^>C<^>B^S><^^<a><p> + C^^C'^C^^'D<e><5><^><a><p> + 

{/-<a> P<\I\\J\ I /-<'f>/-<a> j^\I\\J\ I /-<£>/-<'f>/-<a>^\I\\J\ \ 

18 '-^<a></3> + 8 8 -^<7><a></3> + 8 8 8 ^ <e><'-f><a><l3>) ^ 

h = —- J {{g<a><l3> + C'^"’’^^<7><a></3> + 

+ [tH;d=C<^>d=C<^>+ 

x[-,n;a^x\-, + x{%x\-,H-a.(<^>x 
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(/-<oi> ^\l\\j\ , , /-<e>/-<^>/-<a> T^\I\\J\ 

IC <-<a></3>+C C ^<7><a></3>+C C C ^<£>< 

.• 6 ^ 


^<7> A<a> 


'a><l3> 


)+ 


4:71 p pi 


where 


^<7><a></3> — 2-^<7 ><o></9>) 

_ 1 ^ 1 ^ _ 

B<S><'y><a><l3> = 2-R<(5><o></ 3><7> + 2^<^>-^<7><“><h>’ 


P< 


Za><f3> g^<£>^<5>-^<7><a></9>“l“ 


1 

6 ' 


^<£>-^<< 5 ><o></ 9 >< 7 > “ 1 “ j^g'^< 5 ><£>[<o>-^</ 3 >]< 7 ><r>) 


iT><a><P> 


^<0><T><'y><7)>R^S><£><a> R R<e>R<&>R<' y>H<T><aXfi>4' 


45 


j^g^<£>-^<7><(5>[<o>-^</3>]<T><i?> + g^<7>-^<'r><i?>[<a>-R|<5><£>|</3>]) 


1 




ihi./| 

<a><(3> 




<a><p>i R<'Y><a><p> 


ihi^i 


= —V 


<7>-'^ <«></?> 5 



For simplicity, in this section we shall omit tilde over geometric objects 
(such as curvatures and torsions computed for Christoffel distinguished sym¬ 
bols (1.39)) but maintain hats in order to point out even components on 
the s-space). 

We write the supergravitational anomaly in this general form (see [287] 
for locally isotropic models): 


1 r d‘^ 

3271J + + □ + □ -J’ 

where background depending coefficients will be dehned from a perturbation 
calculus on a' by using (4.32). 
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Figure 4.3: (1, 0) supergraf defining the one-loop anomaly 



Figure 4.4: (1, 0) supergrafs defining the 1-loop dilaton contribution to the 
anomaly 

For computation of supergrafs we use a standard techniques [85] of 
reducing to integrals in momentum space which is standard practice in 
quantum held theory. For instance, the one loop diagram corresponding to 
hgure 4.3 is computed 



Figure 4.5: The diagrams being unessential for calculation of anomalies 
1 f ^2] P=Y i P= 

J ^ k^{k + pfi ^ 

Diagrams of type illustrated on hg. 4.4 give rise only to local contributions in 
the anomaly and are not introduced because of dimensional considerations. 
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Figure 4.6: B-depending 2-loop corrections to the anomaly 

We note that comparing with similar locally isotropic results [140] the 
torsions H, are generated by components of the distinguished torsion of the 
higher order anisotropic background. 

4.5.2 Two—loop calculus 

The two-loop 5-depending corrections to the anomaly are dehned by dia¬ 
grams illustrated in £g. 4.6. The one-loop results including ghosts (4.12) 
are similar to locally isotropic ones [85]. Thus we present a brief sum¬ 
mary (we must take into account the splitting of dimensions in higher order 
anisotropic spaces): 

f N r)^ 

= 9^ y - 26 + 

^(n -I- mi -I- ... + — 10 ) (4.33) 

If the action (4.33) is completed by local conterterms 

H=nHi, SdiH=, Sd^D+Hi, Sd=D+S 

and conditions Ne — {n + mi + ... + m^) = 22 and 71 = 72 = 7 are satisfied, 
we obtain from (4.33) a gauge invariant action: 

Weff + Wioc = + mi + ... +m^- 10) J d^^“S+(^)S+, (4.34) 

The action (4.34) is the conformal anomaly of our model (S’*' depends on 
S). The critical parameters of the higher order anisotropic heterotic string 

n -|- mi mz = 10 and Ne = 32 
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Figure 4.7: -depending 2-loop corrections to the anomaly 
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make up the conditions of cancelation of it anomalies (the original locally 
isotropic result was obtained in [97]). We can also compute and add the 
one-loop dilaton (see fig. 4.5) contribution to (4.34): 


computed 


=-^ 2 ) 2 ^. 

47r 


+ J> 


a) = h{p) = J 


dPkdPq qt{q= + p=){k= + p=) 

{q^ — p^)[{q + pY — 

1 


X 


4 

P= 


(/c^ — /n2)[(A; + pY — p 


’>) = W) = / 


2_^21 
dPkdPq 


647r^ p 2 
q={q=+p= 


+ o (y), 


igtt^ [(Y ~ ^ vY ~ 

Y^{k=^p=Y 1 


■X 


4 

P= 


+ 0 {p), 


(/c^ —/r^) [(/c + p)2 —327r2 

where the mass parameter p‘^ is used as a infrared regulator. 

Two-loop A^-dependent diagrams are illustrated in £g.4.7. The super- 
grafs f),i) and j) are given by the momentum integral If = Ii = Ij = I{p) : 


lip) = J 


4 

P= 


dPkcPq k=q={k= + g= + p=Y 
(27r)^ kPq^{k + q + pY 


to this integral there are also proportional the anomaly parts of diagrams 
a)-e),k),l) and m). The rest of possible A^-type diagrams do not contribute 
to the anomaly part of the effective action. After a straightforward compu¬ 
tation of two loop diagrams we have 


= d-(--R + Y") 

lOTT 3 


there are not dilaton contributions in the two-loop approximation. 

The anomaly coefficient 7 is connected with the central charge of Vira- 
soro superalgebra of heterotic string on the background of massless modes 
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(under the conditions of vanishing of /^-functions or, equivalently, if the 
motion equations are satished, see [241,243,231,178,67,173,48]): 


27 + a' = ^ = tS*- = 


n + mi + ... + niz — 10 
2 





< r >_= i;5*E++ ..., 

where < T >_is the averaged supertrace, P^a><f 3 > the metric /5-function, 
/5* is the dilaton /5-function and by dots there are denoted the terms van¬ 
ishing on the motion equations. We note that the /5-functions and effective 
Lagrangian are dehned in the string theory only with the exactness of redef¬ 
inition of helds [48]. From a standard calculus according the perturbation 
theory on a' we have 


(^<a><f3> ^ {R<a><l3> H<a><f3>) 


si% ^ I = 

i Id'°X^\[-R - 

where 

rr2 — IJ U <7><<5> 

^ <a><f3> — -n<o><7><(5>-n<;/3> , 

which is a higher order anisotropic generalization of models developed in 
[38,58,36]. 


4.6 Conclusions 

To develop in a straightforward manner self-consistent physical theories, de- 
hne local conservation laws,give a corresponding treatment of geometrical 
objects and so on, on different extensions on Finsler spaces with nonlinear 
structure of metric form and of connections, torsions and curvatures is a 
highly conjectural task. Only the approach on modeling of geometric models 
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of the mentioned type (super)spaces on vector (super)bundles provided with 
compatible nonlinear and distinguished connections and metric structures 
make ’’visible” the possibility (see, for instance, [160,161,256,272,255,258, 
259,264,267]), manner of elaboration, as well common features and differ¬ 
ences of models of fundamental physical helds with generic locally anisot¬ 
ropic interactions. From viewpoint of the string theory fundamental ideas 
only some primarily changes in established material have been introduced 
in this Chapter. But we did not try to a simple straightforward repetition 
of standard material in context of some sophisticate geometries. Our main 
purposes were to illustrate that the higher order anisotropic supergravity is 
also naturally contained in the framework of low energy superstring dynam¬ 
ics and to develop a corresponding geometric and computational technique 
for supersymmetric sigma models in locally anisotropic backgrounds. 

The above elaborated methods of perturbative calculus of anomalies of 
hetrotic sigma models in higher order anisotropic superspaces, as a matter 
of principle, can be used in every hnite order on a' (for instance, by using 
the decomposition (4.32) for effective action we can, in a similar manner 
as for one- and two-loop calculations presented in section 4.5, hnd correc¬ 
tions of anomalies up to fifth order inclusive) and are compatible with the 
well known results for locally isotropic strings and sigma models. We omit 
such considerations in this work (which could make up a background for a 
monograph on locally anisotropic string theory). 
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Chapter 5 

Stochastics in LAS—Spaces 


We shall describe the analytic results which combine the fermionic Brow¬ 
nian motion with stochastic integration in higher order anisotropic spaces. 
It will be shown that a wide class of stochastic differential equations in lo¬ 
cally anisotropic superspaces have solutions. Such solutions will be than 
used to derive a Feynman-Kac formula for higher order anisotropic sys¬ 
tems. We shall achieve this by introducing locally anisotropic superpaths 
parametrized by a commuting and an anticommuting time variable. The 
supersymmetric stochastic techniques employed in this Chapter was devel¬ 
oped by A. Rogers in a series of works [206,207,205,209,210] (superpaths 
have been also considered in papers [103,82] and [198]). One of the main 
our purposes is to extend this formalism in order to formulate the theory 
of higher order anisotropic processes in distinguished vector superbundles 
[260,262,265,266,267,253,268]. Stochastic calculus for bosonic and fermionic 
Brownian paths will provide a geometric approach to Brownian motion in 
locally anisotropic superspaces. 

Sections 5.1 and 5.2 of this Chapter contain correspondingly a brief 
introduction into the subject and a brief review of fermionic Brownian mo¬ 
tion and path integration. Section 5.3 considers distinguished stochastic 
integrals in the presence of fermionic paths. Some results on calculus on a 
(l,l)-dimensional superspace and two supersymmetric formulae for super¬ 
paths are described in section 5.4 and than, in section 5.5, the theorem on 
the existence of unique solutions to a useful class of distinguished stochas¬ 
tic differential equations is proved and the distinguished supersymmetric 
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Feynman-Kac formula is established. Section 5.6 defines some higher or¬ 
der anisotropic manifolds which can be constructed from a vector bundle 
over a vector bnndle provided with compatible nonlinear and distinguished 
connection and metric structures. In section 5.7 a geometric formulation of 
Brownian paths on higher order anisotropic manifolds is contained; these 
paths are used to give a Feynman-Kac formula for the Laplace-Beltrami 
operator for twisted differential forms. This formula is used to give a proof 
of the index theorem using supersymmetry of the higher order anisotropic 
superspaces in section 5.8 (we shall apply the methods developed in [4,82] 
and [209,210]. 

5.1 Introduction 

The stochastic calculus have been recently generalized to various extensions 
of Finsler geometry and has many applications in modern theoretical and 
mathematical physics and biology [13,14,131,141,189,253,262] (see also con- 
strnctions connected with path integration techniqnes for Euclidean spaces 
and Riemannian manifolds [71,74,75,76,90,123,124,125,132]). We intend to 
present a manifestly supersymmetric formalism for investigation of diffn- 
sion processes in snperspaces with higher order anisotropy. Stochastic cal¬ 
culus is characterized by many uses in modern physics (see, for instance, 
131,141,282,73,74,75,76]), biology [14,13] and economy [189] and became 
more familiar to theoretical physics. There are a lot monographs and text¬ 
books where the stochastic processes and diffusion are considered from a 
rigorous mathematical view point or with the aim to make the presenta¬ 
tion more accessible for applications in different branches of science and 
economy. In section 10.1 a brief introdnction into the theory of stochastic 
differential eqnations in Euclidean spaces and necessary basic dehnitions 
are presented (one can consult the Chapter 10 and some of the just cited 
monographs if this is necessary). Here we do not assume any prior knowl¬ 
edge of stochastic calculus and consider the reader oriented to differential 
geometry and supergravity theories. 

In their simplest form, path integrals can be dehned on Enclidean space 
parametrized by coordinates x, with respect to Hamiltonians of the 
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form 


H = + y{x), 

i=s 

where V{x) is the interaction potential, which leads to the Feynman-Kac 
formula 


exp{Ht)ip{x) = j dfiexp{- 



where bg denotes a Brownian paths and the Wiener measure is often written 
in the physics literature as 


d/i = Vxexp{— 



ds. 


The Feynman-Kac formula can be constructed for every Hamiltonian which 
is a second-order elliptic differential operator. The range of possible Hamil¬ 
tonians used in the definition of stochastic calculus can be extended by 

including terms of the form exp ( — / Z) (pa{s)db^ ) in the integrand or by re- 

\ 0 a=l / 

placing the simple Brownian paths bg by paths Xt which satisfy the stochastic 
differential equation 


<? 

dx^ = (p\t)dt + ^ (^{s)db1. 

a=l 


In this case the Feynman-Kac formula can be dehned for Hamiltonians 
which are arbitrary second-order elliptic operators having the second-order 
part of form 


1 

2 

a,j,fc=l 



dx^dx^' 


In our considerations we shall use the main results of the paper [209] 
where a supersymmetric Feynman-Kac formula for Hamiltonians H which 
are the square of a supercharge Q being a Dirac-like operator. We shall 
generalize this approach (see also applications of a companion paper [210]) 
in order to obtain Feynman-Kac like formulas for the heat kernels of the 
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Laplace-Beltrami operators in locally anisotropic superspaces). Here we 
also note that because the canonical anticommutation relations are also 
the dehning relations of a Clifford algebra, the methods developed in this 
Chapter are also applicable to various geometrical operators on Clifford and 
spinor bundles and various bundles of differential forms on distinguished 
vector (super)bundles [160,161,162,256,255,258,259,264,267], 


5.2 Fermionic Brownian LA—Motion 


The geometry of higher order anisotropic (super) spaces is considered in 
detail in Chapters 1 and 2 of this book. This section introduces notation, 
and summarizes some necessary aspects in order to develop an approach to 
higher order anisotropic Brownian motion. 

For each positive integer /, Bi denotes the Grassmann algebra on TZK Bi 
is dehned over reals with generators •••, Ao satisfying anticommuting 

relations 


AbAi) = “Ai)Ab> lAb = Abl> (A = ■■■J- 

The Grassmann algebra Bi is Z 2 -graduated, Bi = Bi^ © Bi^i (the elements 
of Bifi and Bi^i are respectively even and odd elements which in turn can 
be represented as sums of terms containing the product of an even and, 
correspondingly, odd numbers of anticommuting generators. Any two odd 
elements anticommute, while even elements commute both with one another 
and with odd elements. We introduce denotation 77”’^ = TT.” x (Bi^i)^. 

For every set we write where x , 

with B\j\i being the Grassmann algebra with I anticommuting generators 
P\j\{i), in addition to the commuting generator 1. We note that it is 

necessary to use different anticommuting generators for every j G J. 

We parametrize elements of 77”’^ by coordinates 

^ = {x,e) = x^ = = x\e^^ = (^x\...,x^,e^,...,e^^. 


For our further considerations we shall also use s-space (where J is 

a hnite set containing K elements) provided with coordinates of type 


(x\...,x-^,£\...,0^,p\...,p-^) = 
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Having defined classes of functions (7“ IZ) or {JZ^, C) on TZ^ we 
can in a similar manner introduce corresponding analogous of classes of 
functions on denoted C"“ (T^”, TZ) or {7Z^, C). For a Banach space 
S by (7Z'^,S) we denote the class of functions 

f ^Bi®s (5.1) 


such that 


where /{^} G C°° (7Z^,S), {f} = is a multi-index with 1 < fi < 

... < iw < k and is the set of multi-indices, including the empty one. 
A function on TZf’^ is bounded if each of the coefficients functions /{^} 
are bounded. Differentiation of a function of TZ^’^ with respect i the even 
element will be denoted as di and differentiation with respect to the jth odd 
element will be denoted as ch. Details on analysis of functions of Grassmann 
variables may be found in [203,205]. 

The class of functions (5.1) can be extended on trivial distinguished 
vector bundles (dvs-bundles) if we consider distinguished sets of indices; in 
this case we write 


/ : Bliss, 

{<ap>}eMk 

where p labels the number of distinguished ’’shells”. 


e C^{TZ'l^,S),{nE = n + mi + ... + mp)), {< Up >} = {api,ap2, ■■■,Upp,} 

are multi-indices with 1 < Upi < ... < Up^ < Ip and = {M^i ,..., M^p}. If 
all coefficients are bounded the function / on 


n,k 




rjy TTlp , Ip rrp ' 

, /C; , • • •, 'V 




is said to be bounded. 
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We shall also use distinguishings of indices and denote corresponding 


spaces and local coordinates respectively by TZ^ 




r,,K,n nl,l nl,k nK,k l,k K,k 


and 




1,1 >1,1 >l,/c l,fc Kp^k \ 

y(p)y(p) ’’(p)’ ’(p) ’ ’(p) ’f^(p)’"'’f^(p) ’■■■/• 

The usual partial derivations with respect to coordinates will be 

denoted d^a> = and the locally adapted to the N-connection deriva¬ 

tions will be denoted (5<a> = g^<a> ■ 

The integration of a function of w commuting variables is 

dehned according the rule [37] 


/ rf"/(C) = 

if f{() = •••) terms of lower order in (. The necessary 

details on the analysis of functions of Grassmann variables may be found, 
for instance, in [203,205,146,147]. 

Because jg not a simply product of copies of we have a 

quite sophisticate dehnition of distinguished Grassmann random variables: 


Definition 5.1 Let be finite subsets of Ip, with Jmp C Jm^+i for each 
Mp = 1, 2,..., (p = 0,1,..., z), Me = {Mp}, Je = 


GrMp ^ L I 77; 


n,2k[JMr 


',c), 


Gr„, e W c) ,C 

is the complex number field, and 


(5.2) 


fjEU\ ...,0^,p\ ...,p^, ■■■,ylpy ■■■,y^py(ly •-> 
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^(p)’'"’^(p)’^p)’ 


’^p)’ 


a) a collection {Jme^^Me) called a distinguished random variable 

on Grassmann Wiener space of the sequences {..., ■■■} tends to lim¬ 

its (denoted asf dpif(^p)GrMp or EpiGr-Mj) as Mp tends to infinity for every 
P = 0,1,...,^; 

b) a sequence of pairs {Jmei Gme) far which distinguished integrals (5.2) 
do not necessarily satisfy the divergence condition is called a generalized 
random variable. 


For finite sets Ime the defined distinguished Grassmann random vari¬ 
ables (in brief dr-variables) are said to be finitely defined. There are 2nE 
hnitely dehned dr-variables for every r & Ie and corresponding 


J = {r} ; 


C<“>(...,Ci),...,Q,P(,),-,pS--) = C 

p^“^(---,C(p),---,C(pf,P(p),---,pIi!),--) =p 


<a> 


<a> 


Definition 5.2 The if), 2nE)-dimensional process 

V***? Sr(p)’ •••’ ^r(p)’ rr{p)'! *•*’ rr(p)’ *** 

is called distinguished fermionic Brownian motion. 


For some applications it is necessary to combine distinguished fermionic 
path integrals with ordinary bosonic path integrals using the usual Wiener 
measure and Brownian motion. We can obtain a distinguished super Wiener 
measure by dehning a measure (in generalized sense) on the (n^;,^;^)- 
dimensional super Wiener space paths in superspace by defin¬ 
ing hnite distributions on is a finite subset of 

containing Ke elements) to be 




M(p)’ P{py '"^P(py • 

fjE{x\...,x^y^^y...,y^fi^,...)x 


• ? 
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where 




with 


and 


Pt^ (Q, y^) . ..PtK_tK-i u^) 


P,{m,n,)=[-) exp- - - 


exp[-i(pi -e^ + p^- (f -e^) + ... + p^ ■ {6^ - e^-^) +...+ 

4) ■ +4) ■ 4p) “ 4)^ + -+4) ■ ^4) “ 4r') + •••)] 

is the distinguished super Wiener measure. 

Our aim is to relate fermionic Wiener integrals to purely bosonic inte¬ 
grals. In order to do this we introduce dehnitions: 


Definition 5.3 a) Let {F^ : 0 < s < t}, where t is a positive number, 
is a collection of random variables on pi^EPkE[Q,t]^ Than Fg is said to be a 
distinguished stochastic process on this space. 

b) If to the set of random variables Fg, for each s E I = [0,f], one 
corresponds a sequence of pairs (Js,a,Fs,a : ^ = 1 , 2 ,...), and Jg^A C [0,s], 
the stochastic process Fg is adapted. 


We note that a usual dehnition of adapted stochastic processes was not 
possible because on super Wiener spaces we are not dealing directly with 
sets of a algebras of measurable sets. 


Definition 5.4 Let Je be a finite subset of Ie containing Ke elements and 
function 


f{x\ ...,x^,9\ ...,0^,p\ •••’ 
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E 


E 

<ti>eM„ <u>eM„ 


fZ> -^ylpy-^yfpy •••) 


<u> 


e L^' 


The functions \ f\-^ G L^ ,Tlj and {fl^ G L^ are defined 

by 

\f\i{x\...,x^,...,yl^^,...,y^fi^,...) = 

E E l/E> I 




and 


(I/I 2 (x\...,x^, ...,yj^^,...,yj^^,...))2 = 

E E l/E> I'- 

<tJ.>eM„j^^ <U>&Mn^^ 

For instance, if a distinguished random variable Gr on super Wiener 
space, defined finitely on Je C Ie, is written as 

Gr{x^, ...,x^,9\ ...,e^,p\ ...,p ^,..., 

M(p)’ •••’^(p)’^(p)’ ■■■■’^{p)-’P( pY '"'P(py •••) ^ 


(5.4) 




<P>GM„ <u>£M„ 


the expectation £^;,(|Gr|i) with respect to bosonic Wiener measure is com¬ 
puted by using formula 


^b{\Gr\i)= Y. j du^^^^ Y 

x|G'^<P> I- (5.5) 


Lemma 5.1 Let Ss{Gr) be the expectation of variable (3.4) with respect 
to distinguished super Wiener measure (3.3) and £b{\Gr\i) is the bosonic 
expectation (3.5). Then |£^s(Gr)| < £b{\Gr\i). 
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Proof. One holds the inequality 


£bi\Gr\)< E \ f 



X 


K 


'lipy 


yKp 


X 



--^yfpy •••) C^^^P<u>dp 


h)i 


< 


E E 


K 


,y 


y(p)’--’y(p) 


yf^ 


X 



.K 1 K, 

'kvY '"^kpv ■■■ 


because for even Grassmann elements on every distinguished ’’shell”, whose 
squares are zero, theirs Taylor expansions contain each non-zero element 
with coefficient exactly 1. Thus 


\£s{Gr)\ < 


E 


du^EKE 


E 





□ 

We conclude this section by emphasizing that on distinguished vector 
superbundles with trivial N-connection structures we can apply the Rogers’ 
supersymmetric stochastic calculus [209,210,206,207] in a straightforward 
manner, step by step, on every ’’shell” of local anisotropy. 


5.3 Stochastic D—Integration 

The aim of this section is to generalize the ltd theorem [123,124,125] in a 
manner as to obtain the chain rule for the distinguished supersymmetric 
stochastic differentiation. 

The ltd formula in a special case of /c-dimensional Brownian motion can 
be written as 
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where / is a suitable well-behaved function of TZ^ x TZ^. In the case of 
purely fermionic Brownian motion one writes 



where ”=/” means that there are two random variables on 7 ^( 0 ’ 2 nB)[(o,p] 
equal expectations. For, simplicity we shall consider k = 2nE- 

Let Fg be a [0,t]-adapted process on the distinguished super Wiener 
space We suppose that for Vs G Ie Fg corresponds to the 

sequence of pairs of subsets and functions {Js,A) Fg^A] ^ = 1,2 ,...), Ja = 
2^-1 

7 ^ ^ oU 1 + _ _ 

2A , 


U Jtr A, where for r = 1,..., 2^ — 1, and consider functions Ka = 


r=l 
/2^-l 


E 

r=l 


E' t 
^tr,A'^ 


on TZ 


nE,2kE[JA\ 

Ie 


Definition 5.5 a) One says that the sequence {Ja,Ka) defines a distin¬ 
guished Grassmann random variable which is denoted Jq Fgds, i.e. Fg has a 
time integral if Sg{KA) tends to a limit as A tends to infinity. 

b) Let 0 < M < f, p{A,u) is the greatest integer such that p{A,u)t/2'^ 

p{A,u) 

and La= E F^aA- Than, if £g{L'A) tends to a limit as A ^ oo, the 

r=l 

sequence of pairs {Ja,L\ : A = 1,2 ,...) defines a distinguished Grassmann 
random variable which is denoted Jq Fgds. 


The dehnition 5.5 holds also good for distinguished generalized random 
variables. 

We introduce the next denotations: [0, t] is the set of all [0, f]-adapt- 

ed processes Fg on the distinguished super Wiener space pi'^EPkEl[o,t]] 
that /g iFsIids exists and is hnite and TbdF^li) is bounded on [0, t]; [0, t] 

denotes the set of all [0,t]-adapted processes Fg on the distinguished super 
Wiener space pi'^E, 2 kEllo,t]] 



Fsllds 
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exists and is finite and Sb{\Fs\l) is bounded on [0, t] (we use correspondingly 
sequences 

\^s,a\i : ^ = 1, 2,...) 

and 

(^Js,A, \Fs,a\2 : ^ = 1 , 2 ,...) 

as in the definition 5.3 and note that following dehnition 5.5 the time inte¬ 
grals are Riemann integrals). 


Theorem 5.1 Let g M^[0,t] for < a >= 1,2, ...k, for each A = 

1 , 2 ,... let Ja = {ti,..., t 2 A_i} with R = rt/2^ for r = 1 ,..., 2 ^ — 1 and 
consider 




riE 2^-1 

E E^ 




<Q>=1 r=l 








eL^' 

Then the sequence {Ja, Ga) defines a distinguished Grassmann random vari¬ 
able denoted /oE<a>=i where |/oE<q>=i 
a distinguished random variable, and one holds the equality 



Proof. We note that f d^f {Ga) converges to a random variable on ue- 
dimensional distinguished Wiener space and, as a consequence (J^, Ga) 
dehnes a distinguished super random variable. From the standard results 


Sb {{ht - hs){ht - hs)) = |s - t| 


and using that, if g < r, 

Ftr,A<u>«^> (^^ •••,£’■) Ft^^A<^,><v> ( m \ •••,£'') - u^) 

is independent of — u^) we obtain 


£>, (|g.4|j) 




2^-1 \ 

E \Ftr,A\litr+l - tr) 

r=l J 
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which tends to a correct limit as A —cx) since F is in [0,t].n 

Combining both type of integrations we obtain the following definition 
of distinguished stochastic integral. 


Definition 5.6 Let t be a positive real number and consider a stochastic 
process on distinguished super Wiener space fhat 



where < ti < t 2 < t and G and E M^[0,t\ are [0,tj- 

adapted processes on the distinguished Wiener space. Then Zg is said to be 
a distinguished stochastic integral. 


Now we formulate the key result of this section (the generalized for dis¬ 
tinguished superspaces ltd theorem): 

Theorem 5.2 Consider distinguished stochastic integrals Zfh> 

(< /5 >= 1,2, ...,n£;) on the distinguished super Wiener space 
with 



and suppose that S is bounded for E [0,t]. Then, if 

H E C^' (tzAeM^c) and Zfj^ is the Ath term in the seguence defining 

the random variable zf-^, the seguence H{Z'f^) defines a distinguished 
stochastic process according the stochastic integral 


Hs - Ho =i 


\nE+kE riE 

0 <g> <«> 


\ ^E+kE 

/( ^ A- + 

0 <h> 


1 

2 


nE riE+kE riE+kE _ 

^ ^ 65 ~ Cs ~ 


{Zg))ds. 


<a> <p> <2> 
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Proof. From 


2^-1 

H = H (Zo,a) + E - H [Zt^^A]) 

r=l 

we have 

riE+kE 

H - H = E A’-'" (Z,,_A + 

<i> 

riE+kE riE+kE 

Y, E ^'^{z‘S-=-)A’--^{Z<1>)6^^A<,^H(Z,,,a) + R., 

< 0 > < 7 > 

where — Z'f^-^ and Rr is the remainder term to be 

analyzed. As in the classical case (see a similar considerations in [209]) by 
using truncated Taylor series) one hnds that \Rr\ < const/2“^^, where const 
is independent of A, and using lemma 5.1 we obtain 

2^-1 riE+kE 

e (H {Z,_A - H (Z„..,)) = £( E ( E + 

r=l <^> 

1 U E+k E ri E+k E 

- E E A'-*{z<S.>)A'--nz<lAI><e>S<-,>H(Z,„A)) + R'A, 

^ <l> < 7 > 

where \R'a\ <0/2^ for some C independent of A. So the result follows on 
taking limits as A —cx).n 


5.4 Supersymmetric Ito D—Formulas 


The purpose of the section is to derive some ltd formulas for random vari¬ 
ables on (m, m)-dimensional distinguished super Wiener space (in brief, we 
call Ito d-formulas). We shall develop a stochastic version of calculus on a 
(1, l)-dimensional superspace (parametized by a real variable t and an odd 
Grassmann variable r). One dehnes the super derivative Dt by the operator 


^ d d 
^ dr^^dt 
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which acts on functions of the form 

F{t,T) = A{t) + TB{t), (5.6) 

where A{t) has a time derivative {A and B may have either Grassmann par¬ 
ity and A{t) has a time derivative). If B{t) is also differentiable, we have 
= d/dt and for a system where the Hamiltonian H is the square of a 
supercharge Q, which is an odd operator, the imaginary-time Schrodinger 
equation ^ = —Hf has a square root DtJ = Qf- In our further consider¬ 
ations we shall use the formula 

Dt {exp{—Ht — Qt)) = (exp(—— Qt)) {Q — 2tH). (5.7) 

Now we define an integral with respect to a (1, l)-dimensional variable 
S = (s, a) including both odd and even limits [208]: 


T t t+crr 



0 0 0 


where the even integral on the right-hand side os evaluated by regarding 
Jq dsF{s, a) as a function of u (evaluating this expression when u = t + ar 
by Taylor expansion about t = u) and the integration with respect to the 
odd variable a is then carried out as Berezin integration. For a function of 
type (5.6) we have 

T t t 

J dcT J dsF{s,a) = rAif) + J B{s)ds. 

0 0 0 

From the above definition of integration one follows the next important for 
calculations result; 

T t 

J dcr J dsDsF{s, a) = F{t, r) — F{0, 0) 

0 0 

and (the rules for the superderivatives of such integral with respect to its 
upper limits) 

r t 

Dt J J dsG{s,a) = G{t,T). 

0 0 
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Definition 5.7 Let Gg and Hg are adapted stoehastie proeesses on distin¬ 
guished super Wiener spaees and Hg G [0,t]. Then, if Fg = Gg -\- crHg, 

r t t 

J do' J dsFs = j dsHg + rGt- 
0 0 0 


We note that in this monograph we follow the convention that repeated 
indices are to be summed over their range. The superpaths us and (s 
defined below are the stochastic version of the standard superfields used in 
supersymmetric quantum mechanics. 

Theorem 5.3 Let and adapted stoehastie processes on 

{k, k)-dimensional distinguished super Wiener space (in this section indices 
takes values < f3 >= 1, 2, ...,nE and < a >= 1, 2,..., k) and (p be a function 
in G^' which is linear in the odd argument and let (^u, G 

For any q G G^' (77) let 


<lt,T (fi, C) = 7 [ / da J ds (j)(^u + us + C + Cs 


\0 0 


where 


u</> = u9> 




<Q> 




' («)<«>’ 

e<Q> _ /^<a> _ 

Ss Ss s 

and the notation df-^ is to be interpreted in combination with ds as 
df-^ds = dog. Then 


T t 

qt,r {u, C) - 70,0 ids,a («> 0 0 


U + US + —^(yrjg, C + Cs 
^ V 2 , 


Wdla ir, C) 5<a>0 U + Ms + C + Cs 


(5<«>0 f M + Ms + C + Cs ]]}• 
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Proof. We have 


(lt,r {u,0 - Wo {u,0 = 

Qtfi {u, c) + r(j){u + UtX + - qo,o = Tf){u + Ut,C + 6)g^,o+ 

qi j ds + if~^)f{s)<a-^ d<i 3 y(l){u + Us,C + 'Cs)) + 

t 

\f 2 i J daf->5<a>(j)iu + UsX + 6) - qo,o (S, C) =i 
0 

t 

t4>(u + u„ c + ?i)9;,o (S. C) + V 2 ! J daf-^q'„, (8, C) 8<s>>'#>('ti + C + 6)+ 


5's,0*^<a> <Q> 0(m + M^,C + ^s)) 

and (using theorem 5.2) 



U + US + -^ar]s,C + Cs 
\ V 2 J 


—I 


L 

Tcfiu + UtX + ^t)q[fl (m, C) + V2iJ daf-'^qo^, {u, () (5<«>0(m + UsX + ^s) + 


J dsg( o(C^“^ + if°'^)f(s)<g_>d<q>(t^{'^ + «*, C + ^ 5 ) + 


t 

J ds (fiu + UsX + Qq'sfi (2, C) <Piu + UsX + ^s)- 

0 

The hnal result follows from the relation 

t 

J ds (j){u + UsX + Qq'sfl (“> C) 0(w + UsX + 6) =I 
0 
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□ 



<a> (l){u + Ms, C + is)- 


The second basic result in this section is a distinguished supersymmetric 
version of the restricted ltd theorem. 


Theorem 5.4 Let uf'^^ be an adapted distinguished stochastic process such 
that 

t t 

= J l'^p'i{us)dat-^ + J Lii^^ds, 

0 0 

where for < a >= 1, and < f3 >= 1, (we can consider, for 

instance, k = ue), is a function on TZ^’^ and Lff^i is an adapted 

distinguished stochastic process on {k,k)-dimensional distinguished super 
Wiener space. Then, using notations of theorem 5.3, there is a function 
f G C^' satisfying conditions 


f \ Q + Ut + C + Csj - f{u, C) =i 


J da j d.s[fj<d.>l<'^>(u + Us)6<a>f \^u + us + ^tt], ( + ^ j + 

0 0 \ V / 

akf^iu + C + Cj + 

J da J duf^^ a 5^a>f lu + us + -^Tp,C + Cs] ■ 

0 0 \ V / 

Proof. Applying the ltd formula from the theorem 5.3 we write 


/ 


U + UT + -^rrj, C + Cs 
V V ^ 


f{u,C) =I 


T t 

J da J duf"^^ a S<a>f {u + Us,C + C) + 
0 0 
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+ ^s)S<a>f {u + Ut,C + Ct) + 

2 / ^^/ ^ + Us)S<a>S<0>f {U + UsX + Cs) ■ 

0 0 

The result follows from a simple integration on s and a corresponding re- 
groupation of terms. □ 

The theorems 5.3 and 5.4 (which are extensions for distinguished classes 
of indices of similar results proved by Alice Rogers [209]) will be used in 
section 5.5 for a proof of a variant of Feynman-Kac formula for locally 
anisotropic stochastic processes. 


5.5 Feynman-Kac D—Formula 


The subject of this section is to show that a reasonable class of stochastic 
differential equations on locally anisotropic superspaces can be solved. The 
main theorem will establish that distinguished differential equations of the 
form 


dU<^> = C, Ps, s)daf^> + B<^>{Us, Cs: Ps: s)ds (5.8) 

have unique solutions if coefficients and satisfy some regularity 

conditions. 

We explain precisely what we mean by a distinguished stochastic differ¬ 
ential equation (in brief, stochastic d-equation) of form (5.8): 


Definition 5.8 Let coefficients {Us,Cs, Ps, s) and A^'^C.i.UsXs, Ps, s) 

take correspondingly values in [0,f] and [0,f] and A G C”®. Than if 
u<-> is a distinguished stochastic process in [0,f] such that 




t t 

J A<^C{Us,Cs,ps,s)daf^> + J B<^>{Us,Cs,Ps,s)ds, 

0 0 

(5.9a) 

Uq = A, (5.96) 


where {as,Cs,Ps) are Brownian paths in {k,kE)-dimensional distinguished 
super Wiener space one says that Us satisfies the stochastic differential d- 
eguation (5.9a) with initial conditions (5.9b). 
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We note that two random variables F and G are said to be equal if 
^(|F-G| 2 ) = 0. 

The basic result of this section is formulated as 


Theorem 5.5 Suppose that under conditions of definition 5.8 and all s E 
[0,t] and all {< p, >,< u >) E x Akj^)the coefficient functions 
and satisfy conditions 



\ui -M 2 I 

UEk X 2^^® 






< c 


1 + ImiI 

UEk X 2 “^^^ ’ 

Ml - M2I 


\B<:><>^>{u,,s) - B<^><>^>{u 2 ,s)\ < C 


He X 22^® ’ 




1 + |Mi| 
Ue X 22^b ’ 


for some fixed positive number C. Then there exists a unique solution to the 
stochastic differential d-equation 


dUf^> = AfffliU,, C, Ps, s)daf^> + B<^>{Us, Cs, Ps, s)ds, 


Uo = A. 


(5.10) 


Proof. Supposing that Ug and Vg are two solutions of (5.10) and using 
theorem 5.1 we can write 


S\ug-Vg\l<2 J \B<‘^>{u^,Cz,Pz,z) - B^‘^^{v^,Cz,Pz,z)\ldz+ 


S 



0 


2C^(l + s) J \us - Vs\l dz, 

0 

i.e. S\ug — M 5 I 2 = 0 Vs G [ 0 , t], and thus any solution which exists is unique. 
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The existence of solutions is established by considering the sequence 
(r = 1, 2,...) of stochastic processes on the distinguished super Wiener 


space 

j^(nE, 2 kE)[[oA] = 0 and, for r > 0, 


TJ<a> 


A + J Pz, z)dz + 

0 


/ A<'^l{Us(r-i),Cz, pz, z)daf-^. 
0 


The next step is the following inductive hyposes, for all integers q up to 
and including some hxed integer r : 

a) take values in 

b) where Ci is a positive constant. 

So, is well dehned and 


S S 

£|C'.iy-C'.1oTl2 £ 2| IB<'^>{u„X.,P.,2)dz\l+2l\A<‘g>{u„,C,p.,z)\ldz, 

0 0 

from which one follows 


< 2C'V + C'2s(l + |kl|2) < Cl if Cl > 2C'2(t + l)(l + |yl|2). 
The inductive step 




TT<a>\2 
’^s{r) 12 


<C'i 


<a> 

s{r) 


U<“>„\lds <C,j 


{CitY+^ 
(r + 1)! 


implies that U^Y+i) takes values in [0,t], i.e. the inductive hypothesis 
is satished and the sequence UYrf' converges in the manner required by the 
theorem. □ 

Now we formulate the distinguished variant of the main theorem from 
[209] establishing a Feynman-Kac formula for a Hamiltonian H which in 
our case is considered for locally anisotropic interactions. 
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Let {as,Cs,Ps) denotes Brownian motion in (/c,/c)-dimensional distin¬ 
guished super Wiener space, 5 ^ is a Riemannian metric on TZ^ which 
has components g<a><i 3 > and consider an orthonormal basis of distin¬ 
guished 1 -forms with components satisfying conditions 

9<c.><p>{u) = e<g(i2)e3>(i2). 

We consider that all derivatives of up to fifth order are required to be 
uniformaly bounded on 71^. and consider Ug to be the unique solution to 
the distinguished stochastic differential equation 


Us)daf-^ + 

+ Ms)5</3>e<“>(i2 + Us)ds, 

u<^> = 0 , 

where and are to be extended to even Grassmann ele¬ 

ments by Taylor expansion truncated at the hrst-derivative term, and in¬ 
troduce variables 


u 


<a> 


= + 




{u + Ug) , 


Cl"" 


C^> + V2iaaf^> and r/<“> 


A<Q>_<a> 




<a> 


{U + Ug) . 


Theorem 5.6 Consider the operator = C,^-^ + QQ<a> acting on the 

spaces and cp being a function on which is linear in the 

odd argument and has all derivatives up to fifth order uniformly bounded. 
Then if Q = (e<"C (“)'^</9>) +p{u,'fi) acts on where 

H = Q‘^,F ^ C^' (7Z\^'^^'^ and (S, C) ^ TZ["'^’^\ one holds the formula 

exp(—iLf — Qt)F (m, (^) = 


£^{exp[ J da J 
0 0 


ds p^ + us + C + Cs 


X 


F 


U+UT + C + Ct 

V V ^ y 


}• 
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Proof. We introduce on Lf' the operator Vt,T defined by comple¬ 
tion of with 

Vt,rP{uX) =^{ew[j da J ds if (u + Us + ^0-77^, C + Cs'jjx 


0 0 


P\^u + ut + C + Ctj }, 

where P G C^' Applying the ltd formula for products to the inte¬ 

grand in Vt^rfiu, C); taking expectations and after some algebraic transforms 
we obtain 

Vt,^P{uX) - P{uX) = 

T t 

I da I ds Vs,.QP{u,0 - 2aVs,„HP{uX). 

0 0 

As a consequence, 

DTVt,rP{u, C) = Vt,r {Q - 2tH) P{u, (), 

using equation (5.7) and taking into account the uniqueness of solutions to 
such differential equations we deduce as required by the conditions of the 
theorem that 

Vt,rPiu, C) = exp(-i7t - Qt)P{u, C). 

□ 


5.6 S—Differential D—Forms 

The section is devoted to a geometric approach to supermanifolds which 
will provide the appropriate arena for the Brownian paths (see sections 5.3 
and 5.4) in locally anisotropic superspaces. We shall consider a class of 
superspaces which can be constructed in a natural way from vector bun¬ 
dles over higher order anisotropic space provided with a Riemannian metric 
structure. 

Let Tat be a smooth, compact nE-dimensional real distinguished vector 
bundle {ue = n + rrii roz) provided with N- and d-connection and 
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Riemannian metric structures and let Eh be a smooth mH-dimensional 
Hermitian vector bundle over £h- Suppose that {U « I « ^ A} by sets 


which are both coordinate neighborhoods of £^Ar and local trivializations 
of Eh- For each a , G A we consider coordinate maps on of 


type (pa '■ U a and transition fnnctions of the bnndle Eh of 

type h ^ ^ ^ j3 ^ U{uih) (for every point q e F f/ ^ 

the transition fnnctions are parametrized by nnitary mn x mn matrices 
distinguished correspondingly to shells of anisotropy). We denote by 


a p p I ^ a ^ ^ /3 


a 


Ua r\U p } 


the coordinate transition fnnctions on M with r^, p = p a ° P a and 


U-l 

p 


by (nr Q, ^ )^"’'<£>(-u) = be the corresponding Jacobian 

matrix. 

In onr further considerations we shall use the {ue, mn + n^;)-dimension¬ 
al distingnished supermanifold S {Eh) bnilt over £h with local coordinates 

^ri q 1 an 1 ruH 

where p = 1, and transition fnnctions 

^ a P '■ {^^^^1 ■■■1 (b-11) 

\ Tflp y-Tflp \ hTliJ \ 

y{p) a Q; ’ mp) Oi ) a ’^(p) cr ’•••’^(p) q; ’••v 


[T 


a 


p {u /j ), ...,r ^ p {u p ), 


a p (3 « P P 


]<i> 

a 1 
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(We shall omit indices of type (3 in our further considerations if this 
will not give rise to ambiguities). 

We denote by [S {Eh)) the space of functions / which locally take 
the form 

where < pP >= is a multi-index with 1 < < ... < p^p < nip, 

the symbol is used for the set of all such multi-indices (including the 
empty one), = C^...C^'=p and each take values in C°° (7^”-®, C), 

such functions are linear in the 1 ]"^ but multilinear in the As a result of 
choise of the transition functions (5.11), there is a globally dehned map 

I ■.V{Pl{M) ® Eh) ^ {S{Eh),C) 

which may be obtained from the local prescription 

I{s){u,C„ri) = Y. 

<tJ.>eMnp, 

if 

m-H ^ 

S{U)= Y 
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where Q{M) is the bundle of smooth forms on M and (e^,e™'*) is the 
appropriate basis of the fibre of the bundle E^- This map is also an isomor¬ 
phism of vector spaces and of sheaves. For simplicity we shall omit ’’hats” 
on indices and consider <«>=<«> in this section. 

The aim of our constructions in this section is to allow one to express the 
Hodge-de Rham operator on twisted differential forms on M as a differential 
operator on the extended space of functions {S{Eh),C). In explicit form 
we introduce the Hodge-de Rham operator in the form 

d + 6 = - f (5.12) 

where r<a>< 7 > are the Christoffel d-symbols 

(1.39) of the Riemannian metric on a dv-bundle £n- For simplicity, in this 
chapter we shall analyze locally anisotropic supersymmetric stochastic pro¬ 
cesses on higher order anisotropic spaces provided with d-connections of 
type; a further generalization is possible by introducing deformations of 
connections of type (1.40), for instance in (5.12) in order to dehne a de¬ 
formed variant of the Hodge-de Ram operator. 

Lemma 5.2 Let L = |((i -|- 5)^ he the Laplace-Beltrami operator on the 
space of functions C^' {S{Eh),C). Then we can write this operator as 


L = -Lb - 


* D <!><&>/-<P>/-<a>^ ^ A ^ 


where 




B <7><<5> 
^<a><f3> 


<7>"<S> 

(5.13) 


are the components of the curvature of 

(" 44 , (?) , F<ca><f3>r 

is the curvature of the connection on Eh, and B is the twisted Bochner 
Laplacian, 

B = (r'<„r'<9> - f 
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with 


D«.> = - f 

Proof. We have 

L = = (5.14) 

i r'<o>r'<;3> + V''"lc<o>v^''1c<s> 

and 

Calculating in explicit form we obtain 

Taking into account that 

and 

<*^“^[£'<.>,V'''’^1C<«> = 5S<;3>£'<fc = 

we obtain from (5.14) the result (5.13) required by the theorem.D 

In our stochastic considerations we shall also apply is the super ex¬ 
tension S{0{S]sf), E) of the bundle of orthonormal distinguished frames of 
the higher order anisotropic base space (see [262,268] and Chapter 10 for 
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details on nonsupersymmetric locally anisotropic stochastic processes) de¬ 
fined similarly as the Hermitian vector bundle,of course, with correspond¬ 
ing coordinate and local trivialization neighborhoods. Let ), 

where indices run as < a >,< P >,... = l,...,nE and < /i|,< = 

1,..., ^nE{nE — l), be local coordinates on 0{S]\f)\u ^ ■ Then S{0{Sn), E) is 

the ^UEijiE + '^),nE + niH -dimensional distinguished supermanifold with 
local coordinates )• overlapping neighborhoods 


U 


a 


and U ^ the coordinates 


have the transition func¬ 


tions defined by (5.11) while the coordinates b^^ transform as on the bundle 
of orthonormalized distinguished frames 0(8^). 


5.7 Locally Anisotropic Brownian S—Paths 

In this section we construct Brownian paths on the higher order anisotropic 
superspaces. We shall use two approaches developed for Riemannian spaces 
and correspondingly generalize them for locally anisotropic curved spaces. 
The first one has been used in conjunction with fermionic Brownian motion 
[207] in order to analyse the Hodge-de Rham operator on a Riemann mani¬ 
fold and to prove the Gauss-Bonnet-Cern formula. The second approach to 
Brownian paths on manifolds [74,117] is to use paths which are solutions of 
stochastic differential equations. An elegant way to do this is to introduce 
the symmetric product for the Stratonovich integral, which in our case is 
defined in a distinguished manner: 

Definition 5.9 Let Xg and Yg are stochastie integrals with 

dXg = f<a>daf-^ + fo,sds and dYg = g<a>,sdaf-'^ -h go,sds, 

where a >= 1, ...,nE denotes a ue- dimensional Brownian motion 

and daf-^ denotes the ltd differential. Then 

Yg o dXg W (/'<«>, sdctg ~ “|- f'Q^gds') Y ~f<a>,sg<a>,sds. 
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Let A<a> be a system of nE-dimensional d-vector field on a dvs-bundle 
Sm- In a locally adapted to N-connection coordinate system we can write 
A<^a> = ^<a> du<‘=‘> consider the distinguished stochastic differential 
equations 

= A^'^{us) o daf-^ + AQ’^^{us)ds. (5.15) 

It is known that the solution to such an equation exists globally on usual 
manifolds [74,117]; such equations enable one to dehne a notion of stochastic 
flow on a manifold and to construct functions on £i >4 x TlA which satisfy the 
differential equation 

df 1 

-^ = 2 ^<a>A<a>f with /(m,0) = /i(m), (5.16) 

where h is a smooth function on and A^a> has suitable properties as in 
the following theorem: 

Theorem 5.7 Let he a solution of (5.15) with initial conditions Xq = 
X G Sn- Then f{u,t) = £{h{ut)) satisfies the distinguished differential equa¬ 
tion (5.16). 

Proof. We schetch the proof by using the Ito formula and omit details of 
the patching of solutions over different coordinate neighborhoods. Having 

t 

8 {h{ut)) - h{u) =£{j 6<a>h {us) 

0 



0 

we write 

ds. 

Because daf-^ have zero expectation and are independent of when 
u < s we compute 

1 /■ 

8 {h{ut)) - h{u) = ^<a>K)(<^<a>^<a>K))5</3>h (mJ + 

0 
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t 

I atMuMZK '^s^^<a>^<l3>h ds^ 

0 

So, for a suitable A<a>, we have 





S{h{ut)) = 


and thus f{u,t) = S {h{ut)) solves (5.15).n 

No we shall construct paths on dv-bundles provided with distinguished 
Riemannian metric structure, which help in the study of the Laplacian 
and related operators. We shall use O \^n) , the bundle of orthonarmal 

distinguished frames on and consider canonical d-vector helds on this 
bundle as the d-vector helds A<q>. Let [u^ l<q>^ be a point in O , u G 

Sn and /<„> is a orthonormal basis of the tangent spaces at it. With respect 
to locally adapted bases /<q> = /<"> g<i> we introduce the canonical vector 

helds on O : 




<a> 


''<Q> 


j<a>j<0>-p<'y> 


{u) 


d 


nK7> ’ 


where are the Christohel d-symbols (1.39). In this case from (5.15), 

one follows the stochastic diherential equations 




;<T> ;<£> 




If/ 


is a smooth function on O (Sn) , 


S{f{u„h))-f{u,l) = 



V<a>V<a>f iUs,ls)ds. 


When / depends on u only, i.e. f = (p o tt where tt : O ^ is the 

projection map, and ip G C°° 


t 

S {(p {ut, )) - (p{u) = - j Lscal p> (Us) ds, 

0 
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where Lgcai = is the scalar 

Laplacian. This holds since 


^V^a>V^a>f{u) = -L,,alf{u) 


and 


j<a> j<(3> 
^<a>,s^<a>,s 


= g«-><P> [us 


almost certainly (a.c.) (in Chapter 10 we shall use also the term almost 
sure, a.s.). Hence one hnds that / (m, t) = S {ip {ut,)) satishes 


dt 


^scal 


/• 


We shall dehne the Brownian paths in superspace which lead to 
Feynman-Kac formula for the Laplace-Beltrami operator 


L = {d + 5f 


acting on {S{Eh),C). Denoting by the n^-dimensional 

fermionic Brownian paths and by i'h® coordinates of a 

pout in the extended bundle of orthogonal distinguished frames S{0{Sn), E) 
we consider ue + + uih stochastic differential equations 


u 


<a> 


= + 


l<a>,s ° da. 


<a> 


(5.17) 


<a> j<a> 

<a>,t ^<a> 


7 < 7 > ■p<a> 


U 




</ 9 > 

</3>,s 


<I3> 

o das ~ , 


C<a> 

St 




I y<a>/<a> 

' St ^<a>,t 


t 


+ 


0 


Ct<“> 


dl 


<a> 

<a>,s 


^<T><p> i'^s) ° 


z 

Vt =v^ + J{us) o daf^> + 
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\vs Ka><0>q M ds), 

where = l<'^,sPf-^ ■ 

The existence of local solutions of distinguished stochastic differential 
equations of type (5.17) is a consequence of theorem 5.5; a usual patching 
techniques allow a global solution to be constructed since they transforms 
d-covariantly under coordinates changes. 

For our further purposes it is convenient to introduce into consideration 
d-vector helds fF<a> on S{0{Sn), E), written in the form 




d 


1<T> 7</3>-p<7> 

OL<a^ 


/<r> A</3>-p<7> 

''<a>S <r></3> <«> ' <7>»’’ 

which are the canonical vector helds on S{0{Sn), E). The d-vectors fF<a> 
when acting on functions on S{0{Sn), E) which are independent of the 
/<a>, i.e. on functions of the form f = (p o tTs where Tig is the canonical 
projection of S{0{Sn), E) onto S {E), are related to the Laplace-Beltrami 
operator L = | (d + 5)^ by formula 




(a consequence from lemma 5.2). 

Now, applying the theorem 5.7 we establish the Feynman-Kac formula: 


Theorem 5.8 For a distinguished stochastic process sat¬ 

isfying equations (5.17) one holds the formula 


exp{-Lt)p>{u, C,v) = S 6, Vt)) 

where L = \ {d + 5)^ is the Laplace-Beltrami operator acting on 
C^\S{Eh),C). 
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Proof. From the distinguished superspace ltd formula (see theorem 5.2) 
and using properties of fermionic paths (see section 5.2) we have 

1 } 

^ - p{u,C,v) = ^(2 J 

'^RT,><,><s>ius)C^^7rf^C 


4 -<p><7><«> ^ Vs) + 


+iT^f")F<a><(3>pVt-^P{Us,^s,Vs)ds) = 


£(l /(HV2>»W - 


5 




<a> 


1 D <«></3>/'^7^A<<5>A<7> ^ ^ I 

9-d^<7><5> (“)C C 77TV7:^77TT^ + 


(9C<“> dC<f^> 
d 


Putting 
and writing 




f{u,C,V,t) = ^ {p{ut,^t,Vt)), 


f{u, C, V: t) - f{u, C, h, 0) = - y Lf{u, C, V, s)ds 

0 

we obtain the result of the theorem. □ 


5.8 Atiyah—Singer D—Index Theorem 

Our aim is to extend the Atiyah-Singer index theorem [23,135] in order to 
include contributions of the N-connection structure. For simplicity, the ba¬ 
sic formulas will be written with respect to the components of curvatures of 
Christoffel d-symbols (1.39) in dvs-bundles. Different generalizations can 
be obtained by using deformations of d-connections (1.40), but we shall omit 
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them in this monograph. Although such formulas in the simplest case of tor¬ 
sionless connections dehned by Christoffel d-symbols contain contributions 
from components of N-connection the geometric constructions connected 
with the proof of the Atiyah-Singer theorem hold good for higher order 
anisotropic s-spaces having the even part provided with a distinguished 
Riemannian metric and corresponding Christoffel like (containing locally 
adapted partial derivations instead of usual derivation) d-connection. For 
instance, the formula of McKean [135] and Witten [291] expressing the index 
of the complex in terms of the heat kernel of the Laplacian. 

Let consider g<a><i 3 >^ a compact distinguished Riemannian mani¬ 
fold of dimension ue = 2n^ and a m^f-dimensional Hermitian vector bundle 
over Sn- By using corresponding extensions on of the Hodge-de Rham 
operator d + S and the Laplace-Beltrami operator L = ^{d + S)'^ can write 
the McKean and Singer formula 

Index {d + 6) = Str exp{—Lt), (5.18) 

where Str denotes the supertrace. Identifying the space of twisted forms on 
Sn with the space of functions C°° {S{Eh),C) on the supermanifold S{Eh) 
we can dehne the supertrace in this manner: The standard involution r may 
be dehned on C^'{S{Eh),C) by the formula 




<tJ.P>£Mn 



where are anticommuting variables and /g denotes the Berezin 

integration. The supertrace can be dehned for a suitable operator O on 
C°° {S{Eh),C) by the formula StrO = TrrO, where Tr denotes the con¬ 
ventional trace. 

The extension to higher order anisotropic spaces of the Atiyah-Singer 
index theorem for the twisted Hirzebruch signature complex is formulated 
in this form: 


188 



Theorem 5.9 One holds the formula 

Index{d + 5)= [ trexpf -^ det f- ’ , 

^ ^ J 271J Vtanh(ifi/27r) J 

En 

where F is the curvature 2-form of a connection on the bundle Eh, is the 
Riemann d-curvature form of (Sn, g<a><i 3 >^ and the square brackets indi¬ 
cate projection onto the nn-form component of the integrand. An equivalent 
result (combining with (5.18)) is 

arexp(-ffi) = / «rexp(-|-)det(j-||^) . 

En 

which holds for all t. 

One also can present a stronger local version of the just formulated 
theorem: 

Theorem 5.10 With the notation of the theorem 5.9, if p E Sn, there is 
the limit 

det 

where str denotes the 2'^^mH x 2'^^mH matrix supertrace, as opposed to the 
full operator supertrace Str, so that str exp{—Ht){p,q) is then the kernel of 
the operator on C°° obtained by this partial supertrace. 

Proof. To prove this theorem we shall use the distinguished Feynman- 
Kac formula (see theorem 5.8), to analyse the operator exp{—Ht) and by 
using Duhamel’s formula, to investigate the kernel and show that in the 
limit as t 0 only the required terms survive (in general we shall follow 
the methods developed in [89] and [210] but a considerable attention will be 
given to the contribution of N-connection structure and of distinguishing 
of indices). 

The matrix supertrace of an operator can be expressed in terms of a 
Berezin integral of its kernel. Let denote by P (g) the 2P-dimensional space 



str exp {—Ht) {p,p)dvol = trexp 
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of polynomial functions of q anticommuting variables. A linear operator O 
on this space has a kernel O () = O (^i, Ci, •••, Cq) being a function 
of 2p anticommuting variables and satisfying 


Of (0 = / (e, C) / (C) 

JB 

for every functions / in P (g). By direct calculation we can obtain 

trO = [ (e, -0 • 

JB 


In a similar manner for Q being an operator on C°°'{S{Eh),C) one has the 
local coordinate expression 


strQ{u,v) = trQ{u,v) = 


(5.19) 


d^^pd^^Cd^^riQ{u, v, p, V, -p) 


exp 

det {g<c><p>{u)) 


As a next step we construct a locally equivalent d-metric and d-con- 
nection on the distinguished superextension of IZ^’^xC. Here we note that 
this theorem has a local character and is sufficient to replace the dv-bundle 
£^Ar by P”® and the Hermitian bundle Eh over by the trivial bundle 
TZ'^^xC^^ over P”® with metric and connection satisfying certain condi¬ 
tions. We shall construct a suitable metric and connection. Consider an 
open subset W C Sjq, containing w E W, which has compact closure and is 
both a coordinate neighborhood of M and local trivialization neighborhood 
of the bundle Eh and that U is also an open subset of containing w with 
U gW. Let <p : W ^ be a system of normal coordinates centered in w, 
which satisfy conditions det {g<a></3>) \u= = 0, and choose a local 

trivialization of the bundle Eh such that = 0. The required metric 

and connection on are introduced respectively as satisfying conditions 


rT')<a><i3> = g<a><i3>{(i) ^ when M e 0(p), 

^ = (5<„><g> when M ^ 0(P) 

<a><P> ^ ^ 
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and det (('^)<«></?>) 


1 through 7^”® and 


( A ^(m\...,m”®)) when m e 0 (t/), 

( A ..., = 0 when u ^ (j){U) 

We note with ” geometric objects on and TZ'^^ , 

(s) = (0-‘(B)) 

and 

CF'r<c.><0>, (B)=h-‘(a)) 

on 0 (t/). From standard Taylor expansions in normal coordinates 

( 9 )<a><9> {u) = 5<a></3> — R<'j><a><S><l3> (0) + ... 


r )S></3>(S) = 


-u 


<<5>/ 


(( R )^^<a><S><0> (0) + ( R )'^^<0><S><a> ( 0 )) + 


<7> 


A )< 7 >r(«) = “2“ 


<5> ips 


<7><(5>r 


( 0 ) + 


cutting and pasting arguments we obtain 

lim (strexp(—FTt)) — strexp(— II t(0,0)) = 0, (5.20) 


t^o 


i.e. in the rest of this section it will be sufficient to consider objects on 

Let denote by ^ iL ^ = — |5 <q> 5</3> the trivial N-connection flat 

Laplacian in S {TZ'^^xC'^") and ^ (A) C) C) V, v') 

K ) {u,u'X)C'iViV') be the heat kernels 

^ f (w,M',C,C',h,hO) and exp t{u,u'XX\v,v')\ 


exp 
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satisfying the Duhamel’s formula (see [89]) 


K ]^iu,uXX:V:V)- J^iu,uXX:V:V) = 


^ —(t—s) I H 

fdse \ 


/ s 


where all differential operators act with respect to variables u, ( and p. 
Expressing 


■?)“(«,w',C,C',h,hO = jds{{e ^ A / X 

^ 0 


) - ( if ) V /sT ) (0,0,C,C',h, A)) lv=-»? expHCC]}- 


Applying the Feynman-Kac formula (see theorem 5.8) 

e ' ) (('f') - (fr)°j ('A')](0,0,C,C',I(,I/) = 

S J^d'^^pd'^^k{ 2 ns)~"'^^‘^ Fs(^{^)t-s,{ ^ )t-s, P, C^)t-s, 
exp(—ipC') exp {—ikp '), 

where 

F,{uX,P,V,k)=[i^'^ - X 

|^exp(—( m^/2s)) exp(—ip^) exp {—ikp) 

and ^ C ^ and satisfy the distinguished stochastic equa¬ 

tions (5.17) (in normal coordinates with initial conditions (^AA^^ = 0, 
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<o>0 


^<a>j ( ~ ^ ~ write 

t 

str (0,0) = S[j^d^^Cd^^Cd'"^pd^^k J rfs (27rs)“”"^/^ x 
Fs (^C^)t-s, ( ^ )t-s, P, C^)t-s, k^ exp(-iCC0 exp(-ipC0 exp {-ikp)]. 

Integrating the last expression on and p' we obtain 

t 

str (0,0) = 8[j^(r^C,(r«p(r«k J ds(27rs)“”®/^ X 

Fs(^C^)t-s,{ ^ )t-s,C,C^)t-s,k^ exp{-ikp)]. 

Now we construct a simpler Hamiltonian (^dl^ on 5* (TZ^^ xC^^) with 
heat kernel ( {u,u'XX\v^v') such that 


lirn str ydC j (0,0) = lirn str ydC j (0, 0) 

which allows us to calculate the required supertrace. Considering a simpli¬ 
fication of distinguished stochastic differential equations (5.17) 


l<o> _ ^<a> 


u^- = a 


t ) 




('8)1' = if + \J('8)1'’ «8^ - 8“^) {8^ - i8'') Ffaxis^S’ 
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where 7r]<^> = i?<^><a>< 5 ></ 3 > = (^)< 


<-y><a><5><0> 

= ( F )h^><^>q(0), with indices raised and lowered by 


(0) and 


<a><p>q V y<o; 

1 

a><i3>, we introduce the modihed Hamiltonian 

1 


m: 


H ) satisfying conditions 


£ - 


£ -/(0,C,h) = (5.21) 

i 1 ^ 

J (^) f ds 

0 

where / G C°^'{S xC^«)) and 

('ff )‘ = 




sc 


5 


(9C<“> dC<d> 




_?< 5 >^< 7 > 

3^ 


f R _|_ p 

V-'^<7> <<5> W -'^<7><(5> 


<a><l3> 


6 


d(<P> 


<^<a> + 


18 




<o>^ 


X 


(fl 


</3> <7> 

<7> <5> 


+ i? 


<7><<5> 


<I3><^> 


5 


5 


(9C<“> 9C<^> 

[in this formulas the objects enabled with ’’hats” are operators). 
Applying again the Duhamel’s formula and introducing variable 

,2 


,U 


Gs{u, C, V: k) = exp(-(— + iC^ + ikrf) 


we hnd that 


Ki(0, 0) - ir/(0, 0) = £ J (F^C,(r«r](r«k J ds ( 27 rs)“”®/^ X 

^ 0 
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H 

V 


H] \ Gs{u,^,C,V,k) 


•i=ut-s,i={ ^ )t-s,ri={ 'H )t-s 


^ )l-S,V=i V )l-S 


It is convenient to introduce scaled variables u = y/2TTt( and then after the 
Berezin integration we hnd 


where 


K,{ 0 , 0 )-Kl{ 0 , 0 ) = A{t) + B{t), 


t 


K H 


00 


H ) )Gs{u,^,-j=,ri,k) 


and 


^ )l-,,ri=( T] )l_ 
t 

B{t)=S r^oocT^rioT^k { 27 rt)~"^^^ J ds { 2 ns)~"^'^ x 


00 






00 


{[H ]-[H] 


^=^Gs’^=( ^ )l-s’V=C^)l-s 
Using the standard flat space Brownian motion techniques we can show 
that for any suitable regular function f on S {TZ"^^ xC^^) we write 


Sf (^ul_„ CT)l-s: = exp - ) (t-s) f 


00 


y/27rt 


(taking into account (5.21) ) = 


:Vj = 

(5.22) 


t — S 


£^[exp( 


1 (c 


tTT, 


(C 


<“> _ {/-<P> _ W</3>1 !?»■ 


ITO, 


<a><(3>q fs ^rs 


r^Ksds- 
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+ \R<.><e>Cr''pT'ds- 


gCs Ps {^R<T><5><e><Oi> R<r><e><S><a>)dUg ))x 

Estimations of solutions in a manner similar to that presented in [209, 
210] enable us to show that A(t) —0 as t —0 and -B (t) —0 as t —0. 
Thus 


lim str exp 


t^o 


H U(0,0) 


= lim str exp 


t^o 


H t(0,0) 


(5.23) 


Now we begin the hnal step in the proof of this theorem by using 
the standard flat-space path-integral techniques. Applying once again the 
Duhamel’s formula and using (5.22) we obtain 

str exp [- t(0,0)] = S[ k x 


’ds(27rs)"”^/^ d’^^C'lexp 


H) (t - s) 


H 


H 


UJ 


UJ 


C', V, -v) exp{-{ik7]) exp -i^=C' }] = 


\/2nt 


\^2nt 


T 

S[ J d^^ud"^^r]d^»k J ds ( 2 tis)-"^'^ X 


t — S 


[exp( / (^ (C“> - FU^^^^vKsds- 

0 

\R<..><p><-,><i>c°''<f^pr''pf'' + lR<..><p>c‘'^pf''ds+ 


{R<r><5><e><a> + R<T><e><S><a>)daf'^^))x 
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u 


^\) ~\) L=a*_.,^=6-.,a=e, exp(*A;r/)]]. 

After some usual estimates for flat space Brownian paths it can be seen that 


lim str exp 
t^o 


H t(0,0) 


= ^{ limy cr^ojcT^ricr^k x 




UJ 


Gs{u,i, -j=, a, k) exp(iA;77)]}, 


where 


2 1 

H 1 = — (-<^<a><^<o>‘ 


1 o;<“> u<f^> 
3 dj2Tit \/2'Kt 
1 


18 y/27rt \/2'Kt V27rt 


<)><.> + K,><d> 

{R<r><^d><e><c.> + R 


X 


{R 

1 o;<"> 

4 d/2Trt \/2ni 


<^l> 


+ R 


< 7 > </ 9 ><!^> ^-‘^< 7 ></ 3 > <v> 


</^> f ^<r>^<l> 




R<a><p><s><5>X^^^ + 


^<«> ^</3> 

V27rt \/2Trt 


Ua><0>rV 


where + g^<e> • Thus 


lim str exp 


H t(0,0) 


= lim str exp 
t^o ^ 


ht t(0,0) 


A 

(9?7® ’ 


(5.24) 


The operator ^ H ) decouples into operators acting separately on the u- 
(- and ? 7 -variables: 
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where 


H ) — —[-0<a>0<a> + - 

u 


2-— ■ 

1 UJ<^> 0J<^> UJ<^> UJ<^> 


TD X _L 

Li 0<rn^-\- 


y/27rt ^/2^^t y/27rt ^/27rt 


R< 


^<a><0><'Y> ^ ^ ) 


H 1 — r l^=R<a><f5><e><5>X^‘^^ 


4 ^/2^^t \/2Trt 


and 


2 1 o;<“> 

C 

2 

V 


^<a> ^</3> 


ps -r 


d 




In order to evaluate exp 
for 7^2 ■ 


-[H] t(0,0) 


we use result given in 


L — ~~S<Ca>S<Ca> 

+ ^ (x^d2 - x^di\ 

+ -52 

V)' + {A""' 

2 

2 ^ ) 

8 



then exp[—Lt(0, 0)1 =- ^Let introduce 

\ T Ji 47rsinhf iStj 2 

R<e><T><a>^^ a distinguished ue ue matrix, skew-diagonalized as 






n = 

/ 

0 


0 

0 



0 

0 

0 


0 

0 

0 

n /2 


0 

0 

1 

to 

0 


0 

0 

0 

0 


0 

0 

0 

0 


0 

0 

0 

0 


0 

0 

0 

0 

V 






d = 

0 0 ... 0 0 


. \j 

0 

u ... 

0 

0 

yj ... 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

... 

0 

0 


0 

0 

0 

0 

0 

0 

... 




rrip/ 2 

0 

0 

/2 

mpl 2 

0 
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Now we can compute 


-{ H] t(0,0) = 


n/2 m(p)/2 m(z)/2 

n n n X 

fc(0)=l ^(p)=l ^(2) = 1 




27rt sinh(il]®y27r) 27rt sinh(ifii^^y27r) 27rt sinh(il]^y27r) 
Using fermion path [206] by direct calculation we find 

exp -[-^Uc.C') = 

{exp[-ip(o)(0 - 0O]--exp[-fp(p)(C(p) - C(p))]--exp[-ip(^)(C(^) - C(^))]x 

n/2 -Q -Q 

[cosh(^™) + (02Uo)-l + ,p2fc(0)-l) (02fc(o) + ,^2fc(0)) Sinh(^® )] X .. 

^ -1 27r 27r 

(0)=1 

nip/2 -Q -Q 

X n |cosh(^) + sinh(^)]„ 

fc i ^ /( ^ /( 

(P)=l 

niz/2 -Q -Q 

X n |cOsh(^) + (C'^X)-! + (^21,., + ;p2l=,.,) sillh(^)] 


sir exp — ^ j ^(0,0) = 

n/2 m(p)/2 ni( 2)/2 

n - n - n X 


/n(U 


^(p) 


^(0)=l ^(p)=l ^(2) = 1 

1 if!?, 

-L ^(z) 


27rf sinh(ifiU /27r) 27rt sinh(fffhy27r) 27rt sinh(fffr]/27r) 


shf )■■■ cosh( ^ )■■■ cosh( )tr exp (— 
WtT AtT dTT L 


, ,<a>, ,</3>A ^<a><0> 

UJ UJ - 

/ 27r 
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Using (5.20),(5.23) and (5.24) we obtain the required result of the theorem 

str exp [—H{w, ta)] dvol = 


□ 


tr exp 


det ( 

V 27r/ ytanh(ir2/27r) 


1/21 

lit/ • 
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Part II 

Higher Order Anisotropic 
Interactions 
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Chapter 6 
HA—Spinors 


Some of fundamental problems in physics advocate the extension to locally 
anisotropic and higher order anisotropic backgrounds of physical theories 
[159,161,13,29,18,162,272,265,266,267]. In order to construct physical mod¬ 
els on higher order anisotropic spaces it is necessary a corresponding gen¬ 
eralization of the spinor theory. Spinor variables and interactions of spinor 
helds on Finsler spaces were used in a heuristic manner, for instance, in 
works [18,177], where the problem of a rigorous dehnition of la-spinors for 
la-spaces was not considered. Here we note that, in general, the nontrivial 
nonlinear connection and torsion structnres and possible incompatibility of 
metric and connections makes the solntion of the mentioned problem very 
sophisticate. The geometric dehnition of la-spinors and a detailed stndy of 
the relationship between Clifford, spinor and nonlinear and distingnished 
connections structures in vector bnndles, generalized Lagrange and Finsler 
spaces are presented in refs. [256,255,264]. 

The purpose of the Chapter is to summarize and extend our investi¬ 
gations [256,255,264,272,260] on formnlation of the theory of classical and 
qnantnm held interactions on higher order anisotropic spaces. We receive 
primary attention to the development of the necessary geometric framework: 
to propose an abstract spinor formalism and formnlate the diherential ge¬ 
ometry of higher order anisotropic spaces . The next step is the investiga¬ 
tion of higher order anisotropic interactions of fnndamental helds on generic 
higher order anisotropic spaces (in brief we shall use instead of higher order 
anisotropic the abbreviation ha-, for instance, ha-spaces, ha-interactions 
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and ha-spinors). 

In order to develop the higher order anisotropic spinor theory it will 
be convenient to extend the Penrose and Rindler abstract index formalism 
[180,181,182] (see also the Luehr and Rosenbaum index free methods [154]) 
proposed for spinors on locally isotropic spaces. We note that in order to 
formulate the locally anisotropic physics usually we have dimensions d > 4 
for the fundamental, in general higher order anisotropic space-time and to 
take into account physical effects of the nonlinear connection structure. In 
this case the 2-spinor calculus does not play a preferential role. 

Section 6.1 of this Chapter contains an introduction into the geometry 
of higher order anisotropic spaces, the distinguishing of geometric objects 
by N-connection structures in such spaces is analyzed, explicit formulas 
for coefficients of torsions and curvatures of N- and d-connections are pre¬ 
sented and the field equations for gravitational interactions with higher 
order anisotropy are formulated. The distinguished Clifford algebras are 
introduced in section 6.2 and higher order anisotropic Clifford bundles are 
dehned in section 6.3. We present a study of almost complex structure for 
the case of locally anisotropic spaces modeled in the framework of the al¬ 
most Hermitian model of generalized Lagrange spaces in section 6.4. The 
d-spinor techniques is analyzed in section 6.5 and the differential geometry 
of higher order anisotropic spinors is formulated in section 6.6. The section 
6.7 is devoted to geometric aspects of the theory of held interactions with 
higher order anisotropy (the d-tensor and d-spinor form of basic held equa¬ 
tions for gravitational, gauge and d-spinor helds are introduced). Finally, 
an outlook and conclusions on ha-spinors are given in section 6.8. 


6.1 Basic Geometric Objects in Ha—Spaces 

We review some results and methods of the diherential geometry of vector 
bundles provided with nonlinear and distinguished connections and metric 
structures [160,161,162,265,266,267]. This section serves the twofold purpose 
of establishing of abstract index denotations and starting the geometric 
backgrounds which are used in the next sections of the Chapter. We note 
that a number of formulas can be obtained as even components of similar 
geometric objects and equations introduced in Chapters 1 and 2 of the hrst 
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part of the monograph (for locally trivial considerations we can formally 
omit ’’tilde” on denotations of s-bundles, change s-indices into even ones 
and supersimmetric commutation rules into usual ones). 

6.1.1 N—connections: distinguishing of geometric ob¬ 

jects 

Let ,p, M,Gr, be a locally trivial distinguished vector 

bundle, dv-bundle, where © ... © (a real vector space of 

dimension m = mi +... + dim F = m,TZ denotes the real number held) 
is the typical hbre, the structural group is chosen to be the group of auto¬ 
morphisms of , i.e. Gr = GL [m, TV ), and p : > M (dehned by 

intermediar projections Pcz,z-i> '■ E"^^^ ,p^z-i,z- 2 > ■ > 

£'<^“^>,...p : E"^^^ —> M) is a differentiable surjection of a differentiable 
manifold E (total space, dim = n + m) to a differentiable manifold M 
(base space, dimM = n). Local coordinates on are denoted as 

) “ h'" = 

or in brief u = u<z> = (x, ...,y(p), ...,y(^)) where boldfaced indices will 

be considered as coordinate ones for which the Einstein summation rule 
holds (Latin indices i, j, k,... = Uq, Lq, Cq, ... = l,2,...,n will parametrize 
coordinates of geometrical objects with respect to a base space M, Latin 
indices ap,bp, Cp,... = 1,2, ...,m(p) will parametrize hbre coordinates of 
geometrical objects and Greek indices q:,/3, 7 ,... are considered as cumu¬ 
lative ones for coordinates of objects dehned on the total space of a v- 
bundle). We shall correspondingly use abstract indices a = {i,a), P = 
= {k,c),... in the Penrose manner [180,181,182] in order to mark 
geometical objects and theirs (base, hbre)-components or, if it will be con¬ 
venient, we shall consider boldfaced letters (in the main for pointing to 
the operator character of tensors and spinors into consideration) of type 
A=A = (klW,klhi),...,ylhd) ,b = a;, P,... for 

geometrical objects on S and theirs splitting into horizontal (h), or base, 
and vertical (v), or hbre, components. For simplicity, we shall prefer writing 
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out of abstract indices instead of boldface ones if this will not give rise to 
ambiguities. 

Coordinate transforms ^ ^ on are written as 

{u<^> = {«<“'> = (a;*' 

and written as recnrrent maps 


{x'), rank 


' dx^ 


dx^ 


= n, 


( 6 . 1 ) 



= <1 (x* , <1 (x* ) e GL (mi, 7^), 


l/J) = Kl; (n(,-i))|/S, Kl; («(,_!)) e GL (m„ 7^), 


Vih 


= Kl 


{u{^z-i))y(^z-i)i (if(2-i)) £ GL {mzi'TV) 


where matrices Ktl {x^ Kap {u(^p_i)),..., (m(^_i)) are fnnctions of 

necessary smoothness class. In brief we write transforms (6.1) in the form 


a;‘ = a;‘ 


{x'),y 


<a'> 


= K 


<a'> <a> 

<a> y 


In general form we shall write i^-matrices , where 

_ dx^' 

~ dx^ ‘ 

A local coordinate parametrization of natnrally dehnes a coordi¬ 
nate basis of the module of d-vector helds S , 

d<a> = {di,d<a>) = {di, da,,..., dap,..., da,) = (6.2) 


d 

/ d d \ 

/ d d 

(9 

5 \ 

du<‘^> 

i (9a;* ’ dy‘^°-> J 

i (9a;* ’ (9|/'*i ’ 

dyap ’ 

’ (9|/“^ J 


and the reciprocal to (6.2) coordinate basis 

d<“> = (d\d<“>) = (d*,d“i,...,d“^...,d“-) = (6.3) 

dM<“> = {dx\dy<^>) = {dx\dy^\...,dy^^,...,dy^^). 
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which is uniquely defined from the equations 

d<“>oa<^> = 5<“>, 

where is the Kronecher symbol and by ” o” we denote the inner (scalar) 
prodnct in the tangent bnndle T . 

The concept of nonlinear connection, in brief, N-connection, is fnn- 
damental in the geometry of locally anisotropic and higher order anisotropic 
spaces (see a detailed stndy and basic references in [160,161,162] and Chap¬ 
ter 1 of this monograph for a snpersymmetric definition of N-connection). 
In a dv-bnndle it is defined as a distribntion {N : Eu HuE, T^E = 
HuE(BV^^'>E(B...(BV^p^E...(BV^^^E} on being a global decomposition, 
as a Whitney snm, into horizontal,7-fT, and vertical, = 1,2,..., z 

snbbnndles of the tangent bnndle TS : 

T£ = H£® V£<^> © ... © V£<P> © ... © V£<^>. (6.4) 

Locally a N-connection in £^^^ is given by it components iV<aJ> (u) > 

p > / > 0 (in brief we shall write N^a]>iu) ) with respect to bases ( 6 . 2 ) 
and (6.3)): 


N = ® {z>p>f>0). 

We note that a linear connection in a dv-bnndle £^^^ can be considered 
as a particular case of a N-connection when iVT“^(M) = , 

where fnnctions {x) on the base M are called the Christoffel coeffi¬ 

cients. 

To coordinate locally geometric constrnctions with the global splitting 
of £^^^ defined by a N-connection strncture, we have to introdnce a locally 
adapted basis ( la-basis, la-frame ): 

5<q> = (5i, 5<a>) = (5i, 5ai, •••, •••, (6.5) 

with components parametrized as 

5, = d,-Nt^da,- ...-Nt^da^, 
5a,=da,-N:ida,-...-N:ida^, 
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= da^ - - ... - 


K = da, 

and it dual la-basis 

5 <“> = (5*,5<“>) = , ( 6 . 6 ) 

= dx*, 

+ M^^dx\ 

= dy^^ + Mlldy^^ + Mf dx*, 


5y-^ = dy-^ + M:;_^d|/^’-' + M:i_^dy^r>-^ + ... + Mf^da;*, 


= d|/“^ + M^l^dy^-^ + M^l_^dy'^^-^ + ... + Mf dx* 

(for details on expressing of coefficients M“p, the dual coefficients of a N- 
connections, by recurrent formulas through the components iV“p, see sub¬ 
section 1.22; we have to consider the even part for the calculus presented 
there). 

The nonholonomic coefficients 

w = (m)} 

of locally adapted to the N-connection structure frames are defined as 
[d<a>,d</3>] = d<o>d</3> — S</3>S<a> = 

^<y><^> («)^<«>- 

The algebra of tensorial distinguished fields DT (d fields, 

d-tensors, d-objects) on is introduced as the tensor algebra 
^ of the dv-bundle sg>, 

Pd : ib:T<">©V^T<">©...©V^T<">©...©V"T<">^ T<">. 
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P ri ... Tp 
q Si ... Sp 


r 


An element t G d-tensor field of type 

can be written in local form as 




1 


u i 

^ = Si...,,feW...6W...feW...feW...6W...6W '^*1 


5ip ® ® ... ® 


,( 1 ) ,( 1 ) 

5 (1) ® ... ® (5 (1) ® (5 1 ... ® (5 "1 ® ... ® (5 (p) ® ... ® (5 (p) ® ...® 

aj a^p 

„^(P) „^(P) _ „ _l(2) l(2) 

(5'’i ... ® ® (5 (z) ® ... ® (5 (z) ® 5'’! ... ® (J"*-. 

aj a}./ 

We shall respectively use denotations X{S^^^) (or X(M)), 

(or (M)) and (or T (M)) for the module of d-vector helds on 

£;< 2 > jYf exterior algebra of p-forms on (or M) and the set 

of real functions on £^^^^(or M). 

In general, d-objects on are introduced as geometric objects with 
various group and coordinate transforms coordinated with the N-connection 
structure on For example, a d-connection D on is dehned as 

a linear connection D on conserving under a parallelism the global 

decomposition (6.4) into horizontal and vertical subbundles of T. 

A N-connection in induces a corresponding decomposition of d- 

tensors into sums of horizontal and vertical parts, for example, for every 
d-vector X G and 1-form X G A^ we have respectively 


X = hX + 'i;iX + ... + 'i;,X and X = hX + viX + ... v,X. (6.7) 


In consequence, we can associate to every d-covariant derivation along the 
d-vector (6.7), Dx = XoD, two new operators of h- and v-covariant deriva¬ 
tions dehned respectively as 

= DhxY 


and 

£)hi)w — n ,.w t»Az)v — 
for which the following conditions hold: 


Y = = WeXiS 


<Z>\ 


DxY=dPy + Dp'^Y + ... + 


( 6 . 8 ) 
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and 


D^f = (hX)f 

Dv”'/ = {vpX)f, X, I'eA- (£),/ e jr (M) ,p=l,2,...z. 

We define a metric structure G in the total space of dv-bundle 

,p, M) over a connected and paracompact base M as a sym¬ 
metric covariant tensor field of type (0,2), G^a><i 3 >, being nondegenerate 
and of constant signature on E^^^. 

Nonlinear connection N and metric G structures on are mutually 
compatible it there are satisfied the conditions: 

G = 0,or equivalently, Ga^ap (u) haf<b> (u) = 0, (6.9) 

where hapbp = G (^dap, dbp) and Gb^ap = G ((9?,^, (9^^) , 0 < / < p < ^, which 
gives 

(«) = {u) G,^<a> {u) (6.10) 

(the matrix is inverse to hapbp)- In consequence one obtains the follow¬ 
ing decomposition of metric : 

G(X, Y)= hG(X, Y) + viG(X, F) + ... + v,G(X, Y), (6.11) 

where the d-tensor hG(X, Y)= G{hX, KY) is of type ^ ^ g ^ the d- 

^ . With 

respect to la-basis (6.6) the d-metric (6.11) is written as 

G = («) = 9ii («) d'e,d‘ + (u) 

( 6 . 12 ) 

where = G (5*, (5j). 

A metric structure of type (6.11) (equivalently, of type (6.12)) or a metric 
on E^^^ with components satisfying constraints (6.9), equivalently (6.10)) 
dehnes an adapted to the given N-connection inner (d-scalar) product on 
the tangent bundle T. 

We shall say that a d-connection Dx is compatible with the d-scalar 
product on TE"^^^ (i.e. is a standard d-connection) if 

Dx (X ■ Y) = ipxY) ■ Z + Y- ipxZ) , VX, Y, ZgY(^<">). 


tensor VpG(X, Y) = G{vpX,VpY) is of type 


0(p) 

2 
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An arbitrary d-connection Dx differs from the standard one Dx by an 
operator Px {u) = P^ 2 ><i 3 > ('*^)}) called the deformation d-tensor 

with respect to Dx, which is just a d-linear transform of ^ . 

The explicit form of Px can be found by using the corresponding axiom 
dehning linear connections [154] 

[Dx - Dx) fZ = f (Dx - Dx) Z, 


written with respect to la-bases (6.5) and (6.6). From the last expression 
we obtain 

Px {u) = 

therefore 

DxZ = DxZ -\-PxZ. (6.13) 

A d-connection Dx is metric (or compatible with metric G) on 
if 


{Dx — Dx)Sca> {u) 


i;<a> 


U) 


DxG = 0,VXeA(T<^>). (6.14) 


Locally adapted components of a d-connection D^a> = (^<a> o 

D) are dehned by the equations 

D<a>S<l3> — ^ <a><f3>^ <'Y> 1 

from which one immediately follows 


ra;<«> («) = o (6.15) 


The operations of h- and V(p)-covariant derivations, D 


(h) 

k 




<a> 

<b>k 


} 


and DM = (see (6.8)), are introduced as cor¬ 

responding h- and V(p)-parametrizations of (6.15): 


and 


L‘t = {DtS,)od‘, 


(<a> 


(6.16) 


yt, = o i‘, = (r>./<to) o (6.17) 
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A set of components (6.16) and (6.17), DT = C'<fe><c>) , 

completely defines the local action of a d-connection D in . For instance, 

taken a d-tensor field of type ^ | ^ , t = 

and a d-vector X = X^6i + X^“^5<a> we have 

Dxt =DPt+D^x"^t + .. + + ... + = 

(A'*’*;:!,+A'<® 0 0 s^-, 

where the h-covariant derivative is written as 


c.tap 

_ j^P I ri ,h(ip T ^^^p rh ii(^p T ^p ±^^p 

^jbp\k ~ ' ^hk^jbp + ^Cpk^jbp ~ ^jk^hbp ~ ^bpk^jcp 

and the v-covariant derivatives are written as 

dtt 


t 


.tap 

^jbp 


I ,hap . ^up ,^up «itip « 


yCLr) I 'id' 


jbpL<c> 


dy 


h lidp 


<c> ' ^h<c>^jbp ~ ^dp<c>^jbp ^j<c>^hbp ^bp<c>^jdp' 


For a scalar function / G T{E^^ ) we have 

ih) _ Sf _ df df 


jjyii) ^ _j_ ^ _j_ _^ 

* 6x^ dx^ 


dy 


<a> 


h/) 


IL 

6x°-f 


1L-n^p1L 

dx^-f “/ QyO-p 


A< f <P<z-l, 


and 


IL 

dy'^^' 


We emphasize that the geometry of connections in a dv-bundle is 
very reach. If a triple of fundamental geometric objects 


(A5-(0.Pg<,> W,G<„><„>(u)) 

is hxed on a multiconnection structure (with corresponding different 

rules of covariant derivation, which are, or not, mutually compatible and 
with the same, or not, induced d-scalar products in Tis dehned on this 
dv-bundle. For instance, we enumerate some of connections and covariant 
derivations which can present interest in investigation of locally anisotropic 
gravitational and matter held interactions: 
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1. Every N-connection in , with coefficients (m) being differen- 


liable on y-variables, induces a structure of linear connection 

^<|><7>> where 



lu'^p _ 

bv^f Qybp 

and 

(«) = 0. 

For some 

Y{u)=Y^ {u)d, + Y<-> {u)d^a> 

and 

B{u) = B<-> {u)d<a> 

one writes 



D^y^B = 




dy^f 




+ Y^ 


dB° 

dy'^- 


d 


dy° 


{0< f <p<z). 


2. The d-connection of Berwald type [39] 


_ ( ri \ 

</ 3 >< 7 > 1 dy<^> ’ ’ ) ’ 


where 



^9jk ^ ^Qkr 

dx^ dx^ 


^9jk 

dx'^ 


1 


(6.18) 


f-i<a> / \ _ \ i<a><d> I ^hyb><d> ^h^c><d> _ <^^<b><c> | 

^.<b><c>{u) - y j, 

(6.19) 

which is hv-metric, i.e. gij = 0 and T*<c>h<a><b> = 0. 


3. The canonical d-connection associated to a metric G of type 


(6.12) T 


(c)<o> 

</ 3 >< 7 > 


(i 


(c)i 

jk 


r (c)<a> 
; ^<b>k 


, C'<6><c>) ) coefficients 


'<b><c>J ) 


r(c)i 

^jk 


ri y-i{c)<a> _ /~t<a> 

^.jki '~'<b><c> ~ '~'.<b><c> 


(see (6.19) 
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4. We can consider N-adapted Christoffel d-symbols 

p<o> _ 

</3><7> ~ 

, ( 6 . 21 ) 

which have the components of d-connection 

f<"> — (n n r'<“> ^ 

</3><7> y^jki'^i'^i'^KbXo) 

with and C'<fe><c> as in (6.19) if G'<o></ 3 > is taken in the form 

( 6 . 12 ). 

Arbitrary linear connections on a dv-bundle can be also charac¬ 

terized by theirs deformation tensors (see (6.13)) with respect, for instance, 
to d-connection (6.21): 

p(S)<o> _ p<o> I p(B)<a> p(c)<a> _ p<o> i p(c)<«> 

</3><7> ~ </3><7> “I" </3><7>’ </3><7> ~ </3><7> </3><7> 

or, in general, 

■n<a> _ p<Q> _l_ p<a> 

^ <l3><'r> ~ ^ </3><7> “I" </3><7>i 

where .P<^/ 3 ><^> and .P<^><.y> are respectively the deformation d- 

tensors of d-connections (6.18), (6.20), or of a general one. 
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6.1.2 D—Torsions and d—curvatures 


The curvature 17 of a nonlinear connection N in a dv-bundle can be 
defined as the Nijenhuis tensor field (X, Y) associated to N [160,161]: 

n = N^ = [vX, vY] + V [X, Y] - V [vX, Y] - v [X, vY], X, Y e 

where u = ui © ... © In local form one has 


^ ® { 0 <f<P<z), 


where 


_ J_ V<^> _ V<^> (f, 99i 

dy^f dy^f ^ ^^<b>bf 10.22j 

The torsion T of d-connection D in is defined by the equation 


T (X, Y) = XY°T =DxY-DyX - [X, Y] . (6.23) 

One holds the following h- and V(p)—decompositions 

T (X, Y) = T (hX, hY) + T (hX, vY) + T (vX, hY) + T (vX, vY). 

(6.24) 

We consider the projections: hT (X, Y), (hX, hY), hT (hX, hY),... 
and say that, for instance, hT (hX, hY) is the h(hh)-torsion of 
D , V(p)T (hX, hY) is the Vp(hh)-torsion of D and so on. 

The torsion (6.23) is locally determined by five d-tensor fields, torsions, 
defined as 


t;, = hT (4, S,)-d^, = v,rtT (4,4) ■ V', 

= hT (4., 4) • if, PX = v,,,T (4„4j • >5“'. 

©y =V|,,T(4,,4,)■4^ 

Using formulas (6.5),(6.6),(6.22) and (6.23) we can computer in explicit 
form the components of torsions (6.24) for a d-connection of type (6.16) 
and (6.17): 

rjii _ rjii _ ri _ ji rpi _ rpi _ _ /n OCX 

.jk jk '^jk ^kj") j<a> ^ .j<a>i <a>j 1^0.ZOJ 
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T 


.j<a> 


= 0, T 


<a> _ c<a> _ /^<a> /^<a> 


<b><c> 


6 Ny ( 5 iV“^ 


c/ 


rplp _ _ ’^J_ rji<ia> _ p_ _ 

•^/c/ “ Qyhf QyCf ^■<b>i ~ ■<b>i — Qy<b> ^.<b>j ^ .i<b> — ^ .<b>i- 

The curvature R of d-connection in is defined by the equation 
R (X, Y) Z = XY:R • Z = DxDyZ - DyDxZ-D[x,y]'^- (6-26) 
One holds the next properties for the h- and v-decompositions of curvature: 
V(p)R(X,Y)hZ = 0, hR(X,Y)V(^)Z = 0, V(^)R (X, Y) v^^^Z = 0, 

R (X, Y) Z = hR (X, Y) hZ + vR (X, Y) vZ, 

where v = vi + ...+v^. From (6.26) and the equation R (X, Y) = —R (Y, X) 
we get that the curvature of a d-connection D in is completely deter¬ 
mined by the following d-tensor helds: 

= <5* • R (4,4) R<bf,k = ■ R (4,4) (6-27) 

P^<c> = d^-^ (^<c>, s^k>) 4, P<bf.<k><c> = ■ R (<^<c>, 5^k>) 46>, 

Pj.KbXO = 4 ■ R ((5<C>, S^b>) 4, P’<b^.<c><d> = ' R ((5<d>, (5<c>) S^b>- 

By a direct computation, using (6.5),(6.6),(6.16),(6.17) and (6.27) we get : 

(6.28) 


.<b><c> '^<b><c> 

6N<^> 


<c><b>i 


<a> 


T <a> rp<_a> _ Tj<a> 


5L^ xr* 

p.* _ -hj _ \ r r _ TTn ri I ^ 

"^h.jh u f' .• ~r h 4 m y ^ 


6x^ 


5x^ 


'' .hj^mk 


'' .hk^mj 


p<a> 

.h<a>^.jk > 


x r<a> 

j^.<a> _ ^^.<b>j 


^<b>.jk 


5x^ 


xr<a> 

^-‘-'.<b>k I T <c> T <a> T <c> T <a> , /~i<a> P<c> 

' ^ ^.<b>j^.<c>k ^.<b>k^.<c>j^'^.<b><c>^.jk ) 


5x^ 


p.t 

j.k<a> 


A th 

■jfe _l_ p<i p<b> _ 

Qy<a> ^ ^.j<b>^.k<a> 


'dC^. \ 

■j<a> I Yi r^l rl r^i r<c> r^i i 

Q^k ^.lk'^.j<a> ^.jk'^.l<a> ^.<a>k'^.j<c> I ) 


p<c> 

^<b>.k<a> 


XT<c> 

'^-^.<b>k _|_ (J<c> 


dy 


<a> 


p<d> 

.<b><d>^ .k<a> 
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.<b><a> I T <c> ^<d> 


dx^ 


_ r <d> ^<c> _ r <d> /~i<c> 

.<d>k'-^ .<b><a> ^ .<b>k^ .<dXa> ^ .<a>k^ .<b><d> 


Kni Kni 

O.i _ .j<b> _ .j<.c> I 

‘^j.<b><c> — Qy<c> dy<^> ^■j<bx.h<c> '~^.j<cXh<b>i 


q.<a> 

‘^<b>.<c><d> 


dy«^> 


_l_^<e> /^<a> _ (^<e> /^<a> 

.<b><cX .<e><d> ^ .<b><dX .<e><c>- 


We note that torsions (6.25) and curvatures (6.28) can be computed by 
particular cases of d-connections when d-connections (6.17), (6.20) or (6.22) 
are used instead of (6.16) and (6.17). 

The components of the Ricci d-tensor 


R 


<a><l3> 


p<T> 

^<a>.<l3><T> 


with respect to locally adapted frame (6.6) are as follows: 


Rij = R. 


.k 

i.jk'! 


Ri<a> 


2 p _ _ p.k 

^i<a> — ^i.k<a>^ 


(6.29) 


p _1 p _ p <b> p _ q-<c> 

— ^<a>i — ^ <a>.i<b>') ^<a><b> — >^<a>.<b><c>- 

We point out that because, in general, 7^ ^Pi<a> the Ricci d-tensor 

is non symmetric. 

Having dehned a d-metric of type (6.12) in we can introduce the 
scalar curvature of d-connection D; 


D ^<a><(3> D _ C> I C 

Jt — Lt ^<a><0> — -it “h O, 


where R = g^^Rij and S = 

For our further considerations it will be also useful to use an alternative 
way of dehnition torsion (6.23) and curvature (6.26) by using the commu¬ 
tator 

^<o></3> = V<q>V</3 > — V</3>V<o> = 2V[<a>V</3>]. 

For components (6.25) of d-torsion we have 


a<„><;5>/ = 


<a></3> 


V<^>/ 


(6.30) 
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for every scalar function / on . Curvature can be introduced as an 
operator acting on arbitrary d-vector : 

(6.31) 

(we note that in this Chapter we shall follow conventions of Miron and 
Anastasiei [160,161] on d-tensors; we can obtain corresponding Penrose 
and Rindler abstract index formulas [181,182] just for a trivial N-connection 
structure and by changing denotations for components of torsion and cur¬ 
vature in this manner: ^ ^ and ^aP'y ‘^)- 

Here we also note that torsion and curvature of a d-connection on 
satisfy generalized for ha-spaces Ricci and Bianchi identities which in terms 
of components (6.30) and (6.31) are written respectively as 

-^■f<7>.<a></3>] + ^ [<a>^.<^><7>] + ^.f<a></3>^.<7>]<i^> = (6.32) 

and 

V7 P'<6r> 'T<S> P _ n 

^ [<a>R<u>\<px:'^>] “T ■[<0></3>-'^|<ii>|.<7>]<5> ~ 

Identities (6.32) can be proved similarly as in [181] by taking into account 
that indices play a distinguished character. 

We can also consider a ha-generalization of the so-called conformal Weyl 
tensor (see, for instance, [181]) which can be written as a d-tensor in this 
form; 

^<7><<5> _ d<7><5> 4 d[<7> x<'5>] I 

<a><P>-^ <a><P> ^ + + [<->'’ </?>] + 

(6.33) 

_ ‘I _^ ^[<7> ^<<5>] 

{n + nil + ...rriz — l){n + rrii + ... + rriz — 2) 

This object is conformally invariant on ha-spaces provided with d-connec¬ 
tion generated by d-metric structures. 

6.1.3 Field equations for ha—gravity 

The Einstein equations in some models of higher order anisotropic super¬ 
gravity have been considered in [267]. Here we note that the Einstein equa¬ 
tions and conservation laws on v-bundles provided with N-connection struc¬ 
tures were studied in detail in [160,161,9,10,279,276,263]. In ref. [272] we 
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proved that the la-gravity can be formulated in a gauge like manner and an¬ 
alyzed the conditions when the Einstein la-gravitational held equations are 
equivalent to a corresponding form of Yang-Mills equations. In this subsec¬ 
tion we shall write the higher order anisotropic gravitational held equations 
in a form more convenient for theirs equivalent reformulation in ha-spinor 
variables. 

We dehne d-tensor <h<Q></ 3 > as to satisfy conditions 

—= R<a><f5> ; ; ; R g<a><i3> 

n + mi + ... + mz 

which is the torsionless part of the Ricci tensor for locally isotropic spaces 
[181,182], i.e. = 0. The Einstein equations on ha-spaces 

G <a><f3> + ^9<a><p> = K'E<a><fi>i (6.34) 

where 

G <a><p> = R<a><f3> — 2 E g<^a><p> 

is the Einstein d-tensor, A and k, are correspondingly the cosmological and 
gravitational constants and by E^a><p> is denoted the locally anisotropic 
energy-momentum d-tensor, can be rewritten in equivalent form: 

1 

‘^<a></3> = ~'p;iE<a><p> ; ; ; 9<a><p>)- (6.35) 

2 n-I-mi-I-...-I- 

Because ha-spaces generally have nonzero torsions we shall add to (6.35) 
(equivalently to (6.34)) a system of algebraic d-held equations with the 
source being the locally anisotropic spin density of matter (if we 

consider a variant of higher order anisotropic Einstein-Cartan theory ): 

( 6 . 36 ) 

From (6.32 ) and (6.36) one follows the conservation law of higher order 
anisotropic spin matter: 

Finally, in this section, we remark that all presented geometric construc¬ 
tions contain those elaborated for generalized Lagrange spaces [160,161] (for 
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which a tangent bundle TM is considered instead of a v-bundle ) and 
for constructions on the so called osculator bundles with different prolon¬ 
gations and extensions of Finsler and Lagrange metrics [162], We also note 
that the Lagrange (Finsler) geometry is characterized by a metric of type 
(6.12) with components parametized as gij = | idij = \ oyidy ^ ) 

hij = gij, where C = C {x,y) (A = A {x, y)) is a Lagrangian (Finsler metric) 
on TM (see details in [160,161,159,29]. 

6.2 Distinguished Clifford Algebras 

The typical fiber of dv-bundle '■ HE © ViE © ... © VzE ^ E is a 

d-vector space, T = hE®ViE © ... ®VzE, split into horizontal hE and ver¬ 
ticals VpE,p = subspaces, with metric G{g,h) induced by v-bundle 

metric (6.12). Clifford algebras (see, for example. Refs. [133,245,182]) for¬ 
mulated for d-vector spaces will be called Clifford d-algebras [256,255,275]. 
In this section we shall consider the main properties of Clifford d-algebras. 
The proof of theorems will be based on the technique developed in ref. 
[133] correspondingly adapted to the distinguished character of spaces in 
consideration. 

Let k he a number field (for our purposes k = IZ oi k = C,1Z and C, 
are, respectively real and complex number fields) and define E , as a d-vector 
space on k provided with nondegenerate symmetric quadratic form (metric) 
G. Let G be an algebra on k (not necessarily commutative) and j : E ^ G 
a homomorphism of underlying vector spaces such that j{uY = G{u) T (1 is 
the unity in algebra G and d-vector u & E). We are interested in definition 
of the pair {G,j) satisfying the next universitality conditions. For every 
/c-algebra A and arbitrary homomorphism ip : E ^ A of the underlying d- 
vector spaces, such that G (m)T, there is a unique homomorphism 

of algebras tjj : G ^ A transforming the diagram 1 into a commutative one. 
The algebra solving this problem will be denoted as G {E, A) [equivalently 
as G (G) or G (JF)] and called as Clifford d-algebra associated with pair 
(E, G ). 


Theorem 6.1 The above-presented diagram has a unique solution {G,j) up 
to isomorphism. 
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Figure 6.1; Diagram 1 

Proof: (We adapt for d-algebras that of ref. [133], p. 127.) For 
a universal problem the uniqueness is obvious if we prove the existence 
of solution C {G) . To do this we use tensor algebra (JF) 

=©i^o^* (JF), where T° (JF) = k and T* (JF) = k and T* (JF) = JF © ... © JF 
for i > 0. Let I {G) be the bilateral ideal generated by elements of form 
e{u) = u ® u — G {u) ■ 1 where u T and 1 is the unity element of alge¬ 
bra C. (JF). Every element from / (G) can be written as iui) p.*, where 

Aj, Hi G D(JF) and Ui G T. Let G (G) =C{J^)/I (G) and dehne j : ^ G (G) 

as the composition of monomorphism i : ^ F^(jF) c D(JF) and projec¬ 

tion p : C (JF) —> G (G). In this case pair (G (G) ,j) is the solution of our 
problem. From the general properties of tensor algebras the homomorphism 
(p ■. T ^ A can be extended to D(JF) , i.e., the diagram 2 is commutative, 


T- 


1 




F \ X P 

X JG 

A 


Figure 6.2: Diagram 2 

where p is a monomorphism of algebras. Because (p (n))^ = G (u) ■ 1, then 
p vanishes on ideal I (G) and in this case the necessary homomorphism r 
is dehned. As a consequence of uniqueness of p, the homomorphism r is 
unique. 

Tensor d-algebra G(JF) can be considered as a Z/2 graded algebra. Re¬ 
ally, let us introduce = YZi and £F)(jr) = y 2 i+i (jr). 

Setting IG) (G) = J (G) n Dehne G^) (G) as p , where 
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p : C (JF) — C (G) is the canonical projection. Then C (G) = (G) © 

G^^^ (G) and in consequence we obtain that the Clifford d-algebra is 2/2 
graded. 

It is obvious that Clifford d-algebra functorially depends on pair (JF, G). 
If / : JF —JF' is a homomorphism of k-vector spaces, such that G' (/(«)) = 
G (u), where G and G' are, respectively, metrics on T and JF', then / 
induces an homomorphism of d-algebras 

G{f):G (G) ^ G (G') 

with identities G (99 ■ /) = G ( 99 ) G (/) and G = Idc{r)- 

If and are 2/2-graded d-algebras, then their graded tensorial 
product is dehned as a d-algebra for k-vector d-space © B^ 

with the graded product induced as {a®h) {c® d) = (—1)“^ ac © bd, where 
b & B^ and c G (a, /? = 0 , 1 ). 

Now we reformulate for d-algebras the Chevalley theorem [60]: 

Theorem 6.2 The Clifford d-algebra 


G {hJ~ © viJ~ © ... © 1 g -\- hi hz) 

is naturally isomorphic to G{g) © G (hi) © ... © G {hz) ■ 

Proof. Let n : htF —> G (g) and : n(p)jF —> G (h{p)^ be canonical 
maps and map 

m : htF © vitF... © VzT G{g) © G (hi) © ... © G ihiz) 


is dehned as 

n{x) ©1©...©1 + 1© n'(|/(i)) © ... © 1 + 1 © ... © 1 © n'(|/(^)), 
X e hT,y(X) e n(i)JF, ...,|/(^) e n(^)JF. We have 

,2 r, ,,,o \\2 /,/ \\2l 


(m(a;, 1 /( 1 ),..., 1 /( 2 ))) = (n (x)) V (n'(//(p)) + ... + (n'(//(p))' 
[g (x) + h (^//(i)) + ... + h(y(^z))]- 


■ 1 = 
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Taking into account the universality property of Clifford d-algebras we 
conclude that rrii + ... + rUz induces the homomorphism 

: C {hJ~ © V\J~ © ... © VzJ~ 1 g -\- hi hz) —^ 

C (hjF, g) ©C (uiJC, hi) ©...C hz) ■ 

We also can define a homomorphism 

V : C {hj^, g) ©C {viT, h(i)) ©...©C h(z^ 

C (^hJ~ © viJ~ © ... © VzJ~, g + h(i) + ... + 
by using formula 

t; (x © 1/(1) © ... © y^z)) = S (x) h(i) (//(!)) ...S[z^ (y(z)) , 

where homomorphysms S and ..., h(^) are, respectively, induced by im- 
beddings of hJ^ and uiJF into 

hT © UiJF © ... © VzJ^ : 

5 : C {hJ~ 1 g) —^ C [hJ~ © viJ~ © ... © VzJ~ ■, g + h(i) + ... + h)^)^ , 

(5(1) : C (^iJ~, ^( 1 )) —^ ^ {hj- © viJ~ © ... © VzJ~ 1 g + h(i) + ... + h/^)^ , 

(5(^) : C (^z^ 1 h[z)^ —^ C {hJ~ © viJ~ © ... © VzJ~ ■, g + h(i) + ... + h(^)^ . 

Superpositions of homomorphisms C, and v lead to identities 

vC = (6.37) 

(V = -^C^c'(/i©5)®C7(i;i©/i(i))S...Sc(i;z.?',/i(z))' 

Really, d-algebra 

C (jij~ © viJ~ © ... © VzJ~, g + h(i) + ... + h(^z)^ 
is generated by elements of type m{x,y(i), ■■.y{z))- Calculating 
vC, (m (a;,//(i), ■■■y(z))) = v{n (x) © 1 © ... © 1 + 1 ©nj^) (|/(i)) © ... © 1 + ...+ 
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1 0 .... ® (|/(^))) = 5{n (x)) 5 (n[^^ (|/(i))) ...S {n[^) {vi^))) = 

m (x, 0,..., 0) + m(0, 1 /( 1 ),..., 0) + ... + m(0, 0,..., //(^)) = m (x, //(i),..., //(^)) , 

we prove the first identity in (6.37). 

On the other hand, d-algebra 

C {hT, g) ®C (viJF, /i(i)) (v^T, h(z)) 

is generated by elements of type 

n (x) 0 1 0 ...®, 1 0 n(i) (//(!)) 0 ... 0 1, ...1 0 .... 0 nj^) (y{z)) , 

we prove the second identity in (6.37). 

Following from the above-mentioned properties of homomorphisms ( 
and V we can assert that the natural isomorphism is explicitly constructed. □ 
In consequence of theorem 6.2 we conclude that all operations with Clif¬ 
ford d-algebras can be reduced to calculations for 

C {hJ=’, g) and C (n(p)J^, h(p^ 

which are usual Clifford algebras of dimension 2” and, respectively, 2™p 
[133,22]. 

Of special interest is the case when k = 1Z and T is isomorphic to vector 
space 77^+'?’“+^ provided with quadratic form —xl — ...—Xp + Xp_^_^ — yf — ...— 

yl + ... + //a+fe- In this case, the Clifford algebra, denoted as , is 

generated by symbols ei^\ e ^2 \ ■■■■, ^^p+qi \ •••) satisfying properties 

{cif = -1 (1 < i < p), {ejf = -1 (1 < j < a), (cfc)^ = l{p+l<k< 
p + q), 

(cj) =1 {n + l<s<a + b), eiCj = —6^6*, i ^ j. Explicit calculations 
of and 0“’^ are possible by using isomorphisms [133,182] 

^p+n,q+n _ ^p,q 0 M 2 (77) ® ... ® M 2 (77) ^ ® Man (77) ^ Man (C'^’''), 

where Mg (A) denotes the ring of quadratic matrices of order s with coeffi¬ 
cients in ring A. Here we write the simplest isomorphisms ~ C, ~ 
77 © 77, and = H, where by H is denoted the body of quaternions. We 
summarize this calculus as (as in ref. [22]) 

CO-o = 77, = C, = 77 © 77, = H, = Ma (77), 
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= n®n, = M 2 ( 7 ^), c'^’° = M 2 {H ), = M 2 {H ), 

= M 4 (C), C'°’® = M 2 {n) © M 2 {!-[), C'®’° = Mg (7^), = M 4 (7^), 

C'"’° = Mg (7^)©M8 (7^), C'°’" = Mg (C), C'®’° = Mig (7^), C'°’® = Mig (7^). 

One of the most important properties of real algebras (0°’“) and 

(jpfi jg eightfold periodicity of p{a). 

Now, we emphasize that M^”-spaces admit locally a structure of Clif¬ 
ford algebra on complex vector spaces. Really, by using almost Her- 
mitian structure ^ and considering complex space C” with nondege- 
narate quadratic form \zaf , Za E C‘^ induced locally by metric ( 2 . 12 ) 
(rewritten in complex coordinates Za = Xa + iya) we dehne Clifford alge¬ 
bra ® . . . ® where C ^ = C®bP = C © C or in consequence, 

n 

C” ~ © 7 ^ C ~ © 7 ^ C. Explicit calculations lead to isomorphisms 

C 2 = ®nC M 2 (7^) © 7 ^ C ^ M 2 (C^) , ^ Map (C) and 

C Map (C) © M 2 P (C), which show that complex Clifford algebras, 

dehned locally for M^"-spaces, have periodicity 2 on p. 

Considerations presented in the proof of theorem 6.2 show that map 
j : ^ C (JF) is monomorphic, so we can identify space T with its image 

in C (JF, G ), denoted as m —> U, if m e (JF, G) (u G (JF, G)j ; then 
u = u { respectively, u = —u). 

Definition 6.1 The set of elements u & G {G)* , where G {G)* denotes the 
multiplicative group of invertible elements of G (JF, G) satisfying uTu~^ G 
JF, is called the twisted Clifford d-group, denoted as T (JF). 

Let p : r (JF) —GL (JF) be the homorphism given by m ph, where 
Pu{w) = uwu~^. We can verify that her p = 7^*is a subgroup in L (JF). 

Canonical map j : ^ G (JF) can be interpreted as the linear map 

T ^ G (JF)° satisfying the universal property of Clifford d-algebras. This 
leads to a homomorphism of algebras, G (JF) —G [fF'f , considered by an 
anti-involution of G (JF) and denoted as m — ^u. More exactly, if ui...Un G 
JF, then tu = Un...Ui and = ^u= (— 

Definition 6.2 The spinor norm of arbitrary u E G (JF) is defined as 
S{u)= ^u-ueG{J^). 
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It is obvious that if u, u', u" G f (JF), then S{u, u') = S {u) S {u') and 
S {uu'u") = S (u) S {u') S {u"). For n, u' G J^S (u) = —G (u) and S {u, u') = 
S (u) S {u') = S {uu'). 

Let us introduce the orthogonal group O (G) C GL (G) defined by met¬ 
ric G on JF and denote sets SO (G) = {u G O (G), det |m| = 1}, Fin (G) = 
{u er(F),S(u) = 1} and Spin (G) = Pin (G) n G° {F ). For 
we write Spin {nE) ■ By straightforward calculations (see similar considera¬ 
tions in ref. [133]) we can verify the exactness of these sequences: 

Pin (G) ^ O (G) ^ 1, 

Spin (G) ^ SO (G) ^ 0, 

1 —Z/2 —Spin (nE) —> SO (nE) —^ 1- 

We conclude this section by emphasizing that the spinor norm was dehned 
with respect to a quadratic form induced by a metric in dv-bundle 
This approach differs from those presented in Refs. [18] and [177]. 


6.3 Clifford HA—Bundles 

We shall consider two variants of generalization of spinor constructions de¬ 
hned for d-vector spaces to the case of distinguished vector bundle spaces 
enabled with the structure of N-connection. The hrst is to use the exten¬ 
sion to the category of vector bundles. The second is to dehne the Clifford 
hbration associated with compatible linear d-connection and metric G on a 
vector bundle. We shall analyze both variants. 

6.3.1 Clifford d—module structure in dv—bundles 

Because functor T G(JF) is smooth we can extend it to the category of 
vector bundles of type © ... © V^E^^^ 

Recall that by T we denote the typical hber of such bundles. 
For we obtain a bundle of algebras, denoted as G , such that 

G = C (Fu) ■ Multiplication in every hbre dehnes a continuous map 

G X G > G . If is a vector bundle on number held 

k, the structure of the G (.^■^^^)-module, the d-module, the d-module, on 
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^< 2 > jg given by the continuous map C x e ^ with every 

hber Tu provided with the structure of the C (JF„) —module, correlated with 
its /c-module structure, Because T d C [T) , we have a fiber to hber map 
T ^ inducing on every hber the map Tu^e 

(7?.-hnear on the hrst factor and /c-linear on the second one ). Inversely, 
every such bilinear map dehnes on the structure of the C 

module by virtue of universal properties of Clihord d-algebras. Equiva¬ 
lently, the above-mentioned bilinear map dehnes a morphism of v-bundles 
m : HOM [ETOM denotes the bundles 

of homomorphisms] when (m (m))^ = G (u) on every point. 

Vector bundles provided with C (^^^^)-structures are objects of 
the category with morphisms being morphisms of dv-bundles, which induce 
on every point u G morphisms of C (JF„) —modules. This is a Banach 
category contained in the category of hnite-dimensional d-vector spaces on 
hied k. We shall not use category formalism in this work, but point to its 
advantages in further formulation of new directions of K-theory (see , for 
example, an introduction in Ref. [133]) concerned with la-spaces. 

Let us denote by GLn^ ijl)) , where ue = n + mi + ... + mz, 

the s-dimensional cohomology group of the algebraic sheaf of germs of con¬ 
tinuous maps of dv-bundle with group GLn,^ (7^) the group of auto¬ 
morphisms of 7^”® (for the language of algebraic topology see, for exam¬ 
ple, Refs. [133] and [98]. We shall also use the group SLn^ (JG) = {A C 
GLnii (Jt ), det A = 1}. Here we point out that cohomologies 
H^{M,Gr) characterize the class of a principal bundle n : P ^ M on 
M with structural group Gr. Taking into account that we deal with bun¬ 
dles distinguished by an N-connection we introduce into consideration coho¬ 
mologies 1 GLnj^ (jGj) as distinguished classes (d-classes) of bundles 

g<z> provided with a global N-connection structure. 

For a real vector bundle on compact base we can dehne the 
orientation on as an element aa G ,GLnj^ (7Z)) whose image 

on map 

(T<^>, SU, (7^)) ^ i/i (T<^>, GU, (7^)) 
is the d-class of bundle 

Definition 6.3 The spinor structure on is defined as an element 
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Pd G Spin (ue)) whose image in the composition 


Spin K)) ^ SO (n^^)) ^ (7^)) 

is the d-class of 

The above definition of spinor structures can be reformulated in terms 
of principal bundles. Let be a real vector bundle of rank n+m on a 
compact base If there is a principal bundle Pd with structural group 

SOinE) 

[ or Spin{nE)], this bundle can be provided with orientation (or spinor) 
structure. The bundle Pd is associated with element 
ad e S'0(n<2>)) [or Pd G Spin (n^;)). 

We remark that a real bundle is oriented if and only if its first Stiefel- 
Whitney d-class vanishes, 

w, (6)GLf' (e,Z/2) = 0, 

where {£"^^^,Z/2) is the first group of Chech cohomology with coeffi¬ 
cients in Z/2, Considering the second Stiefel-Whitney class tC 2 G 

(£;< 2 >^ Z12) it is well known that vector bundle admits the spinor 
structure if and only if W 2 = 0. Finally, in this subsection, we em¬ 
phasize that taking into account that base space is also a v-bundle, 

p : —> M, we have to make explicit calculations in order to express 

cohomologies iL® GLn+m) and iL® SO {n + m)) through coho¬ 

mologies iL® (M, GLn) , Lf® (M, SO (mi)), ...iL® (M, SO (m^)), , which de¬ 
pends on global topological structures of spaces M and . For general 
bundle and base spaces this requires a cumbersome cohomological calculus. 

6.3.2 Clifford fibration 

Another way of defining the spinor structure is to use Clifford fibrations. 
Consider the principal bundle with the structural group Gr being a sub¬ 
group of orthogonal group O {G ), where G is a quadratic nondegenerate 
form (see(2.12)) defined on the base (also being a bundle space) space . 
The fibration associated to principal fibration P{S^^^,Gr) with a typical 
fiber having Clifford algebra G {G) is, by definition, the Clifford fibration 
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PC . We can always define a metric on the Clifford fibration if 

every fiber is isometric to PC (this result is proved for arbitrary 

quadratic forms G on pseudo-Riemannian bases [245]). If, additionally, 
Gr C SO {G) a global section can be dehned on PC {G). 

Let V Gr) be the set of principal bundles with differentiable base 

and structural group Gr. If g : Gr Gr' is an homomorphism of Lie 
groups and P{S‘^^^,Gr) C V {S"^^^,Gr) (for simplicity in this section we 
shall denote mentioned bundles and sets of bundles as P, P' and respectively, 
V,V'), we can always construct a principal bundle with the property that 
there is as homomorphism / : P' —P of principal bundles which can be 
projected to the identity map of and corresponds to isomorphism g : 
Gr — Gr'. If the inverse statement also holds, the bundle P' is called as the 
extension of P associated to g and / is called the extension homomorphism 
denoted as g. 

Now we can dehne distinguished spinor structures on bundle spaces 
(compare with dehnition 6.3 ). 

Definition 6.4 Let P G V , O {G)) be a prineipal bundle. A dis¬ 
tinguished spinor strueture of P, equivalently a ds-structure of is an 
extension P of P assoeiated to homomorphism h : PinG —> O (G) where 
O (G) is the group of orthogonal rotations, generated by metric G, in bundle 
£<^>. 


So, if P is a spinor structure of the space £'^^^, then 

P eV{£<^>,PinG). 

The dehnition of spinor structures on varieties was given in ref. [65]. In 
Refs. [65] and [66] it is proved that a necessary and sufficient condition for 
a space time to be orientable is to admit a global held of orthonormalized 
frames. We mention that spinor structures can be also dehned on varieties 
modeled on Banach spaces [8]. As we have shown in this subsection, similar 
constructions are possible for the cases when space time has the structure 
of a v-bundle with an N-connection. 

Definition 6.5 A special distinguished spinor structure, ds-structure, of 
principal bundle 

P = P{£<^>, SO (G)) 
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is a principal bundle 


P = P {S<^>, SpinG) 
for which a homomorphism of principal bundles 

p : P ^ P, 


projected on the identity map of and corresponding to representation 


R : SpinG SO (G), 


is defined. 

In the case when the base space variety is oriented, there is a natural 
bijection between tangent spinor structures with a common base. For special 
ds-structures we can dehne, as for any spinor structure, the concepts of spin 
tensors, spinor connections, and spinor covariant derivations (see subsection 
6.6.1 and Refs. [255,275,264]). 

6.4 Almost Complex Spinor Structures 

Almost complex structures are an important characteristic of FT^^-spaces 
and of osculator bundles where ki = 1,2,... . For simplicity 

in this section we restrict our analysis to the case of iF^^-spaces. We can 
rewrite the almost Hermitian metric [160,161], iF^"'-metric ( see considera¬ 
tions from subsection 6.1.1 with respect to metrics and conditions of type 
(6.12) and correspondingly (6.14) ), in complex form [256]: 

G = Hab {z, 0 ® dz\ (6.38) 

where 


= x^ + iy^, z^ = x^ - iy^, Hat {z, z) = g^b {x, y) |^4(S)’ 

and dehne almost complex spinor structures. For given metric (6.38) on 
iF^”-space there is always a principal bundle P^ with unitary structural 
group U(n) which allows us to transform iF^"'-space into v-bundle ~ 
^u{n) This statement will be proved after we introduce complex 
spinor structures on oriented real vector bundles [133]. 
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1 


S0{2n) 





Spiff {2n) 


(6.39) 


Figure 6.3: Diagram 3 

Let us consider momentarily k = C and introduce into consideration 
[instead of the group Spin{n)] the group Spirf (1) being the factor 

group of the product Spin{n) x U (1) with the respect to equivalence 

(l/, 2 :) ~ (-y,-a), y e Spin{m). 

This way we dehne the short exact sequence 

1 —(1) — Spin'^ in) ^ SO (n) 1, 

where {y, a) = {y ). If A is oriented , real, and rank n, 7 -bundle n : 

Ex M”, with base M”, the complex spinor structure, spin structure, on 
A is given by the principal bundle P with structural group Spirf {m) and 
isomorphism A ~ Pxspin<^(n)'Pf ■ For such bundles the categorial equivalence 
can be dehned as 

e" : Tj {M^) [M^) , (6.40) 

where f {E^) = P Aspin<^(n) is the category of trivial complex bundles 
on M”, E^ (M”) is the category of complex v-bundles on M” with action of 
Clifford bundle C (A ), PAspin<^(n) and E'^ is the factor space of the bundle 
product P Xm E^ with respect to the equivalence (p, e) (pg ^^e) ,p e 
P, e G E'^, where g G Spirf (n) acts on E by via the imbedding Spin (n) C 
and the natural action P ( 1 ) C C on complex v-bundle E"^ = 
for bundle > M”. 

Now we return to the bundle A real v-bundle (not being a 

spinor bundle) admits a complex spinor structure if and only if there exist a 
homomorphism a ; U (n) — Spin‘s (2n) making the diagram 3 commutative. 
The explicit construction of a for arbitrary 7 -bundle is given in refs. [133] 
and [22]. For P^^-spaces it is obvious that a diagram similar to (6.39) 
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can be defined for the tangent bnndle which directly points to the 

possibility of defining the '^S'pm-strnctnre on i^'^^-spaces. 

Let A be a complex, rankn, spinor bnndle with 

t: Spin^{n)xz/2U{1) ^U{1) (6.41) 

the homomorphism defined by formula r (A, 5) = <5^. For Pg being the prin¬ 
cipal bundle with fiber Spin'^ (n) we introduce the complex linear bundle 
L (A-) = Ps X Spin‘s (n) C defined as the factor space of x C on equivalence 
relation 

{pt,z) ~ {p,i{ty^ z) , 

where t G Spin^ (n). This linear bundle is associated to complex spinor 
structure on A'^. 

If A"^ and A^ are complex spinor bundles, the Whitney sum A'^ © A'^ is 
naturally provided with the structure of the complex spinor bundle. This 
follows from the holomorphism 

oj' : Spirf (n) x Spin‘s {n') —> Spirf {n + n '), (6.42) 

given by formula [(/?, z ), (/?', z')] —> [a; (/?, {3 '), zz'] , where u is the homomor¬ 
phism making the following diagram 4 commutative. Here, z,z' & U (1). It 

Spin{n) X Spin{n') _ ^Spin{n + n') 

0{n)xO{n') -^ 0{n + n') 


Figure 6.4: Diagram 4 

is obvious that L (^A'^ © A'^'^ is isomorphic to L (A”^) © L . 

We conclude this section by formulating our main result on complex 
spinor structures for P^"'-spaces: 

Theorem 6.3 Let A^ he a eomplex spinor bundle of rank n and H'^^-spaee 
considered as a real vector bundle A^ © A'^ provided with almost complex 
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structure J" multiplication on i is given by 




0 


Then, the dia¬ 


gram 5 is commutative up to isomorphisms and defined as in ( 6 . 4 O), H 


is functor ^ E^®L (A'^) and (M”) is defined by functor Sc (M”) —> 
(M”) given as correspondence E^ ^ A (C”) ® E'^ (which is a catego- 
rial eguivalence), A (C”) is the exterior algebra on C”. W is the real bundle 
© A^ provided with complex structure. 



Figure 6.5: Diagram 5 

Proof: We use composition of homomorphisms 

/i : Spin'^ (fin) A SO (n) -A- U (n) Spin^ (2n) ^z /2 U (1), 

commutative diagram 6 and introduce composition of homomorphisms 

fx : Spin‘s (n) A Spin^ (n) x Spin‘s (n) ^ Spin^ (n ), 

where A is the diagonal homomorphism and is dehned as in (6.42). Using 
homomorphisms (6.41) and (6.42) we obtain formula p(f) = p (t) r (f) . 

Now consider bundle P Xspin<^{n) Spin‘s (2n) as the principal Spin^ (2n)- 
bundle, associated to M © M being the factor space of the product P x 
Spin^ (2n) on the equivalence relation (p, t, h) ~ [p, p (t)~^ h^ . In this case 
the categorial equivalence (6.40) can be rewritten as 

6 (E ) P X 5 pj^c(^^ Spin (2n) Agpj^.fic( 2 n)E 

and seen as factor space of P x Spin^ (2n) Xm E^ on equivalence relation 

(pt, h, e) ~ (p, p {t)~^ h, e) and (p, hi, ^ 2 , e) ~ (p, hi, hf^e^ 
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Spin{2n) C Spirf{2n) 


SO{n) - ^So[2n) 


Figure 6.6: Diagram 6 

(projections of elements p and e coincides on base M). Every element of 
[E^) can be represented as P^spin<^{n)E^i i-e., as a factor space PAE^ 
on equivalence relation {pt, e) ~ (p, (t), e), when t G Sprirf (n). The 

complex line bundle L (A^) can be interpreted as the factor space of 
P Xspin<={n) C on equivalence relation {pt, 6) ~ (^p, r {t)~^ . 

Putting (p, e) 0 (p, 5) (p, Se) we introduce morphism 

(E) X L (A") ^ (A"^) 

with properties {pt, e) 0 {pt, 6) {pt, 6e) = [p^ , 

(^p, {t)~^ 0 (p, I {t)~^ [p^ p'^ (t) r {t)~^ 6e^ pointing to the fact 

that we have dehned the isomorphism correctly and that it is an isomor¬ 
phism on every hber. □ 

6.5 D—Spinor Techniques 

The purpose of this section is to show how a corresponding abstract spinor 
technique entailing notational and calculations advantages can be developed 
for arbitrary splits of dimensions of a d-vector space T = hp © viP © ... © 
VzP-, where dimhJF = n and dimUpjF = rup. For convenience we shall also 
present some necessary coordinate expressions. 

The problem of a rigorous dehnition of spinors on la-spaces (la-spinors, 
d-spinors) was posed and solved [256,255,275] (see previous sections 6.2-6.4 
for generalizations on higher order anisotropic superspaces) in the frame¬ 
work of the formalism of Clifford and spinor structures on v-bundles pro¬ 
vided with compatible nonlinear and distinguished connections and metric. 
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We introduced d-spinors as corresponding objects of the Clifford d-algebra 
C (JF, G), defined for a d-vector space JF in a standard manner (see, for in¬ 
stance, [22]) and proved that operations with C [T^G) can be reduced to 
calculations for C {hT^ g ), C (uiJF, hi),... and C (n^JF, hz ), which are usual 
Clifford algebras of respective dimensions 2"',2”^b--- 2”^^ (if it is nec¬ 

essary we can use quadratic forms g and hp correspondingly induced on 
hJ^ and UpjF by a metric G (6.12)). Considering the orthogonal subgroup 
0(G) C GL{G) dehned by a metric G we can define the d-spinor norm 
and parametrize d-spinors by ordered pairs of elements of Clifford algebras 
C (hJF, g) and C hp) ,p = 1, 2, We emphasize that the splitting of a 
Clifford d-algebra associated to a dv-bundle is a straightforward conse¬ 
quence of the global decomposition (6.3) dehning a N-connection structure 
in 

In this section we shall omit detailed proofs which in most cases are 
mechanical but rather tedious. We can apply the methods developed in 
[180,181,182,154] in a straightforward manner on h- and v-subbundles in 
order to verify the correctness of affirmations. 

6.5.1 Clifford d—algebra, d—spinors and d—twistors 

In order to relate the succeeding constructions with Clifford d-algebras 
[256,255] we consider a la-frame decomposition of the metric (6.12): 

(u) = iti (u) l f> (u) 

where the frame d-vectors and constant metric matrices are distinguished 
as 


j<a> 


{u) 


G 


<a><g> 



■(«) 

0 

0 


0 

(W) 

0 

V 

0 

0 

•• /£(«) 


( ^ 

0 

... 0 \ 

= 

0 

aibi 

0 


1 0 

0 

0 J 

azOz / 
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qr> and are diagonal matrices with = hc-,c-, = ... = h^'r = 

aifei’ ’ a^bz ° aiai a^bz 

± 1 . 

To generate Clifford d-algebras we start with matrix equations 


where / is the identity matrix, matrices (a-objects) act on a d-vector 
space T = hJF © uiJF © ... © and theirs components are distinguished 
as 



/ 

/ 


0 

0 \ 

' 

( \‘"i 


0 


0 





\ tip / 



< 

1 

0 

0 

• (^aj?; ! 

> 


(6.44) 


indices /9,7,... refer to spin spaces of type S = S{h) © S'(^j) © ... © S'(^^) 
and underlined Latin indices j,k,... and bi,Ci, ...,b^,c^... refer respectively 
to h-spin space S(^h) and Vp-spin space (p = 1,2, ...,z) which are cor¬ 
respondingly associated to a h- and Vp-decomposition of a dv-bundle 
The irreducible algebra of matrices of minimal dimension N x N, 

where N = iV(„) + N(^rni) + ••• + dimS(h)=N(n) and dim5(^p)=iV(mp), 

has these dimensions 


N(n) 


2(n-i)/2^ n = 2A; + 1 
2n/2, ^ ^ 2 k; 


and 


N{mp) — 


2 (™p-i)/ 2 , rrip = 2kp + l 
2 ”^^, rrip = 2kp 


where /c = 1 , 2 ,..., /cp = 1 , 2 ,.... 

The Clifford d-algebra is generated by sums on n + 1 elements of form 


AJ + B%+ + ... (6.45) 

and sums of rup + 1 elements of form 


yl2(p)/ + 


+ D 




+ ... 
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with antisymmetric coefficients 

CO = (j[ij] (japbp _ (j\apbp] j^ijk _ £)[ijk] jjapbpCp _ 

^ • f^eally, we^have 2-+i coef¬ 
ficients (^Ai,C^^, ..."j and 2™^+^ coefficients (yl 2 (p), ...) of 

the Clifford algebra on T. 

For simplicity, in this subsection, we shall present the necessary geomet¬ 
ric constructions only for h-spin spaces of dimension Considera¬ 
tions for a v-spin space are similar but with proper characteristics for 
a dimension fV(m). 

In order to define the scalar (spinor) product on S(h) we introduce into 

ecause of a finite number of elements r. 


consideration this finite sum (b 


Yj7v 


and matrices 




err 


t]/ 


[O' 




21 ' 


a- 


ijk' 


(6.46) 


which can be factorized as 


= ^(n) for n = 2k (6.47) 

and 

= 2iV(„)e^e^, = 0 for n = 3{modA), (6.48) 

= 0> = 2A^(„)e^e^ for n = l{modA). 

Antisymmetry of orr^ and the construction of the objects (6.45),(6.46), 
(6.47) and (6.48) define the properties of e-objects and e^ which 

have an eight-fold periodicity on n (see details in [182] and, with respect to 
la-spaces, [256]). 

For even values of n it is possible the decomposition of every h-spin space 
i5(ft)into irreducible h-spin spaces S(/i) and (one considers splitting of 
h-indices, for instance, /= L © L',m = M © M',...; for Vp-indices we shall 
write Op = Ap © Ap, hp = Bp® Bp ,...) and defines new e-objects 

eh2i = 1 ^(-) = \ ^~) (6.49) 

We shall omit similar formulas for e-objects with lower indices. 
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We can verify, by using expressions (6.48) and straightforward calcula¬ 
tions, these parametrizations on symmetry properties of e-objects (6.49) 


^ Im _ 


^LM ^ ^ML 

0 


0 


and e^-^ = 


Q ~LM ^ -ML j forn = 0(mod8); 

(6.50) 


to _- (-) Irn ^ rni {+) Im ^ q 

2 


^ Im _ 




0 0 
0 


= = gml forn = l(mod8); 

/ Q ^LM' ^ _.M'L \ 

and = ( g g j for n = 2{mod8)] 


^to _ __{+)^lrn ^ _^rnl^ {-)^Irn ^ g^ 


ghn = ^ _gmZ fo^ ^ _ 3(mod8); 




eLM = _^ML g 


and 


g ^m _ 


0 = -e^L j forn = 4(mod8); 


e— = ^e— = -e—, where fo^e— = 0, and 


Jm _ _ ^ (—) Im _ _ ml 


^ Im _ 


efo^ = --(-)efo^ = -e^ for n = 5(mod8); 


0 0 

.L'M g 


and efo^ = 


-LM' _ ^M'L 


0 =e 


0 


0 


for n = 6 {mod8)] 


ghn = _{-)^i 2 n ^ ml ^here ^^e^^ = 0, and 
2 


efo^ = --(-)efo^ = ^foTn = 7{mod8). 

Let denote reduced and irreducible h-spinor spaces in a form pointing to 
the symmetry of spinor inner products in dependence of values n = 8k + I 
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{k = 0,1,2,...;/ = 1,2, ...7) of the dimension of the horizontal subbundle 
(we shall write respectively A and o for antisymmetric and symmetric inner 
products of reduced spinors and <0 = (A, o) and <) = (o. A) for correspond¬ 
ing parametrizations of inner products, in brief i.p., of irreducible spinors; 
properties of scalar products of spinors are dehned by e-objects (6.50); we 
shall use A for a general i.p. when the symmetry is not pointed out): 


S{h) {8k) = So © S^,; 


(6.51) 


<S{h) {8k + 1) — ^ (i .p. is dehned by an ^ ^e-object); 

c (Ri’ _L o'! J So), or 

6(fe) (8A; + 2) = I , _ , , , , 

<S{h) {8k + 3) = {i.p. is dehned by an e-object); 

<S{h) {8k + 4) = Sa © Sa; 

S(h) {8k + 5) = iSa ^ {i.p. is dehned by an ^~^e-object), 
o I r (So? So)? 

‘^{h) {8k + 6) { _ /q, q, X 


<S(h) {8k + 7) = {i.p. is dehned by an ^’'"^e-object). 

We note that by using corresponding e-objects we can lower and rise in¬ 
dices of reduced and irreducible spinors (for n = 2, 6{mod4:) we can exclude 
primed indices, or inversely, see details in [180,181,182]). 

The similar v-spinor spaces are denoted by the same symbols as in (6.51) 
provided with a left lower mark ”|” and parametrized with respect to the 
values m = 8>k' + / (k’=0,l,...; 1=1,2,...,7) of the dimension of the vertical 
subbundle, for example, as 


^{vp){8k') — S[o © Sjo,iS(^p) {8>k + 1) — 5|^o ^ ••• 

We use ” ~”-overlined symbols, 

S^n) {8k) = So © K,S(h) {8k + 1) = ... 

and 

4,,(8«:') = S|„ @ {Sk' + 1) = ... 


(6.52) 


(6.53) 

(6.54) 
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respectively for the dual to (6.50) and (6.51) spinor spaces. 

The spinor spaces (6.50)-(6.54) are called the prime spinor spaces, in 
brief p-spinors. They are considered as building blocks of distinguished, for 
simplicity we consider (n, mi)-spinor spaces constructed in this manner: 

^5(00,00) = So © © Sjo © SJ„ ,5(00,0!°) = So © s'„ © S[o © Sj„, (6.55) 

5(oo,r°) = So © S'o © Sjo © S|o,5(o|°°°) = So © S'o © Sjo © Sjo, 

5 (a,a ) = 5 ^’ ® S|<© ^(a * ) = ©’ ® S'l*. 

5(Ar,s) = Sa ® So' ® S|A, s(Ar,*) = Sa ® s;' ® sy 


Considering the operation of dualization of prime components in (6.55) we 
can generate different isomorphic variants of distinguished (n, mi)-spinor 
spaces. If we add anisotropic ’’shalls” with m 2 ,..., ■m2, we have to extend 
correspondingly spaces (6.55), for instance, 

5(00,00(1)) •••)Oo(p) ) •••)Oo(2) ) So © So © S|(l)o © S|^2^^0 © ••• 

©S|(p)o © Sj(p)o © ••• © S|(z;)o © Sj(2)o, 

and so on. 

We dehne a d-spinor space S(n,mi) as a direct sum of a horizontal and 
a vertical spinor spaces of type (6.55), for instance, 

S(8k,8k') = So © S'o © S|o © Sjo, 5(8fc,8fc'+l) = So © S'o © 5f“\ ..., 

‘5(8fc+4,8fc'+5) = Sa © S'^ © 5jj^\ ... 

The scalar product on a S(n,mi) is induced by (corresponding to hxed values 
of n and mi ) e-objects (6.50) considered for h- and vi-components. We 
present also an example for S(n,mi+...+m;,) ■ 


‘5(8fe-l-4,8fc(i)-l-5,...,8fc(p)+4,...8A:('2p 
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Sa © © ‘5|^(ijA ® ••• ® ^l(p)A ® S|(p)A ® ••• ® S|(2)o ® 

Having introduced d-spinors for dimensions {n,mi + ... + ruz) we can 
write out the generalization for ha-spaces of twistor equations [181] by using 
the distinguished a-objects (6.44): 


O', 




600^ 


■■7 


6uj^ 


{<a>j 


- n + mi + ... + mz 




where 


(3 denotes that we do not consider symmetrization on this 


The general solution of (6.56) on the d-vector space T looks like as 


0 ;^= + «<“>( a 


<o> 


)^-n^ 


(6.56) 

index. 


(6.57) 


where and H- are constant d-spinors. For hxed values of dimensions n 
and m = mi+...m^ we mast analyze the reduced and irreducible components 
of h- and Vp-parts of equations (6.56) and their solutions (6.57) in order to 
hud the symmetry properties of a d-twistor Z“ dehned as a pair of d-spinors 


Z“ = (o;^,7ry, 

where = tt® G is a constant dual d-spinor. The problem 

of dehnition of spinors and twistors on ha-spaces was hrstly considered in 
[275] (see also [246,250]) in connection with the possibility to extend the 
equations (6.57) and theirs solutions (6.58), by using nearly autoparallel 
maps, on curved, locally isotropic or anisotropic, spaces. In this subsection 
the dehnition of twistors have been extended to higher order anisotropic 
spaces with trivial N- and d-connections. 


6.5.2 Mutual transforms of d-tensors and d-spinors 

The spinor algebra for spaces of higher dimensions can not be considered 
as a real alternative to the tensor algebra as for locally isotropic spaces of 
dimensions n = 3,4 [180,181,182]. The same holds true for ha-spaces and 
we emphasize that it is not quite convenient to perform a spinor calculus for 
dimensions n, m >> 4. Nevertheless, the concept of spinors is important for 
every type of spaces, we can deeply understand the fundamental properties 
of geometical objects on ha-spaces, and we shall consider in this subsection 
some questions concerning transforms of d-tensor objects into d-spinor ones. 
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Transformation of d-tensors into d-spinors 

In order to pass from d-tensors to d-spinors we must use a-objects (6.44) 
written in reduced or irreduced form (in dependence of fixed values of 
dimensions n and m ): 




(6.58) 


It is obvious that contracting with corresponding cr-objects (6.58) we can 
introduce instead of d-tensors indices the d-spinor ones, for instance, 




■u 


<a> 


, CJaB' — (o'^“^)aB'<^ 


<a>) 




For d-tensors containing groups of antisymmetric indices there is a more 
simple procedure of theirs transforming into d-spinors because the objects 

... (6.59) 

can be used for sets of such indices into pairs of d-spinor indices. Let us 
enumerate some properties of a-objects of type (6.59) (for simplicity we 
consider only h-components having q indices i,j, k ,... taking values from 1 
to n; the properties of Vp-components can be written in a similar manner 
with respect to indices dp, bp, Cp... taking values from 1 to m): 


((T'^ ^) 


kl 


IS 


symmetric on k,l for n — 2g = 1, 7 {mod 8); 
antisymmetric on k, / for n — 2g = 3, 5 {mod 8) 


for odd values of n, and an object 



(6.60) 


is 


or 


symmetric on J, J {!', J') for n — 2g = 0 {mod 8); 
antisymmetric on J, J (/', J') for n — 2q = 4 {mod 8) 




n + 2q = 6{mod8)] 
n + 2q = 2{mod8), 


(6.61) 

(6.62) 


with vanishing of the rest of reduced components of the d-tensor (ay y)— 
with prime/unprime sets of indices. 
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Transformation of d-spinors into d-tensors; fundamental d-spinors 

We can transform every d-spinor into a correspond¬ 

ing d-tensor. For simplicity, we consider this construction only for a h- 
component on a h-space being of dimension n. The values 



(n is odd) 

(6.63) 

or 

i/j l^or {n is even) 

(6.64) 

with a different number of indices taken together, dehnes the h-spinor 

to an accuracy to the sign. We emphasize that it is necessary to choose 
only those h-components of d-tensors (6.63) (or (6.64)) which are symmetric 
on pairs of indices gj3 (or IJ (or I'J' )) and the number q of indices i...j 
satishes the condition (as a respective consequence of the properties (6.60) 
and/or (6.61), (6.62)) 


n — 2g = 0,1, 7 {mod 8). 

(6.65) 

Of special interest is the 

case when 



1 

g = - (n ± 1) (n is odd) 

(6.66) 

or 

q = -n {n is even). 

(6.67) 


If all expressions (6.63) and/or (6.64) are zero for all values of q with the 
exception of one or two ones dehned by the conditions (6.65), (6.66) (or 
(6.67)), the value (or is called a fundamental h-spinor. Dehning in 

a similar manner the fundamental v-spinors we can introduce fundamental 
d-spinors as pairs of fundamental h- and v-spinors. Here we remark that a 
h(vp)-spinor (,^“p) (we can also consider reduced components) is always 
a fundamental one for n{m) < 7, which is a consequence of (6.67)). 

Finally, in this section, we note that the geometry of fundamental h- and 
v-spinors is similar to that of usual fundamental spinors (see Appendix to 
the monograph [182]). We omit such details in this work, but emphasize that 
constructions with fundamental d-spinors, for a la-space, must be adapted 
to the corresponding global splitting by N-connection of the space. 
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6.6 Differential Geometry of D—Spinors 

This section is devoted to the differential geometry of d-spinors in higher 
order anisotropic spaces. We shall use denotations of type 

v<^> = G 


and 

= (C-p,C-^’) e 

for, respectively, elements of modules of d-vector and irreduced d-spinor 
helds (see details in [256]). D-tensors and d-spinor tensors (irreduced or 
reduced) will be interpreted as elements of corresponding cr-modules, for 
instance. 


„<o> ^ ^1,-^ -p 

—P 


e a 



Ipl'v 

JpK^N^ 


e a 


Ipl'v 

JpK'^N^ > ••• 


We can establish a correspondence between the la-adapted metric gafs 
(6.12) and d-spinor metric ( e-objects (6.50) for both h- and Vp-subspaces 
of 8"^^^ ) of a ha-space 8^^^ by using the relation 


- ^ 

g<a><0> N{n) + N{mi) + ... + N{mz)^ 

((<7 (<a> {u))^{a </3>) (u) )--)ea2^gs, 

where 

(6-69) 

which is a consequence of formulas (6.43)-(6.50). In brief we can write (6.68) 
as 

9 <a><0> (6.70) 

if the (T-objects are considered as a hxed structure, whereas e-objects are 
treated as caring the metric ’’dynamics ” , on la-space. This variant is used, 
for instance, in the so-called 2-spinor geometry [181,182] and should be 
preferred if we have to make explicit the algebraic symmetry properties of 
d-spinor objects by using metric decomposition (6.70). An alternative way 
is to consider as hxed the algebraic structure of e-objects and to use variable 
components of a-objects of type (6.69) for developing a variational d-spinor 
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approach to gravitational and matter field interactions on ha-spaces ( the 
spinor Ashtekar variables [20] are introduced in this manner). 

We note that a d-spinor metric 

' etj 0 

e — ^ ^- 1 - 

^ 0 0 

on the d-spinor space S = can have symmetric or an¬ 

tisymmetric h (vp) -components (ea^fep) , see e-objects (6.50). For sim¬ 
plicity, in this section (in order to avoid cumbersome calculations connected 
with eight-fold periodicity on dimensions n and rup of a ha-space we 

shall develop a general d-spinor formalism only by using irreduced spinor 
spaces and 



6.6.1 D-covariant derivation on ha—spaces 

Let be a ha-space. We define the action on a d-spinor of a d-covariant 
operator 

V<«> = (V„ V<a>) = = 


(in brief, we shall write 

V<a> = V“l“2 = (Vliij, V(1 )£i£ 2, ..., V(p)“i“2, ..., V(2)iil£2)) 


as maps 


V7 /9 a _ t - 

VqjQ2 • ^ ^<a> — <^«i02 ~ 


/ 0 _ p 0 _ i_ a _ i. a _ p 

*^(1)01 “ ■■■’ ’^(php ~ ‘^(p)«i«2’ ■■■’ “ ‘^b)“i«2 

satisfying conditions 


V<«>(e^ + r/^) = V<„>e^ +V<«>r/^, 
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and 


for every € o- and / being a scalar field on It is also required 

that one holds the Leibnitz rule 

{^<a>C0)V^ = V<a>{C0V^) - Cp^<a>V^ 

and that V<a> is a real operator, i.e. it commuters with the operation of 
complex conjugation: 


Let now analyze the question on uniqueness of action on d-spinors of 
an operator V<q> satisfying necessary conditions . Denoting by V<^> and 
V<a> two such d-covariant operators we consider the map 

(Vl3i> - V<„>) : (6.71) 

Because the action on a scalar / of both operators and Vq, must be 
identical, i.e. 

vl3L/ = v<,>/, 

the action (6.71) on / = must be written as 


(VS> - V<„>)(o;^e^) = 0. 


y 'y 

In consequence we conclude that there is an element &a a if ^ a f 
which 


and 


(6^72) 


The action of the operator (6.71) on a d-vector can be written 

by using formula (6.72) for both indices {3^ and (3^ : 


(V 


S> - V<„>)n^i^2 = 0 


<o>7 


■1 ff, 


+ 0 


<Q>7 


■2 = 
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where 


Q= (f'-’ 2,1. = e<«>2/2, + -‘^ (6-73) 

The d-commutator V[<a>V</ 3 >] dehnes the d-torsion (see (6.23)-(6.25) and 
(6.30)). So, applying operators and V[<«>V</ 3 >] on / = 

we can write 


^(i)<7> _ rp<^> _ f)<^> _ r)<^> 

<a><l3> <a><p> V <l3><a> V <a><l3> 

with Q^^a><f 3 > (6.73). 

The action of operator V<^> on d-spinor tensors of type 
must be constructed by using formula (6.72) for every upper index 
and formula (6.73) for every lower index aia 2 a^... . 


6.6.2 Infeld—van der Waerden d—coefficients 


Let 




I 

N(m) 


be a d-spinor basis. The dual to it basis is denoted as 

e OL _ (s: ir 2 r e 1 e 2 r \ 

^a_ 1 1 1 '"I 1 i '"i ^i_ J 


A d-spinor k- G a - has components k— = k-6 ^ —. Taking into account 
that 

-y -Va^ = Vag, 

we write out the components V^/? kX as 

- <^2 - = 6^^6r- V^K^+K^ 6e - ^ = 

(6.74) 

'Y 

where the coordinate components of the d-spinor connection 7 “^^ are de- 
hned as 

= 4 - Vagy (6.75) 
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We call the Infeld - van der Waerden d-symbols a set of a-objects (aa)—- 
parametrized with respect to a coordinate d-spinor basis. Dehning 

V<a> = (o'<a>)^ V^, 


introducing denotations 


7-<«>x = (o-<«>)^ 

and using properties (6.74) we can write relations 

‘Tc> h_ - 72 ^^, ( 676 ) 

and 

^<oc> ^/3 V<Q,> /i^ = V<ct> ~ h57 <a.>l3 (6.77) 

for d-covariant derivations Va/t- and 

We can consider expressions similar to (6.76) and (6.77) for values having 
both types of d-spinor and d-tensor indices, for instance, 

'25 '25 7 - r 25. 

(we can prove this by a straightforward calculation). 

Now we shall consider some possible relations between components of 
d-connections ^ ^<a><x> and derivations of (ct<q,>)—- . Ac¬ 

cording to dehnitions (6.12) we can write 


P<Q!> _ ;<«>y7 7<a> 

<P><T> ~ ^<o> ^ <~f>''<P> 


/<:>e4^V<.,>(a<p>)^ + /<:>(a<^>)^(5/V<.,><5/ + <5/V<.,><5/) = 
V<^>(a<p>)^ + + 5/V<.,><5/), 

where /<“> = (cr^)^"^ , from which it follows 
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Connecting the last expression on /3 and ^ and using an orthonormalized 
d-spinor basis when 

= 0 

(a consequence from (6.75)) we have 

'1 <~f>gL 

N{n) + iV(mi) + ... + N{m,) ^ ^<^>{(^<p>)—), 

(6.78) 

where 

r-<,> sg = (6.79) 

We also note here that, for instance, for the canonical (see (6.18) and (6.19)) 
and Berwald (see (6.20)) connections, Christoffel d-symbols (see (6.21)) 
we can express d-spinor connection (6.79) through corresponding locally 
adapted derivations of components of metric and N-connection by intro¬ 
ducing corresponding coefficients instead of in (6.79) and than in 

(6.78). 

6.6.3 D—spinors of ha—space curvature and torsion 

The d-tensor indices of the commutator (6.29), can be trans¬ 

formed into d-spinor ones: 

= (a<“><^>)^A„^ = (Dy, D^) = (6.80) 

with h- and Vp-components, 

□y = (o'^“^^^^)yA<a></3> and = (a<“><^>)^A<c,></ 3 >, 

being symmetric or antisymmetric in dependence of corresponding values 
of dimensions n and nip (see eight-fold parametizations (6.50) and (6.51)). 
Considering the actions of operator (6.80) on d-spinors and we intro- 

■y 

duce the d-spinor curvature as to satisfy equations 

ttI = -^TT^ (6.81) 
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and 


/^7 gJ3l-^§.- 

The gravitational d-spinor is defined by a corresponding symmetriza- 

tion of d-spinor indices: 

^ (6.82) 

'I 

We note that d-spinor tensors and ^gj 3 'y 5 _ are transformed into sim¬ 

ilar 2-spinor objects on locally isotropic spaces [181,182] if we consider van¬ 
ishing of the N-connection structure and a limit to a locally isotropic space. 

Putting ^7 - instead of fj,^ in (6.81) and using (6.82) we can express 
respectively the curvature and gravitational d-spinors as 

^■ySad ~ 

and 

The d-spinor torsion ^ is defined similarly as for d-tensors (see 

(6.30)) by using the d-spinor commutator (6.80) and equations 

a^J = T-'-^ 

The d-spinor components ^ gji of the curvature d-tensor ^ 
can be computed by using relations (6.79), and (6.80) and (6.82) as to satisfy 
the equations (the d-spinor analogous of equations (6.31) ) 




■ 1±2 ^ 

g]3 ^ 7 , 7 , 


= R 


here d-vector V-R'^ is considered as a product of d-spinors, i.e. = 

We find 


-V = {r % + 3^’^" aa 'I-' I.M.) h, -’ + 


(6.83) 
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It is convenient to use this d-spinor expression for the curvature d-tensor 


P -1-2 _ f -y _1_ rpZlL2 


^1^2010.2 ^ ^ 2;iZ27i) ^22 


, y ^2 I rpZlZ2 ^A2 I A -1 

“i«2^i^2 ^ ^ ^ 1 ^ 2 X 2 ) ^ll 

in order to get the d-spinor components of the Ricci d-tensor 


1 5 -1 

2I2 J h 


Ri72«1«2 -^7i72 «1«2^R2 


^ ^1 I '-pT.lT.2 

Xi ^ 1 ^ 2 ^ 112 ”^ 


y^l -\-X \rTiZlZ2 

1 'T . 'T I f\ - r\ ^ R - 'yj 


^2^ll2 ^1^27^ "^72 ^1^2^172 


A 7-^ 

0l027ii2 ' 112:272 


and this d-spinor decomposition of the scalar curvature: 


(6.84) 




^I.lI.2—\ —2 S^ 


+ T-'-^ 7 -“ . (6.85) 

Putting (6.84) and (6.85) into (6.34) and, correspondingly, (6.35) we hnd 
the d-spinor components of the Einstein and *h<a></ 3 > d-tensors: 


r< — n — (y -1 -I- T-i-2 0/-1 

^ <7><“> '-^7^72«i« 2 7^ Qia25i72 QLiQL2hl2 ^ ^ 1 ^ 2 X 1 


X 

X 2 “i«2^i72 


+ T-1-" r 7^2 

' a.^Oiry'y I 


' ^ 1 ^ 2 X 2 


V - r^^litl 0.2 , mlll2^1 ^2 , 

j^7i«l^72«2l"^ hl^2 ^ ^2hl ^ lll2^1 

y0.2t2-i rpl.lZ.2 0201 &2 1 


x-^-- 


. t-12.12.2 £ 12 X 1 £2 

,£l 0, ^ 2 '^ 1.1Z202- 


(6.86) 


<T) — d) —_p p -2 -I- 

^<7><a> ^7 7 a, 02 ~ nf \ 1 1 5 ^ 7 , “i ^■7 02 0 U 0 ' 

j.i£2-i-2 2[n + rui + ... + mz) —i - 1-2 


mlll2di ^2 ^£^1 , ^^2££2^1 

^ ^2hl ^ lll2^1 + 


nlll2 0.201 &2 


0. ^2 ^ lll2^2 


Irw ^1 


fX -L q~'-i-2 ^£1 I 

L Ii mfe^l72 0102^172 ^ lll27i 
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V -2 rpZ^T^ X 

22 «1«2^i 22 “l“2li^2 ’ ^ 1 ^ 2 X 2 


(6.87) 


The components of the conformal Weyl d-spinor can be computed by 
putting d-spinor values of the curvature (6.83) and Ricci (6.84) d-tensors 
into corresponding expression for the d-tensor (6.33). We omit this calculus 
in this work. 


6.7 Field Equations on Ha-Spaces 

The problem of formulation gravitational and gauge held equations on dif¬ 
ferent types of la-spaces is considered, for instance, in [161,29,18] and [272]. 
In this section we shall introduce the basic held equations for gravitational 
and matter held la-interactions in a generalized form for generic higher order 
anisotropic spaces. 

6.7.1 Locally anisotropic scalar field interactions 

Let (p (u) = {ipi (u) ,ip 2 {u)',...,(pk (u)) be a complex k-component scalar held 
of mass fi on ha-space . The d-covariant generalization of the confor¬ 
mally invariant (in the massless case) scalar held equation [181,182] can 
be dehned by using the d’Alambert locally anisotropic operator [11,262] 
□ = where /!<«> is a d-covariant derivation on satisfy¬ 

ing conditions (6.14) and (6.15) and constructed, for simplicity, by using 
Christohel d-symbols (6.21) (all formulas for held equations and conserva¬ 
tion values can be deformed by using corresponding deformations d-tensors 
from the Cristohel d-symbols, or the canonical d-connection to a 
general d-connection into consideration): 

(° + + /^^)a(w) = 0, (6.88) 

where ue = n + mi + ... +mz.'We must change d-covariant derivation D^a> 
into ^D^a> = D<a> + *eA<a> and take into account the d-vector current 

(m) = {u) D^a>P> {u) - {u))p> {u)) 

if interactions between locally anisotropic electromagnetic held ( d-vector 
potential A<q,> ), where e is the electromagnetic constant, and charged 
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scalar field (p are considered. The equations (6.88) are (locally adapted to 
the N-connection structure) Euler equations for the Lagrangian 

(m) = 



g<°'><^>S<a>P> (u) (u) 



He — 2 \ 

4(n£; - l)y 


p>{u)<p{u) , 

(6.89) 


where l^f] = detg<a><p>- 

The locally adapted variations of the action with Lagrangian (6.89) on 
variables p> (u) and ^ (m) leads to the locally anisotropic generalization of 
the energy-momentum tensor, 


^<a></3> (“) = («) (w) + 


d<p><p {u) 6^c,><~P {u) 



(6.90) 


and a similar variation on the components of a d-metric (6.12) leads to a 
symmetric metric energy-momentum d-tensor, 


E 


( 0 ) 

<a><l3> 


(«) = E 


( 0 ,can) 

{<a><f3>) 


H- 


(6.91) 


He-2 

2{nE - 1) 


R{<a><p>) + -D(<a>/l</3>) 


9<a><P>^ 


ip ( m ) ip ( m ) . 


Here we note that we can obtain a nonsymmetric energy-momentum d- 
tensor if we hrstly vary on G^a></ 3 > and than impose constraints of type 
(6.10) in order to have a compatibility with the N-connection structure. We 
also conclude that the existence of a N-connection in dv-bundle results 
in a nonequivalence of energy-momentum d-tensors (6.90) and (6.91), non¬ 
symmetry of the Ricci tensor (see (6.29)), nonvanishing of the d-covariant 
derivation of the Einstein d-tensor (6.34), D^a> G ^ 0 and, in con¬ 

sequence, a corresponding breaking of conservation laws on ha-spaces when 
7 ^ 0 . The problem of formulation of conservation laws on la- 
spaces is discussed in details and two variants of its solution (by using nearly 
autoparallel maps and tensor integral formalism on locally anisotropic and 
higher order multispaces) are proposed in [262] (see Chapter 8). In this sec¬ 
tion we shall present only straightforward generalizations of held equations 
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and necessary formulas for energy-momentum d-tensors of matter fields on 
considering that it is naturally that the conservation laws (usually 
being consequences of global, local and/or intrinsic symmetries of the fun¬ 
damental space-time and of the type of held interactions) have to be broken 
on locally anisotropic spaces. 


6.7.2 Proca equations on ha—spaces 

Let consider a d-vector held <p<a> (m) with mass /i^ (locally anisotropic 
Proca held ) interacting with exterior la-gravitational held. From the La- 
grangian 


(w) = \[\9 




<a><l3> 


(w)/ 


<a><l3> 


(u) + /i (u) (m) 


(6.92) 

where f<,a><i 3 > = D^a><^<i 3 > —-D</ 3 ><p<o>, one follows the Proca equations 
on higher order anisotropic spaces 


(w) + («) = 0. (6.93) 


Equations (6.93) are a hrst type constraints for P = 0. Acting with D^a> 
on (6.93), for /i 7 ^ 0 we obtain second type constraints 

(m) = 0. (6.94) 


Putting (6.94) into (6.93) we obtain second order held equations with 
respect to <p<Q,> : 


□ (m) -h {u) + ll^(p<a> {u) = 0. (6.95) 

The energy-momentum d-tensor and d-vector current following from the 
(6.95) can be written as 


r(i) 

^<a></3> 


U = 


if 


/< 


<i3><T>J <Oi><e> 


+ f 


<«><£> 


f<P><T>) + 



^<I3> T fP<a^ 


g<a><p> ^( 1 ) 


(«). 
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and 


J<1> iu) = i [f<a><0> (w) (w) - (w) f<a><0> {u)) . 

For /i = 0 the d-tensor /<«></?> and the Lagrangian (6.92) are invariant 
with respect to locally anisotropic gauge transforms of type 

^<a> (u) ^<a> (u) + 5<a>A (ti) , 

where A [u) is a d-differentiable scalar function, and we obtain a locally 
anisotropic variant of Maxwell theory. 


6.7.3 Higher order anisotropic gravitons 

Let a massless d-tensor held h<o></ 3 > (m) is interpreted as a small perturba¬ 
tion of the locally anisotropic background metric d-held g<a><p> iu). Con¬ 
sidering, for simplicity, a torsionless background we have locally anisotropic 
Fierz-Pauli equations 

nh<a></3> {u) + ‘2R<r><a><f3><u> («) (m) = 0 

and d-gauge conditions 

{u) =0, h {u) = (u) = 0, 

where R<T><a><i 3 ><v> {u) is curvature d-tensor of the la-background space 
(these formulae can be obtained by using a perturbation formalism with re¬ 
spect to h<a></ 3 > (m) developed in [94]; in our case we must take into account 
the distinguishing of geometrical objects and operators on ha-spaces). 


6.7.4 Higher order anisotropic Dirac equations 

Let denote the Dirac d-spinor held on as ip {u) = {ip- {u)) and consider 
as the generalized Lorentz transforms the group of automorphysm of the 
metric (see the ha-frame decomposition of d-metric (6.12), (6.68) 

and (6.69) ).The d-covariant derivation of held tp {u) is written as 



5<a> + {u) /<«> (u) 




(6.96) 
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where coefficients generalize for ha-spaces 

the corresponding Ricci coefficients on Riemannian spaces [79]. Using a- 
objects (m) (see (6.44) and (6.60)-(6.62)) we dehne the Dirac equations 
on ha-spaces: 

which are the Euler equations for the Lagrangian 

£(1/2) (m) (m) (m) - 

(V<a>^/>+ (M))a<"> (m) ij (m)] - {u) ij (m)}, (6.97) 

where {u) is the complex conjugation and transposition of the column 
ij{u). 

From (6.97) we obtain the d-metric energy-momentum d-tensor 

^<a?</ 3 > (“) = (“) (“) {u)+ij^ (u) a<i 3 > {u) (m) - 

(V <a> (m))ct<^> (m) tp {u) - {u)) ^<a.> {u)p){u)\ 

and the d-vector source 

j<i> {u) = pj^ {u) a^a> {u) p) {u). 

We emphasize that la-interactions with exterior gauge helds can be in¬ 
troduced by changing the higher order anisotropic partial derivation from 
(6.96) in this manner: 

Sci ^ *h 5 

where e* and are respectively the constant d-vector potential of locally 
anisotropic gauge interactions on higher order anisotropic spaces (see [272] 
and the next subsection). 

6.7.5 D—spinor locally anisotropic Yang—Mills fields 

We consider a dv-bundle Be, tib ■ B ^ , on ha-space Addi¬ 

tionally to d-tensor and d-spinor indices we shall use capital Greek letters, 
<h, T, S, 4',... for hbre (of this bundle) indices (see details in [181,182] for 
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the case when the base space of the v-bundle tib is a locally isotropic space- 
time). Let V<Q> be, for simplicity, a torsionless, linear connection m. Be 
satisfying conditions: 

: T® ^ [or E® ^ J , 

Y<„> (a® + IT®) = V<„A® + 

Y<o> (/A®) = A®Y<„>/ + /Y<„>A®, / e T® [or S®], 

where by T® f:^®! we denote the module of seetions of the real (eomplex) v- 
bundle Be provided with the abstract index 0. The curvature of connection 
is dehned as 

^<a><p>n^ ~ A". 

For Yang-Mills helds as a rule one considers that Be is enabled with a 
unitary (complex) structure (complex conjugation changes mutually the up¬ 
per and lower Greek indices). It is useful to introduce instead of 
a Hermitian matrix B^a><p>n — * ^<a><^>n connected with components 
of the Yang-Mills d-vector potential according the formula: 

2^<a><P>'E ~ ^[<«>-®</3>]E: ~ *-^[<q>|A1-®</3>]S) (6.98) 

where the la-space indices commute with capital Greek indices. The gauge 
transforms are written in the form: 


B<ate - ® 

P ‘J’l_xP ^ _ T? ^ “ 

-C<a></3>S ^<a><l3>E ~ VS ’ 

where matrices * and “ are mutually inverse (Hermitian conjugated 
in the unitary case). The Yang-Mills equations on torsionless la-spaces [272] 
(see details in the next Ghapter) are written in this form: 

Y7<a> p _ T ^ 

-C<o></3>0 ~ ®'</3> e ) 


^[<a>-^</3><7>]0 0- 
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(6.99) 

( 6 . 100 ) 



We must introduce deformations of connection of type > Vq,+Pq,, (the 

deformation d-tensor is induced by the torsion in dv-bundle Be) into the 
dehnition of the curvature of ha-gauge helds (6.98) and motion equations 
(6.99) and (6.100) if interactions are modeled on a generic ha-space. 

6.7.6 D—spinor Einstein—Cartan equations 

Now we can write out the held equations of the Einstein-Cartan theory in 
the d-spinor form. So, for the Einstein equations (6.34) we have 

with from (6.86), or, by using the d-tensor (6.87), 

R\ K 

*^Ill2-l-2 2 ~ ~2 -1-2-1-2’ 

which are the d-spinor equivalent of the equations (6.35). These equations 
must be completed by the algebraic equations (6.36) for the d-torsion and 
d-spin density with d-tensor indices changed into corresponding d-spinor 
ones. 


6.8 Outlook on Ha—Spinors 

We have developed the spinor differential geometry of distinguished vector 
bundles provided with nonlinear and distinguished connections and metric 
structures and shown in detail the way of formulation the theory of funda¬ 
mental held (gravitational, gauge and spinor) interactions on generic locally 
anisotropic spaces. 

We investigated the problem of dehnition of spinors on spaces with 
higher order anisotropy. Our approach is based on the formalism of Clif¬ 
ford d-algebras. We introduced spinor structures on ha-spaces as Clihord 
d-module structures on dv-bundles. We also proposed the second dehnition, 
as distinguished spinor structures, by using Clihord hbrations. It was shown 
that i7^”-spaces admit as a proper characteristic the almost complex spinor 
structures. We argued that one of the most important properties of spinors 
in both dv-bundles with compatible N-connection, d-connection and metric 
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and in i!f^”-spaces is the periodicity 8 on the dimension of the base and on 
the dimension of the typical hber spaces. 

It shonld be noted that we introdnced [256,255,275] d-spinor strnctnres 
in an algebraic topological manner, and that in onr considerations the com¬ 
patibility of d-connection and metric, adapted to a given N-connection, 
plays a crncial role. The Yano and Ishihara method of lifting of geomet¬ 
rical objects in the total spaces of tangent bnndles [295] and the general 
formalism for vector bnndles of Miron and Anastasiei [160,161] clearing np 
the possibility and way of dehnition of spinors on higher order anisotropic 
spaces. Even a straightforward dehnition of spinors on Finsler and Lagrange 
spaces, and, of course, on various theirs extensions, with general noncom¬ 
patible connection and metric structures, is practically impossible (if spinors 
are introduced locally with respect to a given metric quadratic form, the 
spinor constructions will not be invariant on parallel transports), we can 
avoid this difficulty by lifting in a convenient manner the geometric ob¬ 
jects and physical values from the base of a la-space on the tangent bundles 
of V- and t-bundles under consideration. We shall introduce correspond¬ 
ing discordance laws and values and dehne nonstandard spinor structures 
by using nonmetrical d-tensors (see such constructions for locally isotropic 
curved spaces with torsion and nonmetricity in [154]). 

The distinguishing by a N-connection structure of the multidimensional 
space into horizontal and vertical subbundles points out to the necessity 
to start up the spinor constructions for la-spaces with a study of distin¬ 
guished Clifford algebras for vector spaces split into h- and v-subspaces. 
The d-spinor objects exhibit a eight-fold periodicity on dimensions of the 
mentioned subspaces. As it was shown in [256,255], see also the sections 
6.2 -6.4 of this work, a corresponding d-spinor technique can be developed, 
which is a generalization for higher dimensional with N-connection structure 
of that proposed by Penrose and Rindler [180,181,182] for locally isotropic 
curved spaces, if the locally adapted to the N-connection structures d-spinor 
and d-vector frames are used. It is clear the d-spinor calculus is more te¬ 
dious than the 2-spinor one for Einstein spaces because of multidimensional 
and multiconnection character of generic ha-spaces. The d-spinor differen¬ 
tial geometry formulated in section 6.6 can be considered as a branch of the 
geometry of Clifford fibrations for v-bundles provided with N-connection, 
d-connection and metric structures. We have emphasized only the fea- 
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tures containing d-spinor torsions and curvatures which are necessary for 
a d-spinor formulation of la-gravity. To develop a conformally invariant d- 
spinor calculus is possible only for a particular class of ha-spaces when the 
Weyl d-tensor (6.33) is defined by the N-connection and d-metric structures. 
In general, we have to extend the class of conformal transforms to that of 
nearly autoparallel maps of ha-spaces (see [275,276,279,263] and Chapter 8 
in this monograph). 

Having hxed compatible N-connection, d-connection and metric struc¬ 
tures on a dv-bundle we can develop physical models on this space 

by using a covariant variational d-tensor calculus as on Riemann-Cartan 
spaces (really there are specihc complexities because, in general, the Ricci 
d-tensor is not symmetric and the locally anisotropic frames are nonholo- 
nomic). The systems of basic held equations for fundamental matter (scalar, 
Proca and Dirac) helds and gauge and gravitational helds have been intro¬ 
duced in a geometric manner by using d-covariant operators and la-frame 
decompositions of d-metric. These equations and expressions for energy- 
momentum d-tensors and d-vector currents can be established by using 
the standard variational procedure, but correspondingly adapted to the N- 
connection structure if we work by using la-bases. 
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Chapter 7 


Gauge and Gravitational 
Ha—Fields 


Despite the charm and success of general relativity there are some funda¬ 
mental problems still unsolved in the framework of this theory. Here we 
point out the undetermined status of singularities, the problem of formula¬ 
tion of conservation laws in curved spaces, and the unrenormalizability of 
quantum field interactions. To overcome these defects a number of authors 
(see, for example, refs. [240,285,194,3]) tended to reconsider and reformu¬ 
late gravitational theories as a gauge model similar to the theories of weak, 
electromagnetic, and strong forces. But, in spite of theoretical arguments 
and the attractive appearance of different proposed models of gauge gravity, 
the possibility and manner of interpretation of gravity as a kind of gauge 
interaction remain unclear. 

The work of Popov and Daikhin [195,196] is distinguished among other 
gauge approaches to gravity. Popov and Dikhin did not advance a gauge 
extension, or modihcation, of general relativity; they obtained an equivalent 
reformulation (such as well-known tetrad or spinor variants) of the Einstein 
equations as Yang-Mills equations for correspondingly induced Cartan con¬ 
nections [40] in the affine frame bundle on the pseudo-Riemannian space 
time. This result was used in solving some specihc problems in mathemat¬ 
ical physics, for example, for formulation of a twistor-gauge interpretation 
of gravity and of nearly autoparallel conservation laws on curved spaces 
[246,250,252,249,233]. It has also an important conceptual role. On one 
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hand, it points to a possible unified treatment of gauge and gravitational 
fields in the language of linear connections in corresponding vector bundles. 
On the other, it emphasizes that the types of fundamental interactions 
mentioned essentially differ one from another, even if we admit for both of 
them a common gauge like formalism, because if to Yang-Mills fields one 
associates semisimple gauge groups, to gauge treatments of Einstein gravi¬ 
tational fields one has to introduce into consideration nonsemisimple gauge 
groups. 

Recent developments in theoretical physics suggest the idea that a more 
adequate description of radiational, statistical, and relativistic optic effects 
in classical and quantum gravity requires extensions of the geometric back¬ 
ground of theories [282,163,13,14,15,28,29,118,119,120,122,212,235,236,238, 
280,41] by introducing into consideration spaces with local anisotropy and 
formulating corresponding variants of Lagrange and Finsler gravity and 
theirs extensions to higher order anisotropic spaces [295,162,266,267,268]. 

The aim of this Chapter is twofold. The first objective is to present 
our results [272,258,259] on formulation of a geometrical approach to in¬ 
teractions of Yang-Mills fields on spaces with higher order anisotropy in 
the framework of the theory of linear connections in vector bundles (with 
semisimple structural groups) on ha-spaces. The second objective is to 
extend the formalism in a manner including theories with nonsemisim¬ 
ple groups which permit a unique fiber bundle treatment for both locally 
anisotropic Yang-Mills field and gravitational interactions. In general lines, 
we shall follow the ideas and geometric methods proposed in 
refs. [240,195,196,194,40] but we shall apply them in a form convenient 
for introducing into consideration geometrical constructions[160,161] and 
physical theories on ha-spaces. 

There is a number of works on gauge models of interactions on Finsler 
spaces and theirs extensions(see, for instance, [17,18,19,28,164,177]). One 
has introduced different variants of generalized gauge transforms, postulated 
corresponding Lagrangians for gravitational, gauge and matter field inter¬ 
actions and formulated variational calculus (here we note the approach de¬ 
veloped by A. Bejancu [30,32,29]). The main problem of such models is the 
dependence of the basic equations on chosen definition of gauge ’’compensa¬ 
tion” symmetries and on type of space and field interactions anisotropy. In 
order to avoid the ambiguities connected with particular characteristics of 
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possible la-gauge theories we consider a ” pure” geometric approach to gauge 
theories (on both locally isotropic and anisotropic spaces) in the framework 
of the theory of hber bundles provided in general with different types of non¬ 
linear and linear multiconnection and metric structures. This way, based on 
global geometric methods, holds also good for nonvariational, in the total 
spaces of bundles, gauge theories (in the case of gauge gravity based on 
Poincare or affine gauge groups); physical values and motion (held) equa¬ 
tions have adequate geometric interpretation and do not depend on the type 
of local anisotropy of space-time background. It should be emphasized here 
that extensions for higher order anisotropic spaces which will be presented 
in this Chapter can be realized in a straightforward manner. 

The presentation in the Chapter is organized as follows: 

In section 7.1 we give a geometrical interpretation of gauge (Yang-Mills) 
helds on general ha-spaces. Section 7.2 contains a geometrical dehnition 
of anisotropic Yang-Mills equations; the variational proof of gauge held 
equations is considered in connection with the ’’pure” geometrical method 
of introducing held equations. In section 7.3 the ha-gravity is reformulated 
as a gauge theory for nonsemisimple gronps. A model of nonlinear de Sitter 
gange gravity with local anisotropy is formulated in section 7.4. We stndy 
gravitational gange instantons with trivial local anisotropy in section 7.5. 
Some remarks are given in section 7.6. 

7.1 Gauge Fields on Ha-Spaces 

This section is devoted to formulation of the geometrical backgronnd for 
gange held theories on spaces with higher order anisotropy. 

Let {P,7i,Gr,S'^^^) be a principal bnndle on base (being a ha- 

space) with structnral gronp Gr and snrjective map n : P ^ 
every point u = (x, |/(i), ..., G there is a vicinity U C ,u G U, 
with trivializing P diheomorphisms / and (p : 

fu : 7r~^ (U) ~^UxGr, f (p) = (tt (p) ,p{p)), 

(fu ■ (U) Gr, (p{pq) = (f (p) q, Vg e Gr, p e P. 

We remark that in the general case for two open regions 

U,VC 8<^>,U n V ^ 0, ^ /v|^, even peUnV. 
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Transition functions guv are defined as 

guv -^Gr, guv {u) = cpu (p) (yv (p)~^) , tt (p) = u. 

Hereafter we shall omit, for simplicity, the specihcation of trivializing 
regions of maps and denote, for example, / = fu,g^ = s = su^ if this 
will not give rise to ambiguities. 

Let Q be the canonical left invariant 1-form on Gr with values in algebra 
Lie Q of group Gr uniquely dehned from the relation d (g) = g, Vg G and 
consider a 1-form a; on L/ C with values in Q. Using Q and cu, we can 
locally dehne the connection form in P as a 1 -form: 

= Lp*Q -|- Ad (7.1) 

where 99 * 6 * and ti*ui are, respectively, forms induced on {U) and P by 
maps and tt and uj = The adjoint action on a form A with values in 
Q is dehned as 

(^Ad 99~^A^ = (^Ad (p)^ \ 

where Ap is the value of form A at point p & P. 

Introducing a basis {A^} in Q (index a enumerates the generators mak¬ 
ing up this basis), we write the 1 -form u on as 

u = (m) , (u) = (m) (7.2) 

where = {dx^, and the Einstein summation rule on indices 

a and < /i > is used. Functions 0 ;“^^ {u) from (7.2) will be called the 
components of Yang-Mills helds on ha-space . Gauge transforms of uj 
can be geometrically interpreted as transition relations for uju and ujv, when 

M G 7/ n V, 

{.^u)u = (9uv^)u +9uv{u) ^(a;v)„. (7.3) 

To relate with a covariant derivation we shall consider a vector 

bundle T associated to P. Let p : Gr ^ GL (77^) and p' : G ^ End (E^) 
be, respectively, linear representations of group Gr and Lie algebra G (in a 
more general case we can consider C® instead of 77^). Map p dehnes a left 
action on Gr and associated vector bundle T = PxTZ^/Gr, tie ■ E ^ . 

Introducing the standard basis = {■Cu'Ci, •••,'Cs} in 77®, we can dehne the 
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right action on Px 71^, ((p, 0 Q = (M) p{q 0 ^ map induced 

from P 

p-.n^ ^ tTe^ {u) , {p (0 = {pO Gr, ^ e TT (p) = u) 

and a basis of local sections : U ^ (U ), e* (u) = s {u) Every 

section ^ can be written locally as ^ G (U). To 

every vector field X on and Yang-Mills field a;“ on P we associate 

operators of covariant derivations: 

VxC = e, [xC-+BiX)^C- 

where 

BiX) = ip'X)^uPiX). (7.4) 

Transformation laws (7.3) and operators (7.4) are interrelated by these tran¬ 
sition transforms for values e*, and B^^^^ : 

4 («) = [P9uv {u)]ie^, Ch («) = [P9uv (m)]7Cv, 

B<^l> ip) = [P9uv (m)]“^ [P9uv (m)] + [P9uv (m)]"^ B^^^ {u) [pguv («)], 

(7.5) 

where i?<^> (u) = B^^^ {5/du^^^) {u). 

Using (7.5), we can verify that the operator V(^, acting on sections of 
TTx : T —> according to dehnition (7.4), satishes the properties 

= h^“x + /2V^-, v“ (/C) = /V«c + (Xf) C, 

V"c = v!ic, t<eMnv,/i,/2eC“(M). 

So, we can conclude that the Yang-Mills connection in the vector bundle 
TTx : T —is not a general one, but is induced from the principal bundle 
n : P ^ with structural group Gr. 

The curvature K. of connection f2 from (7.1) is dehned as 

IC = Dn, D = Hod (7.6) 

where d is the operator of exterior derivation acting on ^-valued forms as 
d ® ® dx°‘ and H is the horizontal projecting operator act¬ 

ing, for example, on the 1-form A as (^HX^ ^ (Xp) = Xp (HpXp) , where Hp 
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projects on the horizontal subspace Tip G Pp[Xp G Tip is equivalent to 
VLp (Xp) = 0]. We can express (7.6) locally as 

K: = Ad (7.7) 

where ^ 

ICu = du!u + - [^U: ^u] ■ (7.8) 

The exterior product of ^-valued form (7.8) is dehned as 




A^,A^1 ® A“Ae', 


where the antisymmetric tensorial product is 

a^aa = AA“ 


Introducing structural coefficients “ of ^ satisfying 


Air, A^ = “A^ 

b’ cj Jbc 

we can rewrite (7.8) in a form more convenient for local considerations: 


= A; ® a (7,9) 

where 


/C 


Su 


<v> 


<fl><V> 


du<>^> 


I 1. 

du<^> 


^ <IJL>^ <V> 




This section ends by considering the problem of reduction of the local 
anisotropic gauge symmetries and gauge helds to isotropic ones. For local 
trivial considerations we suppose that the vanishing of dependencies on y 
variables leads to isotropic Yang-Mills helds with the same gauge group 
as in the anisotropic case. Global geometric constructions require a more 
rigorous topological study of possible obstacles for reduction of total spaces 
and structural groups on anisotropic bases to their analogous on isotropic 
(for example, pseudo-Riemannian) base spaces. 
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7.2 Yang-Mills Equations on Ha-spaces 

Interior gauge (nongravitational) symmetries are associated to semisimple 
structural groups. On the principal bundle (P, tt, Gr, with nondegen¬ 

erate Killing form for semisimple group Gr we can define the generalized 
Lagrange metric 


hp (Xp, Yp) = G^(p) {dnpXp, dTipYp) + K (Op (Xp), Op (Xp)), (7.10) 

where dnp is the differential of map tt : P —^ G^(p) is locally generated 
as the ha-metric (6.12), and K is the Killing form on Q : 

K (A- aA = fpp 7 -^ ^ = K^. 

y hJ J l)d CLC ab 

Using the metric G^a><i3> on [hp {Xp^Yp) on P], we can intro¬ 

duce operators *g and 5g acting in the space of forms on E^^^ {*h and dp 
acting on forms on Let e<^> be ortho normalized frames on 7/ C E'^^^ 

and the adjoint coframes. Locally 

G = ^ r]{< n >) , 

<At> 

where = ?] (< p >) = ±1, < p >= 1,2, ...,np,np = 1, ...,n + mi + 

... + niz, and the Hodge operator can be dehned as : A' 
^n+mi+...+m^ (^g<z>'j ^ explicit form, as 

*G A-- =vAi)--vAnE-r)y< (7.11) 

I 1 2 ...r r + 1 ...Up 

siqn 

y < /il> < ll2> ■■■ < Pr > <h'l> --ynE- 

A ••• 

Next, dehne the operator 

= V ( 1 ) --V Ae) (- 1 )^(”^-'') 

and introduce the scalar product on forms Pi, ^ 2 , ■■■ C A'" (£^<^>) with com¬ 
pact carrier: 

{Pl, P 2 ) = V (1 )--V {riE) / A A *GP2- 



266 



The operator So is defined as the adjoint to d associated to the scalar 
product for forms, specified for r-forms as 

= ( —1)^ ° (7-12) 

We remark that operators *h and Sh acting in the total space of P can 
be defined similarly to (7.11) and (7.12), but by using metric (7.10). Both 
these operators also act in the space of ^-valued forms: 

» (A;®= Aj® 
t(Aa0y) = A; »(!/), 

The form A on P with values in Q is called horizontal if PA = A and 
equivariant if R* {q) A = Ad 'ig G Gr, R (g) being the right shift 

on P. We can verify that equivariant and horizontal forms also satisfy the 
conditions 

\ = Ad (tt^A) , \u = 
i^v)u = Ad {guv{u)) 

Now, we can define the field equations for curvature (7.7) and connection 
(7.1) : 

A/C = 0, (7.13) 

V/C = 0, (7.14) 

where A = H oSh- Equations (7.13) are similar to the well-known Maxwell 
equations and for non-Abelian gauge fields are called Yang-Mills equations. 
The structural equations (7.14) are called Bianchi identities. 

The field equations (7.13) do not have a physical meaning because they 
are written in the total space of bundle T and not on the base anisotropic 
space-time But this dificulty may be obviated by projecting the men¬ 

tioned equations on the base. The 1-form A/C is horizontal by definition 
and its equivariance follows from the right invariance of metric (7.10). So, 
there is a unique form (A/C)g satisfying 

A/C =Ad <f^^7r*{AIC)u. 
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Projection of (7.13) on the base can be written as (A/C)^/ = 0. To calculate 
(A/C)i/, we use the equality [40,196] 

d (Ad = Ad d\ — p>lf9, Ad 

where A is a form on P with values in Q. For r-forms we have 

6 (Ad (pu^X) = Ad (pu^5X - (-1)’’ *h { P>u9, *HAd (p^^X 

and, as a consequence, 

5/C = Ad (Pu\SH7r*ICu + *h^[71*u!u, *h7^*ICu]}- 

— il,Ad (ph^ *H (7r*/C) . (7.15) 

By using straightforward calculations in the adapted dual basis on {U) 
we can verify the equalities 

■fi. Ad ipu^ *H {7r*ICu)] = 0, H6h {'k*K,u) = n* (dcIC) , 

*H^ *H iTT*ICu)] = [uu, *gICu]}- (7.16) 

From (7.15) and (7.16) it follows that 

i^^)u ^ *G^u] ■ (7-17) 

Taking into account (7.17) and (7.12), we prove that projection on S of 
equations (7.13) and (7.14) can be expressed respectively as 

o do *qK.u + [uJu, *gK^u] = 0. (7.18) 

dICu + [uJu, /Cw] = 0. 

Equations (7.18) (see (7.17)) are gauge-invariant because 

(A/C)^ = Ad gu(; (A/C)^ . 

By using formulas (7.9)-(7.12) we can rewrite (7.18) in coordinate form 

B<„> + 4 = 0. (7.19) 
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where is, for simplicity, a compatible with metric covariant derivation 

on ha-space . 

We point out that for our bundles with semisimple structural groups 
the Yang-Mills equations (7.13) (and, as a consequence, their horizontal 
projections (7.18) or (7.19)) can be obtained by variation of the action 

I = / (7.20) 

Equations for extremals of (7.20) have the form 

which are equivalent to ’’pure” geometric equations (7.19) (or (7.18) due to 
nondegeneration of the Killing form for semisimple groups. 

To take into account gauge interactions with matter fields (section of 
vector bundle T on T ) we have to introduce a source l~form J in equations 
(7.13) and to write them as 

A]C = J (7.21) 

Explicit constructions of 77 require concrete dehnitions of the bundle T; 
for example, for spinor helds an invariant formulation of the Dirac equations 
on la-spaces is necessary. We omit spinor considerations in this Chapter 
(see section 6.7), but we shall present the dehnition of the source 77 for 
gravitational interactions (by using the energy-momentum tensor of matter 
on la-space) in the next section. 

7.3 Gauge HA—Gravity 

A considerable body of work on the formulation of gauge gravitational mod¬ 
els on isotropic spaces is based on using nonsemisimple groups, for exam¬ 
ple, Poincare and affine groups, as structural gauge groups (see critical 
analysis and original results in [285,240,155,194]. The main impediment 
to developing such models is caused by the degeneration of Killing forms 
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for nonsemisimple groups, which make it impossible to construct consistent 
variational gauge held theories (functional (7.20) and extremal equations 
are degenarate in these cases). There are at least two possibilities to get 
around the mentioned difficulty. The hrst is to realize a minimal extension 
of the nonsemisimple group to a semisimple one, similar to the extension 
of the Poincare group to the de Sitter group considered in [195,196,240] 
(in the next section we shall use this operation for the dehnition of locally 
anisotropic gravitational instantons). The second possibility is to introduce 
into consideration the bundle of adapted affine frames on la-space to 

use an auxiliary nondegenerate bilinear form instead of the degenerate 
Killing form and to consider a ’’pure” geometric method, illustrated in 
the previous section, of dehning gauge held equations. Projecting on the 
base we shall obtain gauge gravitational held equations on ha-space 

having a form similar to Yang-Mills equations. 

The goal of this section is to prove that a specihc parametrization of 
components of the Cartan connection in the bundle of adapted affine frames 
on establishes an equivalence between Yang-Mills equations (7.21) and 
Einstein equations on ha-spaces. 


7.3.1 Bundles of linear ha—frames 


Let {X^a>)u = be an adapted frame (see 

(7.4) at point u G . We consider a local right distinguished action of 
matrices 


f A, 


A 

^<a'> 


0 B. 


ai 


0 

0 




C = 


\ 0 0 ... 

GL (n, 77) © GL (mi, 77) © ... © GL {ruz, 77). 

Nondegenerate matrices ® and Bj, ^ respectively transforms linearly Xi\u 
into Xif\u = A' ^A\u and Xa'^\u into Xa'^\u = B^,^ where X<a'>\u = 

^<a> is also an adapted frame at the same point u G . We 
denote by La the set of all adapted frames Y<q> at all points of 

and consider the surjective map vr from La (T^^^) to transform¬ 
ing every adapted frame Xa\u and point u into point u. Every X^a'>\u has a 
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unique representation as X<a'> = where is a fixed dis¬ 
tinguished basis in tangent space T . It is obvious that {U) ,U C 

is bijective to U x CLn^^ (TV). We can transform La in a dif¬ 
ferentiable manifold taking as a local coordinate system on 

7i~^ {U). Now, it is easy to verify that 


is a principal bundle. We call Ca{£^^^) the bundle of linear adapted frames 
on 8^^^. 

The next step is to identify the components of, for simplicity, compatible 
d-connection on : 


\Ly—LO — |a; <A> “ </3><7>i- 

Introducing (7.22) in (7.17), we calculate the local 1-form 


= A~ 0 (G 




<iy><ti> 


+ 


(7.22) 


<^><?><7><7> 


<!^><A>, </9><5> 


00 


<x> 


^<7> 


<£> 

<U><fM> 


)6u 


<At> 


where 




/ 0 
0 A 


V 0 


aibi 

0 


0 \ 
0 

Qzbz / 


(7.23) 


is the standard distinguished basis in Lie algebra of matrices Qlns (J^) with 
{^)ji = and (a—^ = 6apbpScj,dj, being respectively the stand¬ 

ard bases in Ql (JZ^^). We have denoted the curvature of connection (7.22), 
considered in (7.23), as 


<' = Ass. ® A .’f 


where cu><f,> = R<af>^ <u><f,> (see curvatures (6.28)). 
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7.3.2 Bundles of affine ha—frames and Einstein equa¬ 
tions 

Besides Ca with ha-space 8“^^^, another bundle is naturally related, 

the bundle of adapted affine frames with structural group (Jt) = 

GLnj^ {8^^^) . Because as linear space the Lie Algebra (7^) is 

a direct sum of Qlns , we can write forms on Aa{8'^^^) as 

0 = ( 01 , 02 ), where 0i is the (7^) component and 02 is the 
component of the form 0. Connection (7.22), hi in Ca {8 ^^^), induces the 
Cartan connection hi in Aa{8 '^^^); see the isotropic case in [195,196,40]. 
This is the unique connection on Aa {8^^^) represented as i*fl = (hi, x ), 
where y is the shifting form and i : Aa Ca is the trivial reduction of 
bundles. If sjj^ is a local adapted frame in Ca (8 ^^^), then s® = i o si^ is 
a local section in^a (8^^^) and 

= (^u, Xu), (7.24) 

(7Zu)=su7Z=(7ZS^\Tu), 

where y 

<o>T <0>Va-^ is diag¬ 

onal with 7]-^ = ±1) is a frame decomposition of metric (6.12) on 
is the standard distinguished basis on TT.”®, and the projection of torsion , 
Tk, on base 8^^^ is dehned as 

Tu = dxu + 8tu f\xu + Xu f\8lu = (7-25) 


es® i: T‘■ 

<ti>«iy> 

For a hxed local adapted basis on U G 8'^^^ we can identify components 
T“ of torsion (7.25) with components of torsion (6.25) on i.e. 

T" By straightforward calculation we obtain 

(AR)„ = l(AKl''>)„, (flT)„ + (7.26) 


where 


(-^''’)w “ dcTu + i^u, *gTu] , 




Xu, * g 77 ^^^ 
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Form {Ri)i^ from (7.26) is locally constructed by using components of the 
Ricci tensor (see (6.29)) as follows from decomposition on the local adapted 
basis : 

{Ri)u = (-1)""+' 

We remark that for isotropic torsionless pseudo-Riemannian spaces the 
requirement that = 0, i.e., imposing the connection (7.22) to sat¬ 

isfy Yang-Mills equations (7.13) (equivalently (7.18) or (7.19) we obtain 
[195,196,3] the equivalence of the mentioned gauge gravitational equations 
with the vacuum Einstein equations Rij = 0. In the case of ha-spaces with 
arbitrary given torsion, even considering vacuum gravitational helds, we 
have to introduce a source for gauge gravitational equations in order to 
compensate for the contribution of torsion and to obtain equivalence with 
the Einstein equations. 

Considerations presented in previous two subsections constitute the 
proof of the following result 

Theorem 7.1 The Einstein equations (6.34) for la-gravity are equivalent 
to Yang-Mills equations 

(A^) = J (7.27) 

for the indueed Cartan connection (see (7.22), (7.24)) iri the bundle of 
local adapted affine frames Aa (T) with source Ju constructed locally by 
using the same formulas (7.26) (for (^ATZ^), where R<a><f 3 > is changed by 
the matter source E^a><g> — \G<:^a><g>E, where E^a><i 3 > = kE^a><g> — 
AG<o></3>- 

We note that this theorem is an extension for higher order anisotropic 
spaces of the Popov and Dikhin results [196] with respect to a possible gauge 
like treatment of the Einstein gravity. Similar theorems have been proved for 
locally anisotropic gauge gravity [258,259,272] and in the framework of some 
variants of locally (and higher order) anisotropic supergravity [260,267]. 
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7.4 Nonlinear De Sitter Gauge Ha—Gravity 

The equivalent reexpression of the Einstein theory as a gauge like theory 
implies, for both locally isotropic and anisotropic space-times, the non- 
semisimplicity of the gauge group, which leads to a nonvariational theory 
in the total space of the bundle of locally adapted affine frames. A vari¬ 
ational gauge gravitational theory can be formulated by using a minimal 
extension of the affine structural group {IZ) to the de Sitter gauge 

group SriE = SO {tie) acting on distinguished space. 


7.4.1 Nonlinear gauge theories of de Sitter group 

Let us consider the de Sitter space E”® as a hypersurface given by the 
equations tjabu^u^ = in the (n-l-m)-dimensional spaces enabled with 
diagonal metric tiabiVaa = ±1 (in this section A,B,C,... = l,2,...,n£; -|- 
1), = n + mi + ... + mz), where {u^} are global Cartesian coordinates 

in T^ns + l./ > 0 is the curvature of de Sitter space. The de Sitter group 
S('q) = SO(ri) (ae + 1) is dehned as the isometry group of S^'-^-space with 
^ + 1) generators of Lie algebra {he + S) satisfying the commu¬ 

tation relations 


[Tf<As, Mod] = VacMbd — VbcMad — VadMbc + VbdMac- (7.28) 

Decomposing indices A, B,... as A = (a, he + 1), B = he + , 

..., the metric tjab as tjab = r]^nE+i)(nE+i)) , and operators Mab as 




P- P- 

P. 


= -r^p- 


afS’’ 




«/9 7 


la'^ 


where we have indicated the possibility to decompose so^r]) (be + 1) into a 
direct sum, so(^) (ue + 1) = so(^r^)(nE) © where 14^ is the vector space 
stretched on vectors P^. We remark that E”® = S(^ri)/L^rj), where ©(,,) = 
SO(^ri)(nE)- For tjab = (1,-1,-1,-1) and S'lo = S'0(1,4),L6 = 

SO (1, 3) is the group of Lorentz rotations. 
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Let W S(r,), be the vector bundle associated with principal 

bundle P on la-spaces. The action of the structural group 5'(^) on 

P can be realized by using (ub) x (ub) matrices with a parametrization 
distinguishing subgroup : 


B = bBL, 


(7.29) 


where 


Bl = 


L 0\ 

0 1 j ’ 


L G L(r)) is the de Sitter bust matrix transforming the vector (0,0, ...,p) G 
arbitrary point (y^, ..., G E”-® C with 

curvature p (VaV^ = —= t"^p) . Matrix b can be expressed as 


b = 


+ 




0 (l+t"£ + l) 


-f^nE+l 


The de Sitter gauge held is associated with a linear connection in W, 
i.e., with a so(^) {he + l)-valued connection 1-form on : 


n = 




(7.30) 


where cu" - G so{nE){ri), ^ 77”®, 9^ G 

Because S'(^)-transforms mix a;“ - and helds in (7.30) (the introduced 
parametrization is invariant on action on SO^ri) {'^e) group we cannot iden¬ 
tify a;“ - and 6*“, respectively, with the connection and the funda¬ 

mental form in (as we have for (7.22) and (7.24)). To avoid this 
difficulty we consider [240,194] a nonlinear gauge realization of the de Sit¬ 
ter group S'(^), namely, we introduce into consideration the nonlinear gauge 


held 


Vt = b-^Vtb + b-^db 



(7.31) 
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where 


r“ ^ = 0.“ ^ - {rot^ - t^or) / (i + , 
r = + of - f (dr=+^ + e-t^) / (i + r^+^), 


of = df + cu" 


The action of the group S ( 77 ) is nonlinear, yielding transforms 
r' = L'T {L')~^ + L'd{L')~^ ,9' = L6, where the nonlinear matrix-valued 
function 

L' = L' b, Bt) is dehned from Bb = b'B li (see parametrization (7.29)). 

Now, we can identify components of (7.31) with components of 
and x" on and induce in a consistent manner on the base of bundle 
W ,S(ri),P) the la-geometry. 


7.4.2 Dynamics of the nonlinear S {rj) ha—gravity 

Instead of the gravitational potential (7.22), we introduce the gravitational 
connection (similar to (7.31)) 


r = 


0 


(7.32) 


where 


9 I3<ii> ’ 


<a> 




and Gap = x“ aX^ and rjg^ is parametrized as 


( rjij 0 ... 0 \ 

0 Vaibi ••• 0 

V 0 0 ... r]a,b. ) 


rjij = ( 1 , — 1 ,..., — 1 ), ...? 7 jj = (± 1 , ± 1 ,..., ± 1 ),...,/q is a dimensional con¬ 
stant. 
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The curvature of (7.32), = dV + T AT, can be written as 


77^^) = 


77° 


.+ /o-V| /o-^T° 




(7.33) 


where 


and 




/3 2 0<pi><v> 


5u<^> /\5u 


<v> 


77" - = y 

0<ti><u> ^0 


— -N.. <^>V " /?<“> 

A<a>-‘i' <0><pL><v> 


(see (6.27) and (6.28), the components of d-curvatures). The de Sitter gauge 
group is semisimple and we are able to construct a variational gauge gravi¬ 
tational locally anisotropic theory (bundle metric (7.10) is nondegenerate). 
The Lagrangian of the theory is postulated as 

L = L(^c) + 7/(m) 

where the gauge gravitational Lagrangian is dehned as 

r(G) = (K'!’) /\ = C^a) |G|'''" 


8 A 


^(G) 2/2 

0<li><u> 


rpC 


T- 

<pL><V>-‘- a 


<^1><U> 


+ 


(7.34) 


-^77" ^ ^ 77^ (r) - 2Ai) , 


T" = x" (the gravitational constant /^ in (7.34) 

satisfies the relations P = 2/gA, Ai = —S/Iq], Tr denotes the trace on a/f3 
indices, and the matter held Lagrangian is dehned as 

Lim) = -l^Tr {t/\*gI) = A-) 




q0 </i> _ ^<^l> ja 

0 <^l> <“> Q <M>- 


(7.35) 


The matter held source X is obtained as a variational derivation of X(m) on 
T and is parametrized as 


1 = 


-/ofe 0 


(7.36) 
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with = t" and S'" - = S'" being respectively the 

canonical tensors of energy-momentum and spin density. Because of the 
contraction of the ’’interior” indices S,/5 in (7.34) and (7.35) we used the 
Hodge operator ♦g instead of *h (hereafter we consider *g = *)• 

Varying the action 

S = I + 

on the F-variables (7.26), we obtain the gauge-gravitational held equations: 
d +T/\ (*77^^)) - (*77^^^) /\ r = -A {*!). (7.37) 

Specifying the variations on F" ^ and /"-variables, we rewrite (7.37) as 

V (*77(r)) + ^ (*7r) + X A - (*T) A X^) = -A (*^), (7.38) 

V {*T) - (*77^^^) A A - ^ (*7r) /\x = ^- (^*t + j* , (7.39) 

where 

r‘ = {Ts = = It? A■5“^"^}. 

= {Xa = V^pX^, X^ = V = d + T 

(F acts as F" on indices 7, 5,... and as on indices < 7 >, < 

5 >,.. .). In (7.39), r dehnes the energy-momentum tensor of the Ar?)-gauge 
gravitational held F : 

(7.40) 

Equations (7.37) (or equivalently (7.38),(7.39)) make up the complete 
system of variational held equations for nonlinear de Sitter gauge gravity 
with higher order anisotropy. They can be interpreted as a generalization of 
gauge like equations for la-gravity [272] (equivalently, of gauge gravitational 
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equations (7.27)] to a system of gauge field equations with dynamical torsion 
and corresponding spin-density sonrce. 

A. Tseytlin [240] presented a qnantnm analysis of the isotropic version 
of eqnations (7.38) and (7.39). Of course, the problem of quantizing grav¬ 
itational interactions is unsolved for both variants of locally anisotropic 
and isotropic gange de Sitter gravitational theories, bnt we think that the 
generalized Lagrange version of S'(,,)-gravity is more adeqnate for stndying 
qnantnm radiational and statistical gravitational processes. This is a matter 
for farther investigations. 

Finally, we remark that we can obtain a nonvariational Poincare gange 
gravitational theory on la-spaces if we consider the contraction of the gange 
potential (7.32) to a potential with valnes in the Poincare Lie algebra 


P 


^0 X'i^ 



\ 

0 )' 


Isotropic Poincare gauge gravitational theories are studied in a nnmber of 
papers (see, for example, 285,240,155,194]). In a manner similar to consid¬ 
erations presented in this work, we can generalize Poincare gange models 
for spaces with local anisotropy. 


7.5 La—Gravitational Gauge Instantons 

The existence of self-dual, or instanton, topologically nontrivial solutions 
of Yang-Mills eqnations is a very important physical conseqnence of gange 
theories. All known instanton-type Yang-Mills and gange gravitational so- 
Intions (see, for example, [240,194]) are locally isotropic. A variational 
gange-gravitational extension of la-gravity makes possible a straightforward 
application of techniqnes of constrncting solntions for hrst order gange eqna¬ 
tions for the dehnition of locally anisotropic gravitational instantons. This 
section is devoted to the stndy of some particular instanton solntions of the 
gange gravitational theory on la-space. 

Let us consider the Enclidean formulation of the 5'(^)-gange gravitational 
theory by changing gange strnctnral gronps and flat metric: 

SO{ri){nE -I- 1) — SO{nE + 1), SO(r^){nE) SO{nE),riAB —> Sab- 
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Self-dual (anti-self-dual) conditions for the curvature (7.33) 

can be written as a system of equations 

(^“ ? - 'od = ± ? - 'f'-” ?) 

T“ = ± * T“ (7.42) 

(the refers to the anti-self-dual case), where the before Iq^ ap¬ 
pears because of the transition of the Euclidean negatively dehned metric 
-S<a><f 3 >, which leads to y" ^ iy" <q>|(£;))^ ^ (we shall omit 

the index [E) for Euclidean values). 

For solutions of (7.41) and (7.42) the energy-momentum tensor (7.40) is 
identically equal to zero. Vacuum equations (7.37) and (7.38), when source 
is X = / (see (7.36)), are satished as a consequence of generalized Bianchi 
identities for the curvature (7.33). The mentioned solutions of (7.41) and 
(7.42) realize a local minimum of the Euclidean action 

S=^J (P) _ ^ 2T2}, 

where = T" <^><i/>X- ig extremal on the topological invariant 

(Pontryagin index) 

= “8^/ Ak'--') = - - X|rr (K Ak) . 

For the Enclidean de Sitter spaces, when 

77 = 0 {T = 0,<.>} (7.43) 

we obtain the absolute minimum. S' = 0. 

We emphasize that for 

p <a> _ ///2'\ 

^<I3> <fM><f3> ~ '-O) ^[<ti>'^<i'>]<0> 

torsion vanishes. Torsionless instantons also have another interpretation. 
For 

rp<a> _ 

</ 3 >< 7 > ~ 
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contraction of equations (7.41) leads to Einstein equations with cosmological 
A-term (as a consequence of generalized Ricci identities): 


R<a><f3><^i><u> R<fj,><u><a><f3> — ^ {-^[<«></9><A‘>]<!^>‘ 


f^[<a><f3><u>]<fM> + R[<fM><u><a>]<f3> R[<fi><u><l3>]<a>} ■ 

So, in the Euclidean case the locally anisotropic vacuum Einstein equations 
are a subset of instanton solutions. 

Now, let us study the SO {tie) solution of equations (7.41) and (7.42). 
We consider the spherically symmetric ansatz (in order to point out the con¬ 
nection between high-dimensional gravity and la-gravity the N-connection 
structure is chosen to be trivial, i.e. iV“ {u) = 0) : 




I3<ti><u> 


U 


<At> 


X<a> = / {u) 5“ + n {u) (7.44) 

where u = -|- y'^y^, and a{u) ,q {u ), / (m) and 

n{u) are some scalar functions. Introducing (7.44) into (7.41) and (7.42), 
we obtain, respectively. 


U j + 2 (a ± g) + /q 

(7.45) 

2d (a =F <?) /dw + (a =F df — = 0, 

(7.46) 

2 ^ + / (a T 2g) -|- n {au — 1) = 0. 
du 

(7.47) 


The traceless part of the torsion vanishes because of the parametrization 
(7.44), but in the general case the trace and pseudo-trace of the torsion are 
not identical to zero: 


{—2df/du + n — a{f + un )), 

^ = g('V(2g/), 
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and are constant. Eqnation (7.42) or (7.47) establishes the propor- 

tionality of and T . As a consequence we obtain that the SO {n + m) 
solution of (3.52) is torsionless if g (n) = 0 of / {u) = 0. 

Let hrst analyze the torsionless instantons, T^^^a><f 3 > = 0- If / = 0) 
then from (7.46) one has two possibilities: (a) n = 0 leads to nonsense 
because = 0 or Gap = 0 . b) a = u~^ and n {u) is an arbitrary scalar 
function; we have from (7.46) q = 2/ {a + C^) or q = ±2/u {u + C^), 
where C = const. If q {u) = 0, we obtain the de Sitter space (7.43) because 
equations (7.45) and (7.46) impose vanishing of both self-dual and anti-self- 

dual parts of ^77" - — /qTt" , so, as a consequence, 77“ - — /qTt" ^ = 0 - 
There is an inhnite number of SO (n£;)-symmetric solutions of (7.43): 

f = lo[a{2-au)f\ n =/o{2 ^ + ^ 

ou \a (2 — au)\ 

a{u) is a scalar function. 

To hnd instantons with torsion, T" 7 ^ 0, is also possible. We present 
the SO (4) one-instanton solution, obtained in [194] (which in the case of 
T/Aspace parametrized by local coordinates , with u = x^X'^+ 

x^x-^ -f y^y^ -h y'^y^) ■ 


a = ao(u + ,q = =Fgo (u + c^) 

/ = /o {au + / (u + ,n = cq/ (u + c^) (yn -h 5)^'^^ 

where 

ao = -1/18, go = 5/6, a = 266/81, /3 = 8/9, 

7 = 10773/11858,5 = 1458/5929. 

We suggest that local regions with 

n, ^ 0 

are similarly to Abrikosv vortexes in superconductivity and the appearance 
of torsion is a possible realization of the Meisner effect in gravity (for details 
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and discussions on the superconducting or Higgs-like interpretation of grav¬ 
ity see [240,194]). In our case we obtain a locally anisotropic superconduc¬ 
tivity and we think that the formalism of gauge locally anisotropic theories 
may even work for some models of anisotropic low- and high-temperature 
superconductivity [248]. 

7.6 Remarks 

In this Chapter we have reformulated the hber bundle formalism for both 
Yang-Mills and gravitational helds in order to include into consideration 
space-times with higher order anisotropy. We have argued that our ap¬ 
proach has the advantage of making manifest the relevant structures of the 
theories with local anisotropy and putting greater emphasis on the analogy 
with anisotropic models than the standard coordinate formulation in Finsler 
geometry. 

Our geometrical approach to higher order anisotropic gauge and gravi¬ 
tational interactions are rehned in such a way as to shed light on some of 
the more specihc properties and common and distinguishing features of the 
Yang-Mills and Einstein helds. As we have shown, it is possible to make 
a gauge like treatment for both models with local anisotropy (by using 
correspondingly dehned linear connections in bundle spaces with semisim¬ 
ple structural groups, with variants of nonlinear realization and extension 
to semisimple structural groups, for gravitational helds). Here, we note 
that same geometric approach holds good for superbundles; some models 
of gauge higher order anisotropic supergravity proposed in Chapter 2 are 
constructed in a similar manner as for gauge la-helds. 

We have extended our models proposed in [272,258,259] for generalized 
Lagrange spaces to the case on ha-spaces modeled as higher order vector 
bundles provided with N-connection, d-connection and d-metric structures. 
The same geometric machinery can be used for developing of gauge held 
theories on spaces with higher order anisotropy [162,295] or on Jet bundles 
[19]. 
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Chapter 8 

Na-Maps and Conservation 
Laws 


Theories of field interactions on locally anisotropic curved spaces form a 
new branch of modern theoretical and mathematical physics. They are 
used for modelling in a self-consistent manner physical processes in locally 
anisotropic, stochastic and turbulent media with beak radiational reaction 
and diffusion [161,13,14,282], The first model of locally anisotropic space 
was proposed by P.Finsler [78] as a generalization of Riemannian geometry; 
here we also cite the fundamental contribution made by E. Cartan [55] and 
mention that in monographs [213,159,17,19,29] detailed bibliographies are 
contained. In this Chapter we follow R. Miron and M. Anastasiei [160,161] 
conventions and base our investigations on their general model of locally 
anisotropic (la) gravity (in brief we shall write la-gravity) on vector bundles, 
v-bundles, provided with nonlinear and distinguished connection and metric 
structures (we call a such type of v-bundle as a la-space if connections and 
metric are compatible). 

The study of models of classical and quantum held interactions on la- 
spaces is in order of the day. For instance, the problem of dehnition of 
spinors on la-spaces is already solved (see [256,275,264] and Chapter 6 and 
some models of locally anisotropic Yang-Mills and gauge like gravitational 
interactions are analyzed (see [272,263] and Chapter 7 and alternative ap¬ 
proaches in [17,29,122,119]). The development of this direction entails great 
difficulties because of problematical character of the possibility and man- 
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ner of definition of conservation laws on la-spaces. It will be recalled that, 
for instance, the conservation laws of energy-momentum type are a conse¬ 
quence of existence of a global group of automorphisms of the fundamental 
Mikowski spaces (for (pseudo)Riemannian spaces the tangent space’ auto¬ 
morphisms and particular cases when there are symmetries generated by 
existence of Killing vectors are considered). No global or local automor¬ 
phisms exist on generic la-spaces and in result of this fact the formulation 
of la-conservation laws is sophisticate and full of ambiguities. R. Miron 
and M. Anastasiei firstly pointed out the nonzero divergence of the matter 
energy-momentum d-tensor, the source in Einstein equations on la-spaces, 
and considered an original approach to the geometry of time-dependent 
Lagrangians [12,160,161]. Nevertheless, the rigorous dehnition of energy- 
momentum values for la-gravitational and matter helds and the form of 
conservation laws for such values have not been considered in present-day 
studies of the mentioned problem. 

The aim of this Chapter is to develop a necessary geometric background 
(the theory of nearly autoparallel maps, in brief na-maps, and tensor in¬ 
tegral formalism on la-multispaces) for formulation and a detailed inves¬ 
tigation of conservation laws on locally isotropic and anisotropic curved 
spaces. We shall summarize our results on formulation of na-maps for gen¬ 
eralized affine spaces (GAM-spaces) [249,251,273], Einstein-Cartan and Ein¬ 
stein spaces [250,247,278] bundle spaces [250,247,278] and different classes 
of la-spaces [279,276,102,263] and present an extension of the na-map theory 
for superspaces. For simplicity we shall restrict our considerations only with 
the ’’first” order anisotropy (the basic results on higher order anisotropies 
are presented in a supersymmetric manner in Chapter 3. Comparing the 
geometric constructions from both Chapters on na-map theory we assure 
ourselves that the developed methods hold good for all type of curved spaces 
(with or not torsion, locally isotropic or even with local anisotropy and be¬ 
ing, or not, supesymmetric). In order to make the reader more familiar with 
na-maps and theirs applications and to point to some common features, as 
well to proper particularities of the supersymmetric and higher order con¬ 
structions, we shall recirculate some basic dehnitions, theorems and proofs 
from Chapter 3. 

The question of dehnition of tensor integration as the inverse operation 
of covariant derivation was posed and studied by A.Moor [167]. Tensor- 
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integral and bitensor formalisms turned out to be very useful in solving 
certain problems connected with conservation laws in general relativity 
[100,247]. In order to extend tensor-integral constructions we have pro¬ 
posed [273,278] to take into consideration nearly autoparallel [249,247,250] 
and nearly geodesic [230] maps, ng-maps, which forms a subclass of local 
1-1 maps of curved spaces with deformation of the connection and metric 
structures. A generalization of the Sinyukov’s ng-theory for spaces with 
local anisotropy was proposed by considering maps with deformation of 
connection for Lagrange spaces (on Lagrange spaces see [136,160,161]) and 
generalized Lagrange spaces [263,279,276,275,101]. Tensor integration for¬ 
malism for generalized Lagrange spaces was developed in [255,102,263]. One 
of the main purposes of this Chapter is to synthesize the results obtained 
in the mentioned works and to formulate them for a very general class of 
la-spaces. As the next step the la-gravity and analysis of la-conservation 
laws are considered. 

We note that proofs of our theorems are mechanical, but, in most 
cases, they are rather tedious calculations similar to those presented in 
[230,252,263]. Some of them, on la-spaces, will be given in detail the rest, 
being similar, or consequences, will be only sketched or omitted. 

Section 8.1 is devoted to the formulation of the theory of nearly au¬ 
toparallel maps of la-spaces. The classihcation of na-maps and formulation 
of their invariant conditions are given in section 8.2. In section 8.3 we 
dehne the nearly autoparallel tensor-integral on locally anisotropic multi¬ 
spaces. The problem of formulation of conservation laws on spaces with 
local anisotropy is studied in section 8.4 . We present a dehnition of conser¬ 
vation laws for la-gravitational helds on na-images of la-spaces in section 
8.5. Finally, in this Chapter, section 8.6, we analyze the locally isotropic 
limit, to the Einstein gravity and it generalizations, of the na-conservation 
laws. 


8.1 Nearly Autoparallel Maps of La—Spaces 

In this section we shall extend the ng- [230] [249,250,252,273,274,278] theory 
by introducing into consideration maps of vector bundles provided with 
compatible N-connection, d-connection and metric structures. 
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Our geometric arena consists from pairs of open regions {U,U_) of la- 
spaces, U(Z^, and 1~1 local maps / : U^U_ given by functions /“(n) 

of smoothly class C^{U) [r > 2, or r = u for analytic functions) and 
their inverse functions f-{u) with corresponding non-zero Jacobians in every 
point uEU and uEH. 

We consider that two open regions U and U_ are attributed to a com¬ 
mon for f-map coordinate system if this map is realized on the principle 
of coordinate equality q{u'^)^q{u°‘) for every point qEU and its f-image 
gGf/. We note that all calculations included in this work will be local in na¬ 
ture and taken to refer to open subsets of mappings of type 
For simplicity, we suppose that in a fixed common coordinate system for U 
and U_ spaces ^ and ^ are characterized by a common N-connection struc¬ 
ture (in consequence of ( 6 . 10 ) by a corresponding concordance of d-metric 
structure), i.e. 

Ar;(«)=iV“(n)=iV“(M), 

which leads to the possibility to establish common local bases, adapted to 
a given N-connection, on both regions U and U_. We consider that on ^ 
it is defined the linear d-connection structure with components F'^..^. On 
the space ^ the linear d-connection is considered to be a general one with 
torsion 

rpa _ po _ r« I 

^./37 ^- 7/3 + ^./37 

and nonmetricity 

( 8 . 1 ) 

Geometrical objects on ^ are specified by underlined symbols (for exam¬ 
ple, or underlined indices (for example, 

For our purposes it is convenient to introduce auxiliary symmetric d- 
connections, = 7 "^ on ^ and 7 "^ = 7 "^ on ^ defined, correspondingly, 
as 

r“^7 = + ^.^7 and r“^, = 7“, + r^7- 

We are interested in definition of local 1-1 maps from U to U_ charac¬ 
terized by symmetric, and antisymmetric, deformations: 

27=27+py (8.2) 
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and 


(8.3) 


rjiQ. _ rjicx, . ^O. 

—./?7 .( 3 ^ ' ^./ 97 * 

The auxiliary linear covariant derivations induced by 7 *^^ and are 

denoted respectively as and 

Let introduce this local coordinate parametrization of curves on U : 

= M“(h) = {x\ri),y\ri), rji < rj < 72 , 

where corresponding tangent vector held is dehned as 

„ dw" dx'^irj) dy3v) \ 

dy dy ’ dy 

Definition 8.1 Curve I is called auto parallel, a-parallel, on^ if its tangent 
vector field satisfies a-parallel equations: 

vDv° = = p(r/)n“, (8.4) 

where p{y) is a scalar function on f. 

Let curve [Cf is given in parametric form as yi < y < 72 

with tangent vector held n" = We suppose that a 2-dimensional 

distribution i? 2 (l) is dehned along /, i.e. in every point mG/ is hxed a 2 - 
dimensional vector space i? 2 (i)c.^. The introduced distribution i? 2 (i) is 
coplanar along / if every vector p"(M(Q))ci? 2 (l), rests contained in 

the same distribution after parallel transports along/, i.e. p°'{u^{y))cE 2 {L)- 

Definition 8.2 yi curve I is called nearly autoparallel, or in brief an na- 
parallel, on space f if a coplanar along I distribution i? 2 (i) containing 
tangent to I vector field v°‘{y), i.e. v°‘{y)cE 2 {L), is defined. 

We can dehne nearly autoparallel maps of la-spaces as an anisotropic gen¬ 
eralization (see also ng-[230] and na-maps [249,273,278,274,247]: 

Definition 8.3 Nearly autoparallel maps, na-maps, of la-spaces are de¬ 
fined as local 1-1 mappings of v-bundles, changing every a-parallel 

on f into a na-parallel on f. 


288 



Now we formulate the general conditions when deformations (8.2) and 
(8.3) characterize na-maps : Let a-parallel IcU is given by functions 

^ v°‘ = T]i < 1 ] < r] 2 , satisfying equations (8.4). We suppose 
that to this a-parallel corresponds a na-parallel I <Z U_ given by the same 
parameterization in a common for a chosen na-map coordinate system on 
U and U_. This condition holds for vectors = uDn" and v'^ 2 ) — 
satisfying equality 

hfa) = + hiv)Vii) (8.5) 

for some scalar functions a{r]) and 6 ( 77 ) (see Dehnitions 8.4 and 8.5). 
Putting splittings (8.2) and (8.3) into expressions for 

and 

in (8.5) we obtain: 

vWiDuP'’,, + pypy + oypy) = bv-'v‘p‘;., + «.», (s.e) 

where 

b{ri,v) = b —3p, and a{'r],v) = a + bp — v^dhp — (8.7) 

are called the deformation parameters of na-maps. 

The algebraic equations for the deformation of torsion should be 
written as the compatibility conditions for a given nonmetricity tensor 
77 on .^ ( or as the metricity conditions if d-connection D_^ on ^ is 
required to be metric) : 

DaGp-y — Pm{pG^)S — Kap^ = Q^,a{pGy)5, ( 8 . 8 ) 

where ( ) denotes the symmetric alternation. 

So, we have proved this 

Theorem 8.1 The na-maps from la-space f to la-space f with a fixed 
common nonlinear connection Nj{u) = Nff{u) and given d-connections, 
on f and on f are locally parametrized by the solutions of 

equations (8.6) and (8.8) for every point and direction on Ucf. 

We call ( 8 . 6 ) and ( 8 . 8 ) the basic equations for na-maps of la-spaces. 
They generalize the corresponding Sinyukov’s equations [230] for isotropic 
spaces provided with symmetric affine connection structure. 
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8.2 Classification of Na—Maps 

Na-maps are classed on possible polynomial parametrizations on variables 
n" of deformations parameters a and b (see (8.6) and (8.7) ). 

Theorem 8.2 There are four classes of na-maps characterized by corre¬ 
sponding deformation parameters and tensors and basic equations: 

1. for na(o) -maps, 7r(o) -maps, 

(5p is Kronecker symbol and ipg = fjisiu) is a covariant vector d- 
field); 

2. for na{i) -maps 

a{u,v) = aay{u)v'^v^, b{u,v) = ba{u)v°‘ 
and is the solution of equations 

-^(a-P.^7) + PlaqP^T ~ P{al3Q%T = b(aP^i3-f) + diaqS^)', (8.9) 


3. for na( 2 ) -maps 


a{u,v) = ayiujv^, b{u,v) = —y —CTaV 7^0, 

0'a{u)v°‘ 

= '^(ab'q) + ^(aPp) 

and Fp{u) is the solution of equations 

DizPq) + FtPi.^q) “ 

{fj,p{u), upi^u), 'ipaiu), aa{u) are covariant d-vectors); 

4 - for na(3)-maps 

ap^sv^v^v^ 
b{u,v) = -, 

aapv^^v^ 


( 8 . 10 ) 
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where 99 " is the solution of equations 

= v5p + ( 8 . 11 ) 

C(i 3 'rs{u),aaf 3 {u),'ipf 3 {u),u{u) and fijs^u) are d-tensors. 

Proof. We sketch the proof respectively for every point in the theorem 
(see similar considerations for Theorem 3.2 for supersymmetric formulas): 

1. It is easy to verify that a-parallel equations (8.4) on ^ transform into 

similar ones on ^ if and only if deformations ( 8 . 2 ) with deformation 
d-tensors of type P"^.y(M) = are considered. 

2. Using corresponding to na(i)-maps parametrizations of a{u,v) and 
b{u, v) (see conditions of the theorem) for arbitrary v" 7 ^ 0 on U & f 
and after a redehnition of deformation parameters we obtain that 
equations ( 8 . 6 ) hold if and only if satishes (8.3). 

3. In a similar manner we obtain basic na( 2 )-map equations (8.10) from 
( 8 . 6 ) by considering na( 2 )-parametrizations of deformation parameters 
and d-tensor. 

4. For na( 3 )-maps we mast take into consideration deformations of tor¬ 
sion (8.3) and introduce na( 3 )-parametrizations for b{u,v) and P"/?^ 
into the basic na-equations ( 8 . 6 ). The last ones for na( 3 )-maps are 
equivalent to equations ( 8 . 11 ) (with a corresponding redehnition of 
deformation parameters). □ 

We point out that for 7 r(o)-maps we have not differential equations on 
P))..^ (in the isotropic case one considers a hrst order system of differential 
equations on metric [230]; we omit constructions with deformation of metric 
in this section). 

To formulate invariant conditions for reciprocal na-maps (when every 
a-parallel on ^ is also transformed into na-parallel on .^ ) it is convenient 
to introduce into consideration the curvature and Ricci tensors dehned for 
auxiliary connection 

.5 ^ 5 , 5 p , 5 (b 

^a.pT — + 7.p[/37.r]a + 7 a4,W I3 t 
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and, respectively, = r2,^ri where [ ] denotes antisymmetric alternation 
of indices, and to define values: 


{0)rptJ. 

.af} 


_ pA* 

— .0/3 


rpll 

.0/3 


(n + m + 1) 


- KA-,), 


= rZ,,^ + 


1 




{n + m + 1)" 


K(27.V^‘^[7/3] - 7.r[7^‘^/3]<^) + ^;(27.V^‘^«/3 - 
<^^(27.V^'"«7 - 7.orW3'"73^)]> 


(3)p^“./375 = p;3% + e^^q^p'l^s + {^2- 

e<^"?5)P/37 - (<^7 - e<^"?7)P/3<5 “ “ e¥5"?/3)P[75] ’ 

(n + m - 2)p„^ = -p ^/3 - eq^p'^p-^^^^ + ^- eqrp'^p-;^^^ + eqpp^p^A 

71/ ~1~ 771/ 

ego(-<^^p;V + eqrp'^p^p-:^^^s\), 

where qaP^" = e = ±1, 

p“p75 = 

( for a similar value on ^ we write = Tlp.^s ~ | 

and pap = P-apT- 
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Similar values, 


{0)rria (0) Tjriy rfa rpa tJ^(5 tJ^(5 (3) rp5 

and are given, correspondingly, by auxiliary connections 


*75a = llx + ilx = Tex + 

tV = 7.V + ^(/3^r), 1 %\ = + 5^(/3<^A) , 

where ap = (JaFp- 

Theorem 8.3 Four classes of reciprocal na-maps of la-spaces are charac¬ 
terized by corresponding invariant criterions: 

1. for a-maps X^/ 3 , 




( 8 . 12 ) 


2. for na(i) -maps 

+ pTPT) = - r:,U,x+ (8.13) 

[Ft(aPex} + Q^.T[xP}i\) + + (Si.^a^A)]; 

7. /or na( 2 )-maps 

(8.14) 

4. for 7ia(3, -maps , 

'“'W-’yA SlXs- (8.15) 


Proof. 

We note that Theorem 3.3 is a supersymmetric higher order generaliza¬ 
tion of this one. Nevetheless we consider a detailed proof of this particular 
(non supersymmetric) case because a number of formulas are important in 
formulation of conservation laws in general relativity and different variants 
of gravitation with torsion and nonmetricity in locally isotropic spaces. 
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1. Let us prove that a-invariant conditions (8.12) hold. Deformations of 
d-connections of type 

(8-16) 

dehne a-applications. Contracting indices p and f3 we can write 

^ . (7^^^ - 7^a/3)- (8.17) 

Introducing d-vector into previous relation and expressing 

.,a _ rjiOL I T^a 

7 /3t /3t + 1 i3t 

and similarly for underlined values we obtain the first invariant con¬ 
ditions from (8.12). 

Putting deformation (8.16) into the formula for 

C-iS'r and 

we obtain respectively relations 

- C/37 = (8-18) 

and 


Laf3 - raf:) = 'iplap] + {u + 171 - l)lpa0 + 0 ^, (8.19) 

where 

^«/3 = - lpai>0- 

Putting (8.16) into (8.19) we can express ip[a 0 ] as 


'^/’[a/3] - -^- —[L[a 0 ] + 

n + m + 1 ^ ^ 

2 11 

-^- ^Yw'^iaP] -^- ^+ 

n + m + 1—^^ n + m + \ — n + m + \ 


n + m + 1 


7 [a0] 


n + m + 1 


7 r[aW^0]7>\ 


( 8 . 20 ) 
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To simplify our consideration we can choose an a-transform, paramet¬ 
rized by corresponding ■^-vector from (8.16), (or fix a local coordinate 
cart) the antisymmetrized relations (8.20) to be satished by d-tensor 


^a/3 = —-^ 

n + m + l — 


- rap- 


n + m+ 1 —■«'r 
n+m+1 ^ n+m+1 


( 8 . 21 ) 


Introducing expressions (8.16),(8.20) and (8.21) into deformation of 
curvature (8.17) we obtain the second conditions (8.12) of a-map in¬ 
variance: 

ex-(3'^ Jlr_Q;-/37? 

where the Weyl d-tensor on ^ (the extension of the usual one for 
geodesic maps on (pseudo)-Riemannian spaces to the case of v-bund- 
les provided with N-connection structure) is dehned as 


= C-e-. + 




-a./37 ^a-/37 ^ ^ ^ + 1 

i^a—l'yP] [a/3] <^/ 321 [a 7 ])] 

The formula for written similarly with respect to non-under- 

lined values is presented in subsection 2.1.2 . 


2. To obtain na(i)-invariant conditions we rewrite na(i)-equations (8.9) 
as to consider in explicit form covariant derivation and deforma¬ 
tions (8.2) and (8.3): 

+ P\aP^0^+ 

P^rpP^a'f + P^T^P^ap) = T(aP'^ Pj) + 
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( 8 . 22 ) 


'^13^) + b(^aP^0'Y) + 0,{apS^)- 
Alternating the first two indices in (8.22) we have 

2(2;(lffl, - r-^igy,) = 2(h)D„PV+ 

+ P‘^gP\y - 2P^,F-„^). 

Substituting the last expression from (8.22) and rescalling the defor¬ 
mation parameters and d-tensors we obtain the conditions (8.9). 

3. Now we prove the invariant conditions for na(o)-maps satisfying con¬ 
ditions 

e ^ 0 and e - ^ 0 

Let dehne the auxiliary d-connection 

=ly - y-sy=(8-23) 

and write 

4 + a^F^ - eap5^, 

where = UaF^, or, as a consequence from the last equality, 

Introducing auxiliary connections 

ny = I.y + 

and 

= %x + 

we can express deformation (8.23) in a form characteristic for a-maps: 

= *7“/J7 + 5-(/35^). (8.24) 

Now it’s obvious that na(2)-invariant conditions (8.24) are equivalent 
with a-invariant conditions (8.12) written for d-connection (8.24). As 
a matter of principle we can write formulas for such na(2)-invariants 
in terms of ” underlined” and ” non-underlined” values by expressing 
consequently all used auxiliary connections as deformations of ’’prime” 
connections on ^ and ”£nal” connections on We omit such tedious 
calculations in this work. 
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4. Let us prove the last statement, for na( 3 )-maps, of the theorem 8.3. 


We consider 


= e = ± 1 , 

(8.25) 

where 99 " is contained in 


l“/?7 = + ^(/3'^7) + 

(8.26) 

Acting with operator on (8.25) we write 


^^^Dfiqa = ^'^^Dpqa - ^IJ{aqq) - ea^p. 

(8.27) 


Contracting (8.27) with 99 " we express 

D^qa) - <^aq°‘qi3 - 

Putting the last formula in (8.26) and contracting on indices a and 7 
we obtain 

(n + m)V« = 7",, - 7 "„» + ( 8 . 28 ) 

From these relations, taking into consideration (8.25), we have 

{n + m — l)'^a<7’“ = 

Using the equalities and identities (8.27) and (8.28) we can express 
deformations (8.26) as the first na( 3 )-invariant conditions from (8.15). 

To prove the second class of na( 3 )-invariant conditions we introduce 
two additional d-tensors: 

P“/37<5 = 

and 

= h)?7<5 - (8.29) 

Using deformation (8.26) and (8.29) we write relation 

^•h7<5 = d“^75 - P%1& = “ ^[7-5]“ ^/37<5<^“> (8-30) 
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where 

D P'4) c, + '4)al4p -{u + lf'^'4)r)aap, 


and 




Let multiply (8.30) on and write (taking into account relations 
(8.25)) the relation 


CO'ctfi'^ Qr'^.afjS t/’o[/397] '4^[l3'y]Qa- (8.31) 

The next step is to express '4)ap trough d-objects on 4,- To do this we 
contract indices a and (3 in (8.30) and obtain 

(n + m)'4)i^p^ = + eqr^^a^^p - eipi^ippy 

Then contracting indices a and S in (8.30) and using (8.31) we write 

{n + m-2)i)ap = - ^QT^^^^aq\ + ^[l3a] + e{^pqa - ^(aqp): (8.32) 

where 'ipa = (p'^'ipar- If the both parts of (8.32) are contracted with 99 ", 
it results that 

{n + m- 2)^0 = - eg„, 

and, in consequence of = 0 , we have 
{n + m-l)^ = 

By using the last expressions we can write 

(n + m-2)^^ = (^V™A-egr+VVA« 5 -e(n + m- 


(8.33) 


Contracting (8.32) with ip^ we have 


(n + m)4ja = ‘P'^CF^rX + 


and taking into consideration (8.33) we can express ipa through 

As a consequence of (8.31)-(8.33) we obtain this formulas for d-tensor 
Ipap ■ 

(n + m - 2)4)^p = - eq^p^a^^py^P 
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! L \~ !I i 

eqai^^Kpx - egr<^^<^VV“ 

!i \~ fIL A. 

Finally, putting the last formula and (8.31) into (8.30) and after a 
rearrangement of terms we obtain the second group of na( 3 )-invariant 
conditions (8.15). If necessary we can rewrite these conditions in 
terms of geometrical objects on ^ and To do this we mast introduce 
splittings (8.29) into (8.15). □ 

For the particular case of na( 3 )-maps when 

= 0,(fo,= = — (lnfl),fl(M) > 0 

and 

9aP 

we dehne a subclass of conformal transforms fi'^^('w) = Q‘^{u)gai 3 which, 
in consequence of the fact that d-vector <^a must satisfy equations ( 8 . 11 ), 
generalizes the class of concircular transforms (see [230] for references and 
details on concircular mappings of Riemannaian spaces) . 

We emphasize that basic na-equations (8.9)-(8.11) are systems of hrst 
order partial differential equations. The study of their geometrical prop¬ 
erties and dehnition of integral varieties, general and particular solutions 
are possible by using the formalism of Pffaf systems [278]. Here we point 
out that by using algebraic methods we can always verify if systems of 
na-equations of type (8.9)-(8.11) are, or not, involute, even to hnd their 
explicit solutions it is a difficult task (see more detailed considerations for 
isotropic ng-maps in [230] and, on language of Pffaf systems for na-maps, 
in 247]). We can also formulate the Cauchy problem for na-equations on 
^ and choose deformation parameters (8.7) as to make involute mentioned 
equations for the case of maps to a given background space If a solution, 
for example, of na(i)-map equations exists, we say that space ^ is na(i)- 
projective to space In general, we have to introduce chains of na-maps 
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in order to obtain involute systems of equations for maps (superpositions of 
na-maps) from to : 

ng<ii> ng<i2> ng<ik-i> jj ng<ik> jj 

U - Ul -■ • ■ - <J k-l -^ LL 

where U C f/i C , Uk-i C ^k-i,LL C ^k with corresponding split¬ 

tings of auxiliary symmetric connections 

a _ p“ . P" . _L . P“ 

X/37 <*i> ^<*2> ■/37 W <ik> ./97 


and torsion 


'ITi3'y ~ ^^7 +<n> ^^7 +<* 2 > Q^fS'y -^<4> Q !^7 

where cumulative indices < ii >= 0,1, 2, 3, denote possible types of na- 
maps. 

Definition 8.4 Space ^ is nearly conformally projective to space f, nc : 
if there is a finite chain of na-maps from f to f. 

For nearly conformal maps we formulate : 

Theorem 8.4 For every fixed triples C f and f/ C 

components of nonlinear connection, d-connection and d-metric being of 
class C''{U), C^{U_), r > 3, there is a finite chain of na-maps nc : U U_- 

Proof is similar to that for isotropic maps [249,273,252] (we have to 
introduce a hnite number of na-maps with corresponding components of 
deformation parameters and deformation tensors in order to transform step 
by step coefficients of d-connection into Vfp^)- 

Now we introduce the concept of the Category of la-spaces, C(f). The el¬ 
ements of C(.^) consist from ObC{f) = • • •, } being la-spaces, 

for simplicity in this work, having common N-connection structures, and 
MorC{f) = {rac(.^<ij>,.^<j 2 >)} being chains of na-maps interrelating la- 
spaces. We point out that we can consider equivalent models of physical 
theories on every object of C(.^) (see details for isotropic gravitational mod¬ 
els in [249,252,278,250,273,274] and anisotropic gravity in [263,276,279]). 
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One of the main purposes of this chapter is to develop a d-tensor and varia¬ 
tional formalism on i.e. on la-multispaces, interrelated with nc-maps. 
Taking into account the distinguished character of geometrical objects on 
la-spaces we call tensors on C(() as distinguished tensors on la-space Cat¬ 
egory, or dc-tensors. 

Finally, we emphasize that presented in that section dehnitions and the¬ 
orems can be generalized for v-bundles with arbitrary given structures of 
nonlinear connection, linear d-connection and metric structures. Proofs are 
similar to those from [251,230]. 

8.3 Na-Tensor-Integral on La-Spaces 

The aim of this section is to dehne tensor integration not only for biten¬ 
sors, objects defined on the same curved space, but for dc-tensors, defined 
on two spaces, ^ and even it is necessary on la-multispaces. A. Moor 
tensor-integral formalism having a lot of applications in classical and quan¬ 
tum gravity [234,289,100] was extended for locally isotropic multispaces in 
[278,273]. The unispacial locally anisotropic version is given in [258,102]. 

Let Tu^ and be tangent spaces in corresponding points ueUc^ and 
uEU_(Z^ and, respectively, T*^ and T*^ be their duals (in general, in this 
section we shall not consider that a common coordinatization is introduced 
for open regions U and U _). We call as the dc-tensors on the pair of spaces 
(.^, ^ ) the elements of distinguished tensor algebra 

dehned over the space for a given nc : 

We admit the convention that underlined and non-underlined indices 
refer, respectively, to the points u and u. Thus for instance, are the 
components of dc-tensor 

Now, we dehne the transport dc-tensors. Let open regions U and IJ_ be 
homeomorphic to sphere and introduce isomorphism fXu,u between Tu^ 
and Tu^ (given by map nc : U^U_). We consider that for every d-vector 
corresponds the vector with components v- 

being linear functions of v": 

V- = h^{u, Va = K{u, u)Vc, 
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where h'^{u,u) are the components of dc-tensor associated with In a 
similar manner we have 

u)v-, Va = h%{u, %^Va- 

In order to reconcile just presented dehnitions and to assure the identity 
for trivial maps u = u, the transport dc-tensors must satisfy conditions 

h^{u, u)hl{u, u) = , h^{u, u)h'p{u, u) = 

and \im^u-^u)h%{u,u) = 5^, lim(„^„)h"(M, u) = 5“. 

Let Sp<zUG^ is a homeomorphic to p-dimensional sphere and suggest 
that chains of na-maps are used to connect regions : 

nc{i\ — nc{o\ 

U ^Sp^U. 


Definition 8.5 The tensor integral in uESp of a dc-tensor 


{u,u), completely antisymmetric on the indices ai,.. .,ap, over domain Sp, 
is defined as 


= jL jY-7y^_ _ I 

(p.T.ai...ap' 


u, u)dS' 


'ai...ap _ 


[ yfiu,u)h^{u,u)Ny%...yu,u)dS'""''''"fi (8.34) 

^ (Sp) 

where = 5u^^/\- ■ -Aduf. 


Let suppose that transport dc-tensors h^ and hf admit covariant 
derivations of order two and postulate existence of deformation dc-tensor 
satisfying relations 

Dah^{u,u) = u)h^{u, u) (8.35) 

and, taking into account that DaS^ = 0, 
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By using formulas for torsion and, respectively, curvature of connection 
we can calculate next commutators: 

-D[a-D/ 3 ]/iy = -{R'^.ais + (8.36) 

On the other hand from (8.35) one follows that 

DiaDp^h- = )hy, (8.37) 

where |r| denotes that index r is excluded from the action of antisym- 
metrization [ ]. From (8.36) and (8.37) we obtain 

-0[a-^/3]7. + -®[/3!7 |-®«]t = + T'^afS^ry)- (8.38) 

Let Sp be the boundary of Sp-i. The Stoke’s type formula for tensor- 
integral (8.34) is dehned as 


T- = /- *(P) ^q^/ai-ap 


where 




(8.39) 


l^oZr.?loo...aJ ...a.l + ...aJ' (8.40) 


‘ .['yai\ \p.T.€\a2...ap] Lp.e.\ai...ap] ' ['y\e-^^Lp.T.\ai...ap]' 

We dehne the dual element of the hypersurfaces element as 


dS0i...f3q_p — e/3i.../3fc_pai...OpdS' ^ 

where 671 ... 7 „ is completely antisymmetric on its indices and 


(8.41) 


^12...(n+m) — y — det\Gal3\-, 


Gap is taken from (6.12). The dual of dc-tensor is dehned as the 

dc-tensor g^i^igfying 

^ Kr-y^Pl-'-l^n+m-p _ 

^'^<fi.T.ai...ap — ...Op • 


(8.42) 



Using (8.16), (8.41) and (8.42) we can write 




where 






+ 


+ m - p + 


[r f.fh-K\Pi...P„+rn-p-lh 


B4K., 


'•'7*^/^l •■■/^n + m —p—I'T 




■'y‘^01-“0n+m—p—l'y 


To verify the equivalence of (8.42) and (8.43) we must take in consideration 


that D^ea^,,,ak ~ 0 


= p\{n + TJl - p)\5^2l -■ 


The developed in this section tensor integration formalism will be used in 
the next section for dehnition of conservation laws on spaces with local 
anisotropy. 


8.4 On Conservation Laws on La—Spaces 

To dehne conservation laws on locally anisotropic spaces is a challenging 
task because of absence of global and local groups of automorphisms of 
such spaces. Our main idea is to use chains of na-maps from a given, 
called hereafter as the fundamental la-space to an auxiliary one with trivial 
curvatures and torsions admitting a global group of automorphisms. The 
aim of this section is to formulate conservation laws for la-gravitational helds 
by using dc-objects and tensor-integral values, na-maps and variational 
calculus on the Category of la-spaces. 

8.4.1 Nonzero divergence of energy—momentum d— 
tensor 

R. Miron and M. Anastasiei [160,161] pointed to this specihc form of con¬ 
servation laws of matter on la-spaces: They calculated the divergence of 
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the energy-momentum d-tensor on la-space 




(8.44) 


and concluded that d-vector 

C/„ = 

vanishes if and only if d-connection D is without torsion. 

No wonder that conservation laws, in usual physical theories being a 
consequence of global (for usual gravity of local) automorphisms of the 
fundamental space-time, are more sophisticate on the spaces with local 
anisotropy. Here it is important to emphasize the multiconnection charac¬ 
ter of la-spaces. For example, for a d-metric (6.12) on ^ we can equivalently 
introduce another (see (6.21)) metric linear connection D The Einstein equa¬ 
tions 

RaP — -GapR = KiEal3 (8.45) 

constructed by using connection (8.23) have vanishing divergences 

D'^iRafS - ^Gaf^R) = 0 and = 0, 


similarly as those on (pseudo)Riemannian spaces. We conclude that by 
using the connection (6.21) we construct a model of la-gravity which looks 
like locally isotropic on the total space E. More general gravitational models 
with local anisotropy can be obtained by using deformations of connection 


r 


a 

•/ 37 ’ 


fi'Y 


= TX + 


/37 + 


13-yi 


were, for simplicity, is chosen to be also metric and satisfy Einstein 
equations (8.45). We can consider deformation d-tensors P “/37 generated 
(or not) by deformations of type (8.9)-(8.11) for na-maps. In this case 
d-vector Ua can be interpreted as a generic source of local anisotropy on ^ 
satisfying generalized conservation laws (8.44). 
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8.4.2 D—tensor conservation laws 

From (8.34) we obtain a tensor integral on C(^) of a d-tensor: 

We point out that tensor-integral can be defined not only for dc-tensors 
but and for d-tensors on Really, suppressing indices cp and 7 in (8.42) 
and (8.43), considering instead of a deformation dc-tensor a deformation 
tensor 

Ba}(u,u) = = Fl^(u) (8.46) 

(we consider deformations induced by a nc-transform) and integration 
Isp -. in la-space ^ we obtain from (8.34) a tensor-integral on 

C(^) of a d-tensor: 


7V^(m) = 

Taking into account (8.38) we can calculate that curvature 

of connection = r^api'^) + B'^^Xu), with B'^p{u) taken from (8.46), 

vanishes, = 0 - So, we can conclude that la-space X admits a tensor 

integral structure on C(X) for d-tensors associated to deformation tensor 
B'XX{u) if the nc-image X is locally parallelizable. That way we generalize 
the one space tensor integral constructions in [100,102,258], were the possi¬ 
bility to introduce tensor integral structure on a curved space was restricted 
by the condition that this space is locally parallelizable. For q = n + m re- 
lations (8.43), written for d-tensor (we change indices a,j3,... into 
a, P,...) extend the Gauss formula on C(.^): 

= IsX^DMi-dV, (8.47) 

where dV_ = ^J\G^\dR. ■ -dyd and 

= DMi- - T%^Mt - BpiK-- + BrfUR. (8.48) 
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Let consider physical values N'^ on ^ defined on its density A/^, i. e. 

N'i = (8.49) 

with this conservation law (due to (8.47)): 

= 0. (8.50) 

We note that these conservation laws differ from covariant conservation 

laws for well known physical values such as density of electric current or of 
energy- momentum tensor. For example, taking density E'^, with corre¬ 
sponding to (8.48) and (8.50) conservation law, 

l^D.JSl=D.JSl-T^„El-B^jEl=a, (8.51) 

we can define values (see (8.47) and (8.49)) 

Ea = I^_^EadS^. 

Defined conservation laws (8.51) for E'^ have nothing to do with those for 
energy-momentum tensor EQ from Einstein equations for the almost Her- 
mitian gravity [160,161] or with Eap from (8.45) with vanishing divergence 
D^E'J = 0. So EQ^EQ. A similar conclusion was made in [100] for unispa- 
cial locally isotropic tensor integral. In the case of multispatial tensor inte¬ 
gration we have another possibility (firstly pointed in [278,258] for Einstein- 

•'y 

Cartan spaces), namely, to identify E^f from (8.51) with the na-image of 
Ep on la-space We shall consider this construction in the next section. 

8.5 Na—Conservation Laws in La—Gravity 

It is well known that the standard pseudo-tensor description of the energy- 
momentum values for the Einstein gravitational fields is full of ambiguities. 
Some light was shed by introducing additional geometrical structures on 
curved space-time (bimetrics [211,143], biconnections [59], by taking into 
account background spaces [94,289], or formulating variants of general rel¬ 
ativity theory on fiat space [152,99]). We emphasize here that rigorous 
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mathematical investigations based on two (fundamental and background) 
locally anisotropic, or isotropic, spaces should use well-dehned, motivated 
from physical point of view, mappings of these spaces. Our na-model largely 
contains both attractive features of the mentioned approaches; na-maps es¬ 
tablish a local 1-1 correspondence between the fundamental la-space and 
auxiliary la-spaces on which biconnection (or even multiconnection) struc¬ 
tures are induced. But these structures are not a priory postulated as in a 
lot of gravitational theories, we tend to specify them to be locally reductible 
to the locally isotropic Einstein theory [94,152]. 

Let us consider a hxed background la-space ^ with given metric = 
{g.phab) and d-connection for simplicity in this subsection we consider 
compatible metric and connections being torsionless and with vanishing 
curvatures. Supposing that there is an nc-transform from the fundamental 
la-space ^ to the auxiliary we are interested in the equivalents of the 
Einstein equations (8.45) on 

We consider that a part of gravitational degrees of freedom is ’’pumped 
out” into the dynamics of deformation d-tensors for d-connection, 
and metric, 5“^ = (6*-^, 5“^). The remained part of degrees of freedom is 

~ Q; 

coded into the metric and d-connection 

Eollowing [94,252] we apply the first order formalism and consider 5"^ 
and T ’“/37 as independent variables on Using notations 


= pV, r, = 


I3ai 


and making identifications 


we take the action of la-gravitational held on ^ in this form: 


S^9) = J 


(8.52) 


where 

C(9) = - D,P\p) + (G“^ -F P“^)(P,P”„^ - P^^PV) 
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and the interaction constant is taken = ^/c, (c is the light constant 
and k is Newton constant) in order to obtain concordance with the Einstein 
theory in the locally isotropic limit. 

We construct on a la-gravitational theory with matter helds (denoted 
as ipA with A being a general index) interactions by postulating this La- 
grangian density for matter helds 

^{m) ^ + 5 "^); ^]. ( 8 . 53 ) 

Starting from (8.52) and (8.53) the total action of la-gravity on ^ is 
written as 

5 = {2cki)~^ J + c-^ J (8.54) 

Applying variational procedure on similar to that presented in [94] but 
in our case adapted to N-connection by using derivations (2.4) instead of 
partial derivations, we derive from (8.54) the la-gravitational held equations 


®a/3 — ^l(ia/3 + X^,^) 


(8.55) 


and matter held equations 

A£(m) 

Alpa 


(8.56) 


where denotes the variational derivation. 

In (8.55) we have introduced these values: the energy-momentum d- 
tensor for la-gravitational held 


I — 

- P\rP^A + 

\G^pG^^{P^,rP4> - P%P%r), (8.57) 

(where 

Kap = 

2Klp = 

G'^^hp^Pp) + G^^G^^P%rG^ie.Bpy + G^pB^^P\, - B^pP^ ) , 
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(8.58) 


2 © — DJUtauBaP + B^Bre “ 

and the energy-momentum d-tensor of matter 


IleH{aB 13)7 


T.al3 — 2 


- - Lia/3 A - 


AG 


AG 


.'yS 


As a consequence of (8.56)-(8.58) we obtain the d-covariant on ^ conserva¬ 
tion laws 

+ = 0. (8.59) 

We have postulated the Lagrangian density of matter helds (8.53) in a form 
as to treat -f T"^ as the source in (8.55). 

Now we formulate the main results of this section: 


Proposition 8.1 The dynamics of the Einstein la-gravitational fields, mo¬ 
deled as solutions of equations (8.45) and matter fields on la-space f, can be 
equivalently locally modeled on a background la-space f provided with a triv¬ 
ial d-connection and metric structures having zero d-tensors of torsion and 
curvature by field equations (8.55) and (8.56) on condition that deformation 
tensor is a solution of the Cauchy problem posed for basic equations 
for a chain of na-maps from 8, to f. 


Proposition 8.2 Local, d-tensor, conservation laws for Einstein la-gravi¬ 
tational fields can be written in form (8.59) for la-gravitational (8.57) and 
matter (8.58) energy-momentum d-tensors. These laws are d-covariant on 
the background space f and must be completed with invariant conditions of 
type (8.12)-(8.15) for every deformation parameters of a chain of na-maps 
from 8, to f. 

The above presented considerations consist proofs of both propositions. 

We emphasize that nonlocalization of both locally anisotropic and isot¬ 
ropic gravitational energy-momentum values on the fundamental (locally 
anisotropic or isotropic) space is a consequence of the absence of global 
group automorphisms for generic curved spaces. Considering gravitational 
theories from view of multispaces and their mutual maps (directed by the 
basic geometric structures on such as N-connection, d-connection, d- 
torsion and d-curvature components, see coefficients for basic na-equations 
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(8.9)-(8.11)), we can formulate local d-tensor conservation laws on auxiliary 
globally automorphic spaces being related with space ^ by means of chains 
of na-maps. Finally, we remark that as a matter of principle we can use 
d-connection deformations in order to modelate the la-gravitational inter¬ 
actions with nonvanishing torsion and nonmetricity. In this case we must in¬ 
troduce a corresponding source in (8.59) and dehne generalized conservation 
laws as in (8.44) (see similar details for locally isotropic generalizations 
of the Einstein gravity in Refs [274,278,250]). 

8.6 Na—maps in Einstein Gravity 

The nearly autoparallel map methods plays also an important role in formu¬ 
lation of conversation laws for locally isotropic gravity [249,233,274] (Ein¬ 
stein gravity), [252] (Einstein-Cartan theory), [273,278] (gauge gravity and 
gauge helds), and [273,251] (gravitation with torsion and nonmetricity). We 
shall present some examples of na-maps for solutions of Einstein equations 
(for trivial N-connection structures the equations (8.45) are usual gravi¬ 
tational held equations in general relativity) and analyze the problem of 
formulation laws on curved locally anisotropic spaces). 

8.6.1 Nc—flat solutions of Einstein equations 

In order to illustrate some applications of the na-map theory we consider 
three particular solutions of Einstein equations. 

Example 1. 

In works [42,43] one introduced te metric 

= Qijdx^dx^ = exp{2Q{q)){dt‘^ — dx^) — 

q^{exp{2(3{q))dy^ + exp{—2(3{q))dz‘^), (8.60) 

where q = t — x. If functions hl(g) and /5(g), depending only the variable 
g, solve equations 2dfl/dq = q{dp{q)/dq), the metric (8.60) satishes the 
vacuum Einstein equations. In general this metric describes curved spaces. 
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but if function I3{q) is a solution of equations 

q{(fp/dq^) + 2dl3/dq = q^^djd/dqY 

we have a flat space, i. e. = 0 . 

la) Let us show that metric (8.60) admits also na( 3 ) + na(i)-maps to 
Minkowski space. If g = 0, using conformal rescaling 

Qij = q~‘^exp{-2l3)gij, 

and introducing new variables = (p, v, y, z){a = 0,1, 2, 3), where 

V = t + p, P — 2 J dqq~‘^exp[2{Vt — (3)] 

and Sip) = —4/5(g)|g=g(p), we obtain 

na( 3 ) : ds^ ds^ = 2dpdv — dy"^ — expS{p)dz^ (8.61) 

with one non-zero component of connection = ^{dS/dp) = ^S. A next 
possible step will be a na-map to the flat space with metric = dp^ — 
dn^ — dp^ — dz"^. Really, the set of values igg = — the rest of components 
of the deformation tensor being equal to zero, and bo = pR — (S')^]/S', bi = 
&2 = 0, 63 = —S, ttij = 0, = 0 solves equations (8.45) for a map na(i) : 

ds^ ds^. 

lb) The metric ds from (8.61) also admits a na( 2 )-map to the flat space (as 
N. Sinyukov pointed out [230] intersections of type of na-maps are possible). 
For example, the set of values r = (ro(p), 0, 0, 0), z/;, = 0, n = (0, 0, 0, (T 3 ), 

^3 = -{2F^(^Q-^)-^Sexp[- J ro{p)dp + S{p)],F^ = Fj^^f^^explJ ro{p)dp-S{p)], 

constant 7 ^ 0 , the rest of the affinor components being equal to zero, 
and r(p) is an arbitrary function on p satisfies basic equations with e = 0 
for a map na{ 2 ) '■ ds^ ds^. 

l c) Metric ds^ from (8.61) does not admit na( 3 )-maps to the flat space 

because, in general, conditions = 0 ) satished, for example, 

®W'ooi = l(S+iS). 


312 



Example 2. 

The Peres’s solution of Einstein equations [183] is given by metric 

= —dx‘^ — dy"^ + 2dr]d\ — Q{x, y)N{()d(‘^, (8.62) 


where x = x^,y = x"^, \ = x^,( = x^. Parametrizing Q{x,y) = l(a;^ — 
y‘^),N{() = sin( we obtain plane wave solution of Einstein equations. 
Choosing 


Q{x,y) 


xy 

2 ( a ;2 + 1 / 2)2 


and iV(C) = { 


exp [(52 
0 


C^)], if ICI < b-, 
if ICI > 0, 


where 6 is a real constant, we obtain a wave packed solutions of Einstein 
equations. By straightforward calculations we can convince ourselves that 
values 


ui = ^QiN, 0-2 = ^Q 2 N, 0-3 = 0, 0-4 = ^QN, n = 0, z/fo = 0, 


Qi = N = dN/dC 

solve basic equations for a map na( 2 ) ■ ds^ ds"^, where 

g.. = diag{—l, —1, —1,1). So, metrics of type (8.62), being of type II, ac- 

—^3 

cording to Petrov’s classification [185], admits na( 2 )-maps to the flat space. 


Example 3. 

Now, we shall show that by using snperpositions of na-maps and imbeddings 
into psendo-Riemannian spaces with dimension d > 2 we can constrnct 
metrics satisfying Einstein eqnations. Let consider a 2-dimensional metric 

(is( 2 ) = —d3{lnt) + (m — n)~‘^dt^, 

where m and n (only in this snbsection) are constants and t > 0. Firstly, 
we use the conformal rescaling: 

na(3) : ds^(2) ds^(2) 
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and the canonical imbedding into a 3-dimensional space, 

(i5(2) C (is( 3 ) = + {m - n)~‘^dx^) + dy^. 

Then we consider a conformal rescaling of this 3-dimensional space, 

na(3) : dsf^) dsf^) = e-'^^dsf^) 

and, the next, the canonical imbedding into a 4 dimensional pseudo-Rie- 
mannian space 

ds^2,) ^ = 

+ (m - n)-^dx^) + dy^] + dz^. 

Finally, after a conformal mapping from 

na^i) : ds^ = 

g2x^-2(n+m)|g-4a.[^2(m+n+l)^_^2^^^^ + (m - + dy^] + 

we obtain a metric ds^ describing a class of space-times with ideal liquid 
matter (as a rule, some relations between constants n and m and the phys¬ 
ical parameters of the liquid medium are introduced, see details in [145]). 

Similar considerations, but in general containing investigations of more 
complicated systems of hrst order Pfaff equations, show that a very large 
class of the Einstein equations solutions can be locally generated by using 
imbeddings and chains of na-maps from flat auxiliary background spaces of 
lower dimensions than that of the fundamental space-time. 

8.6.2 Na—conservation laws in general relativity 

We have considered two central topics in the Chapter 8: the first was the 
generalization of the nearly autoparallel map theory to the case of spaces 
with local anisotropy and the second was the formulation of the gravita¬ 
tional models on locally anisotropic (or in particular cases, isotropic) na- 
backgrounds. For trivial N-connection and d-torsion structures and pseudo- 
Riemannian metric the la-gravitational held equations (8.45) became usual 
Einstein equations for general relativity. The results of section 8.5 hold good 
in simplihed locally isotropic version. In this subsection we pay a special 
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attention to the very important problem of definition of conservation laws 
for gravitational fields. 

A brief historical note is in order. A. Z. Petrov at the end of 60th 
initiated [184,186,187,188] a programme of modeling field interactions and 
modeling general relativity on arbitrary pseudo-Riemannian spaces. He ad¬ 
vanced an original approach to the gravitational energy-momentum prob¬ 
lem. After Petrov’s death (1972) N. S. Sinykov hnally elaborated [230] 
the geometrical theory of nearly geodesics maps (ng-maps; on (pseudo- 
) Riemannian spaces geodesics coincide with autoparallels) of affine con¬ 
nected spaces as an extension for the (n-2)-projective space theory [284,166], 
concircular geometry [294], holomorphic projective mappings of Kahlerian 
spaces [179] and holomorphic projective correspondences for almost com¬ 
plex spaces [121,237]. A part of Petrov’s geometric purposes have been 
achieved, but Sinyukov’s works practically do not contain investigations 
and applications in gravitational theories. In addition to the canonical 
formulation of the general relativity theory in the framework of the pseudo- 
Riemannian geometry, we tried to elaborate well-dehned criterions for con¬ 
ditions when for gravitational (locally isotropic or anisotropic) held theories 
equivalent reformulations in arbitrary (curved or hat) spaces are possible 
[249,233,274,278,273,251]. 

The concept of spaces na-maps implies a kind of space-held Poincare 
conventionality [191,192] which, in our case, states the possibility to for¬ 
mulate physical theories equivalently on arbitrary curved, or hat, spaces 
(na-backgrounds, being the images of na-map chains) with a further choice 
of one of them to be the space-time from a view of convenience or simplicity. 
If the existence of ideal probing bodies (not destroying the space-time struc¬ 
ture by measurements) is postulated, the fundamental pseudo-Riemannian, 
or a corresponding generalization, structure can be established experimen¬ 
tally. Mappings to other curved or hat spaces would be considered as math¬ 
ematical ’’tricks” for illustrating some properties and possible transforma¬ 
tions of held equations. We remark a diherent situation in quantum gravity 
where ideal probing bodies are not introduced and one has to consider all 
na-backgrounds as equal in rights. Perhaps, it is preferred to concern quan¬ 
tum gravitational problems on the space-time category C{r]) (see section 
8.2, Theorem 8.4 ; to analyze the renormalization of held interactions we 
shall extend our considerations on the tangent bundle, or bundles of higher 
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tangence) in order to develop quantum field theories with gravitational in¬ 
teractions on multispaces interrelated with ’’quantized” na-maps, on the 
category theory see [51]. 

In spite of some common features between our approach and those based 
on background methods [289,94,99] the na-method gives rise to a different 
class of gravitational theories. As a rule, background investigations are 
carried out in the linear approximation and do not take into consideration 
the ’’back reaction” of perturbations. Sometimes one uses successive ap¬ 
proximations. In the framework of the na-map theory we do not postulate 
the existence of any a priori given background space-time. The auxiliary 
spaces (curved, or fiat) being considered by us, should belong to the set 
of spaces which are images of na-map chains from the fundamental space- 
time. As a matter of principle such nc-transforms can be constructed as 
to be directed by solutions of the Einstein equations; if the Cauchy prob¬ 
lem is posed for both field and basic na-maps equations the set of possible 
na-backgrounds can be defined exactly and without any approximations 
and additional suppositions. Physical processes can be modeled locally 
equivalently on every admissible na-background space. According to A. Z. 
Petrov [184,186,187,188], if we tend to model the gravitational interactions, 
for example, in the Minkowski space, the space-time curvature should be 
’’pumped out” into a ’’gravitational force”. Free gravitating ideal probing 
bodies do not ’’fall” along geodesics in a such auxiliary fiat space. We have 
to generalize the concept of geodesics by introducing nearly geodesics or, 
more generally, nearly autoparallels in order to describe equivalently trajec¬ 
tories of point probing mass as well field interactions on the fundamental 
space-time and auxiliary na-backgrounds. 

So, we can conclude that to obtain an equivalent formulation of the 
general relativity theory on na-backgrounds one has to complete the grav¬ 
itational field equations (8.55) with equations for na-map chains (minimal 
chains are preferred). Of course, one also has to consider two types of 
conservation laws: for values of energy-momentum type, for gravitational 
fields, see (8.59), and conditions of type (8.12),(8.13),(8.14) and (8.15) for 
na-maps invariants. 

We point out the solitarity of mappings to the Minkowski space-time. 
This space is not only a usual and convenient arena for developing new 
variants of theoretical models and investigating conservation laws in al- 
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ready known manners. Perhaps, the ’’simplest” pseudo-Euclidean back¬ 
ground should be considered as a primary essence from which, by using 
different types of maps, more generalized curved spaces (auxiliary, or being 
fundamental Einstein space-times) can be constructed. Here the question 
arises: May be the supplementary relations to the background held equa¬ 
tions and conservation laws are motivated only by our requirement that 
mappings from the curved space-time to a hat space to be obtained only by 
the mean of na-maps and do not rehect any, additional to the background 
formulations, properties of the Einstein gravitational helds? The answer 
is related with the problem of concordance of geometrical structures on all 
spaces taken into consideration. Really, on backgrounds we have biconnec¬ 
tion (or even multi-connection structures). So, various types of geodesics, 
nearly geodesics, motion and held equations, and a lot of other properties, 
being characteristic for such spaces, can be dehned. That is why, we need a 
principle to base and describe the splitting of geometrical structures by 1-1 
local mappings from one space to another (which we have advocated to be 
the transformation of geodesics into nearly autoparallels). Of course, other 
types of space mappings can be advanced. But always equations dehned 
for maps splittings of geometrical structures and corresponding invariants 
must be introduced. This is the price we shall pay if the general relativity 
is considered out of its natural pseudo-Riemannian geometry. Sometimes 
such digressions from the fundamental space-time geometry are very use¬ 
ful and, as it was illustrated, gives us the possibility to formulate, in a 
well-known for hat spaces manner, the conservation laws for gravitational 
helds. However, all introduced ma-map equations and invariant conditions 
are not only motivated by a chosen type of mappings’ and auxiliary spaces’ 
artifacts. Being determined by the fundamental objects on curved space- 
time, such as metric, connection and curvature, these na-relations pick up a 
part of formerly unknown properties and symmetries of gravitational helds 
an can be used (see section 8.4) for a new type (with respect to na-maps 
hexibility) classihcation of curved spaces. 

Finally, we remark that because na-maps consists a class of nearest ex¬ 
tensions of conformal rescalings we suppose them to play a preferred role 
among others being more sophisticate and, at present time, less justihed 
from physical point of view. 
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Chapter 9 
HA—Strings 


The relationship between two dimensional cr-models and strings has been 
considered [153,80,53,229,7] in order to discuss the effective low energy field 
equations for the massless models of strings. In this Chapter we shall 
study some of the problems associated with the theory of higher order 
anisotropic strings being a natural generalization to higher order anisotropic 
backgrounds (we shall write in brief ha-backgrounds, ha-spaces and ha- 
geometry) of the Polyakov’s covariant functional-integral approach to string 
theory [193]. Our aim is to show that a corresponding low-energy string 
dynamics contains the motion equations for held equations on ha-spaces; 
models of ha-gravity could be more adequate for investigation of quantum 
gravitational and Early Universe cosmology. 

The plan of the Chapter is as follows. We begin, section 9.1, with a 
study of the nonlinear a-model and ha-string propagation by developing 
the d-covariant method of ha-background held. Section 9.2 is devoted to 
problems of regularization and renormalization of the locally anisotropic a- 
model and a corresponding analysis of one- and two-loop diagrams of this 
model. Scattering of ha-gravitons and duality are considered in section 9.3, 
and a summary and conclusions are drawn in section 9.4. 

9.1 HA—cr—Models 

In this section we present a generalization of some necessary results on 
nonlinear a-model and string propagation to the case of ha-backgrounds. 
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Calculations on both type of locally anisotropic and isotropic spaces are 
rather similar if we accept the Miron and Anastasiei [160,161] geometric 
formalism. We emphasize that on ha-backgrounds we have to take into 
account the distinguished character, by N-connection, of geometric objects. 

9.1.1 Action of nonlinear cr—model and torsion of ha- 
space 

Let a map of a two-dimensional (2d), for simplicity, flat space into 
ha-space ^ dehnes a a-model held 

«</^> (;,) = (a;* (;,) , y<-> (;,)) = (x^ [z ), (;^),..., (z)) , 

where z = A = are two-dimensional complex coordinates on M^. 
The moving of a bosonic string in ha-space is governed by the nonlinear a- 
model action (see, for instance, [153,80,53,229] for details on locally isotropic 
spaces): 

/ = ^ y {z) {z) {u) + 

{u) + (u)], (9.1) 

where and h are interaction constants, <h {u) is the dilaton held, is 
the curvature of the 2d world sheet provided with metric 7 ab, 7 = det (7 ab) 
and (9 a = gfa-, tensor and d-tensor &<^><i/> are antisymmetric. 

From the viewpoint of string theory we can interpret h^a><p> as the 
vacnum expectation of the antisymmetric, in our case locally anisotropic, 
d-tensor gange held B^a><p><z> (see considerations for locally isotropic 
models in [244,115] and the Wess-Zumino-Witten model [292,287], which 
lead to the conclusion [44] that h takes only integer valnes and that in the 
perturbative quantum held theory the ehective quantum action depends 
only on B and does not depend on b... ). 

In order to obtain compatible with N-connection motions of ha-strings 
we consider these relations between d-tensor &<a></ 3 >, strength 

-S<o></ 3><7> ~ '^[<a>^</3><7>] 
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and torsion : 


5 , 


<a>'^</3><7> 


= T. 


<a></3><7>5 


(9.2) 


with the integrability conditions 


^afbf '^<ap>&</3><7> — , (0 < / < P < z), (9.3) 

where ^afb^ coefficients of the N-connection curvature. In this 

case we can express i?<a></ 3 >< 7 > ~ ^[<o></ 9 >< 7 >]- Conditions (9.2) and 
(9.3) dehne a simplihed model of ha-strings when the a-model antisym¬ 
metric strength is induced from the ha-background torsion. More general 
constructions are possible by using normal coordinates adapted to both N- 
connection and torsion structures on ha-background space. For simplicity, 
we omit such considerations in this work. 

Choosing the complex (conformal) coordinates z = ,z = , 

where A = 0,1 are real coordinates, on the world sheet we can represent 
the two-dimensional metric in the conformally flat form: 


ds"^ = e^'^dzdz, 


(9.4) 


where 7,, = and 7„ = 75, = 0. 

Let us consider an ha-held U {u) ,u E taking values in Q being the 
Lie algebra of a compact and semi simple Lie group. 


U {u) = exp[i<p (m)], if {u) = p-{u) q-, 


where q- are generators of the Lie algebra with antisymmetric structural 
constants satisfying conditions 

/] = 2if^ql, tr(gV) = 25^. 


The action of the Wess-Zumino-Witten type ha-model should be written 
as 

/ (C) = ^ I dh tr (dAUd^U-^) + hr [U ], (9.5) 

where F [U] is the standard topologically invariant functional [44]. For per¬ 
turbative calculations in the framework of the model (9.1) it is enough to 
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know that as a matter of principle we can represent the action of our theory 
as (9.5) and to use d-curvature for a torsionless d-connection 

h<^>< 7 >) strength i?<a></ 3 >< 7 > respectively expressed as 


and 


-^<o></9><7><5> fa^T f2_ST^<a>^^ /)■> 


B<ca><f3><'y> — Vfa^Ty<ct>V<:p>yT ) 


where a new interaction constant rj = ^ is used and V^a> is a locally 


adapted vielbein associated to the metric ( 6 . 12 ): 


and 

G<^><>^>Vza>V^0> = (9.6) 

For simplicity, we shall omit underlining of indices if this will not give rise 
to ambiguities. 

Finally, in this subsection, we remark that for 77 = 1 we obtain a con¬ 
formally invariant two-dimensional quantum held theory (being similar to 
those developed in [34]). 


9.1.2 The d—covariant method for ha—background fi¬ 
elds 


Suggesting the compensation of all anomalies we can £x the gauge for the 
two-dimensional metric when action (9.1) is written as 


1 M ^ (9.1a) 


where and are, respectively, constant two-dimensional metric and 
antisymmetric tensor. The covariant method of background held, as general 
references see [139,140,290,5] can be extended for ha-spaces. Let consider a 
curve in parameterized as (z, s) ,s E [0,1], satisfying autoparallel 
equations 


(pp<a> g-j 

ds^ 


+ F 


<a> 

.</3><7> 


[P] 


ds ds 
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d^p<^> {z, s) <„> . , dp<^> dp<'^> 

ds^ +^.</3><7>lPJ 

with boundary conditions 


0 , 


p ( 2 :, s = 0) = M {z) and p {z, s = 1) u {z) + v {z). 


For simplicity, hereafter we shall consider that d-connection is 

dehned by d-metric (6.12) and N-connection structures, i.e. 


p<a> _ op<a> 

J- <P><7> — <P><7>- 

The tangent d-vector i where |s=o= C(of^ is chosen as 

the quantum d-£eld. Then the expansion of action I[u + v (C)], see (9.1a), 
as power series on C, 

00 

/[n + n(C)] = ^4, 

k=0 

where 

defines d-covariant, depending on the backgronnd d-held, interaction vor¬ 
texes of locally anisotropic a-model. 

In order to compute 4 it is useful to consider relations 

^g<-><i 3> = C^"^^<r>a<c><0>, 

QaG .Ca><l3> = dAp'^'" ^<T>G^a><l3>-i 
to introduce auxiliary operators 

(V. 4 C) \p] 

(V4C)^“^ = [iTpd^ + T<^;u.,^d^p<-'>] C<«>, 

V !/»(«)] (9-7) 

having properties 

V (s) C<“> = 0 , V ( 5 ) 9^p<“> = (V^C)<“^, 
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and to use the curvature d-tensor of d-connection (9.7), 

^</9><o><7><(5> = '^</9><o><7><(5>~ 

V<7>T[<q></ 3><5>] + V<5>T[<a></3><7>] — 
^[<r><o><7>]G^^^^^'^^^[<A><(5></3>] + ^[<T><a><5>]G^^^^^'*'^^[<A><7></9>] • 

Values Ik can be computed in a similar manner as in [115,44,34] but 
in our case by using corresponding d-connections and d-objects. Here we 
present the first four terms in explicit form; 

/i = ^ /<i222G<„><,fc (v.4C)"^ (9.8) 

h = ^,j<er.{{v4 + 

4 = — 

^ 2A2 

2^[<o></ 9><7>] (VAC<“>)e^^(VC<^>)C<^>+ 

a><7><5> + X 

^(V<.> ^ </9>^[<t><7><<5>] + 

r)^<x><e> ^<ip><(j)>rp 'V 'V \ 

'J' [<a><A><</j>]-f [<e></3><(5>].f [<(?i><T><7>]'r 

^ iv 


J d'^z{{-'\/^a>^<'r><l3><5><r>- 



/* 2 4 

J ^ (^</9><q><7><(5>' 
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^<^><'^>^[<e></3><7>]^<a>^[<A><5><r>]) X 

(■p^V<o> V</3>r<5><^><T.><^> + -r'^s^^.<T><-y>'^<P><K-><a><>^>~ 


2 (^<a> V</3>^[<7><r><e>])G 


[<7r><5><A>]‘ 


- .<K> rp ^<e><TT>rp , 

j' <a>.</3><7>-‘ [<K><r><e>]'-J' [<7r><(5><A>]“r 


.<K> rp p^< 

" ' <a>.<p><e>-‘- [<K><7><T>]'-J' 




<o>'^ <p>'^ <7>^[<A><5><r>] + 


-V<„> (g^ 


^ {'^<a>T[ 


[<7r></3><«;>] 


[<e><A><5>] 


> Q<K,><l'>rjr 


[<e><7><(5>]-f [<!^><A><t>]' 


2 G^'^^^^'^^^[<e><A><(5>] V<o>r</3 ><k><(5><t>] X 

[V<Q> V</3>^[<r><7><5>] “1“ ^[<k><<5><t>]'^<q,>.</9><7>”^ 


2^ <a>^[<<5></3><7>] 
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Now we construct the d-covariant ha-background functional (we use 
methods, in our case correspondingly adapted to the N-connection struc¬ 
ture, developed in [115,140,112]). The standard quantization technique is 
based on the functional integral 

Z [J] = exp (ilT [J]) = J d[u]exp{i {I + uJ)}, (9.9) 

with source (we use condensed denotations and consider that compu¬ 

tations are made in the Euclidean space). The generation functional T of 
one-particle irreducible (IPI) Green functions is dehned as 


T[u] = W [J (m)] -u-J[u], 

where u = is the mean field. For explicit perturbative calculations it is 
useful to connect the source only with the covariant quantum d-£eld C and 
to use instead of (9.9) the new functional 

exp {iW [m, Jj) = J [dQ exp{i {I [u + v (C)] -h J ■ C)}- (9-10) 

It is clear that Feynman diagrams obtained from this functional are 
d-covariant. 

Dehning the mean d-field ((u) = and introducing the auxiliary 

d-held (' = ( — C we obtain from (6.9) a double expansion on both classical 
and quantum ha-backgrounds: 


exp (ir[M, Cj) = J [dC] exp{i [m + n (C' + C)] - ^ 

The manner of fixing the measure in the functional (9.10) (and as a 
consequence in (9.11) ) is obvious : 


riE-l 


= E\/\G{u)\ n dC 

u <o>=0 


<a> 


U) 


(9.12) 


Using vielbein fields (9.6) we can rewrite the measure (9.12) in the form 


ue-I 

Ki=n n 

u a=0 


The structure of renormalization of a-models of type (9.10) (or (9.11)) is 
analyzed, for instance, in [115,140,112]. For ha-spaces we must take into 
account the N-connection structure. 
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9.2 Regularization and /?—Functions 

The aim of this section is to study the problem of regularization and quan¬ 
tum ambiguities in /^-functions of the renormalization group and to present 
the results on one- and two-loop calculus for the ha-a-model (HAS-model). 

9.2.1 Renormalization group beta functions 

Because our a-model is a two-dimensional and massless locally anisotropic 
theory we have to consider both types of infrared and ultraviolet regu¬ 
larizations (in brief, IR- and UV-regularization). In order to regularize 
IR-divergences and distinguish them from UV-divergences we can use a 
standard mass term in the action (9.1) of the HAS-model 

hrn) = J . 

For regularization of UF-divergences it is convenient to use the dimensional 
regularization. For instance, the regularized propagator of quantum d-£elds 
C looks like 


< (wi) (W2) >= (Ml - U 2 ) = 

■y2.<a><(i> [ ddP exp [-ip (Ml - M 2 )] 

J (p2 — + iO) 

where q = 2 — 2e. 

The d-covariant dimensional regularization of UF-divergences is compli¬ 
cated because of existence of the antisymmetric symbol One introduces 
[137,140] this general prescription: 

= i’ (€) y® 

and 

where is the q-dimensional Minkowski metric, and ijj (^) and u (e) are 
arbitrary d-functions satisfying conditions (0) = cm (0) = 1 and depending 
on the type of renormalization. 


^MS^NR_^MR^NS 
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We use the standard dimensional regularization , with dimensionless 
scalar d-£eld {z ), when expressions for unrenormalized G^^a></ 3 > 

^<a><f 3 > have a d-tensor character, i.e. they are polynoms on d-tensors of 
curvature and torsion and theirs d-covariant derivations (for simplicity in 
this subsection we consider = 1; in general one-loop IPI-diagrams must 
be proportional to (A^)* ^). 

RG /3-functions are defined by relations (for simplicity we shall omit 
index R for renormalized values) 


P{<a><l3>) , fi P[<a><f3>] (G^B) , 

/^<a><0> = /^(<a><0>) 3 " /^[<a><0>]- 

By using the scaling property of the one-loop counter-term under global 
conformal transforms 


/~<G 

'^<a><0> 


^<a><0>i ^<a><0> 


^<a><0> 


we obtain 



(1,0 



1=1 


E 

i=i 


IB 


( 1,0 

[<q></9>] 


in the leading order on e (compare with the usual perturbative calculus from 
[107]). 

The d-covariant one-loop counter-term is taken as 
A/® = i I {r,*’’ - ,■'’>) 

where 

= E (G, B). (9.13) 

k=i ) 

For instance, in the three-loop approximation we have 

7*<«><9> = bA'<3> + 2bg<3> + 3bS<«>- (9'14) 

In the next subsection we shall also consider constraints on the struc¬ 
ture of /3-functions connected with conditions of integrability (caused by 
conformal invariance of the two-dimensional world-sheet). 
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9.2.2 1—loop divergences and ha—renorm group equ¬ 
ations 


We generalize the one-loop results to the case of ha-backgrounds. If in lo¬ 
cally isotropic models one considers an one-loop diagram, for the HAS-model 
the distinguished by N-connection character of ha-interactions leads to the 
necessity to consider one-loop diagrams (see Fig. l).To these diagrams one 
corresponds counter-terms: 


jF) _ jF,a;2) j(c,y2) 


j{c,xy) j{c,yx) _ 


~h I Oax^Oex^- 

J d‘^zf<a><b> - 

J d‘^zri<a> dAX^dsy^''^- 


1 P 

-h J d'^zr^a>i (v 


AB 


AB 


where Ji is the standard integral 

^ G (0) f d'^p 

h = ^7^ = I 


A2 


(27r)^ p^ — fh? 


Dap dBx\ 


r(t) 

47r2 (m‘^Y 


-Inm -|- hnite counter terms. 

47re 71 

There are one-loops on the base and hber spaces or describing quan¬ 
tum interactions between fiber and base components of d-£elds. If the 
ha-background d-connection is of distinguished Levi-Civita type we obtain 
only two one-loop diagrams (on the base and in the fiber) because in this 
case the Ricci d-tensor is symmetric. It is clear that this four-multiplying 
(doubling for the Levi-Civita d-connection) of the number of one-loop dia¬ 
grams is caused by the ’’indirect” interactions with the N-connection field. 
Hereafter, for simplicity, we shall use a compactihed (non-distinguished on 
X- and y-components) form of writing out diagrams and corresponding for¬ 
mulas and emphasize that really all expressions containing components of 
d-torsion generate irreducible types of diagrams (with respective interaction 
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constants) and that all expressions containing components of d-curvature 
give rise in a similar manner to irreducible types of diagrams. We shall take 
into consideration these details in the subsection where we shall write the 
two-loop effective action. 




Figure 9.1: Feynman diagrams for 1-loop /5-functions 


Subtracting in a trivial manner Ji, 

1 1 -\- subtractions = -—, 
47re 

we can write the one-loop /5-function in the form: 


P<a><p> — r>_^<a><(3> — r)A'^'<a><P> 


27r 


27r 




m[<r><7><<i>lT-i I /^< t >< u > y 7 T' ^ 

[</3><7><c?i>] “r tjr V </i>J J. 


We also note that the mass term in the action generates the mass one- 
loop counter-term 


The last two formulas can be used for a study of effective charges as 
in [44] where some solutions of RG-equations are analyzed. We shall not 
consider in this work such methods connected with the theory of differential 
equations. 
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9.2.3 Two-loop /^-functions for the HAS-model 

In order to obtain two-loops of the HAS-model we add to the list (9.9) the 
expansion 


{v'’’ - «■“'’) (VbC^'’^) + 


(V 

1 1 

- e^-®) (2V<7>V<r>f<«></3> + -r<,></3>r<1;><^><„> + 
2 ' <Q><e>/ <^>.<t></3>^ 


Tr< 


^e><5> 


T-I I /^<U><U>rp 

[<5><7></3>] + ^ -'f 

[<a><7><!^>]^<T> 


Q<ti>< <T'>'^<lJL><f5>)dAU 


[<i'></3><7>] v <r>' <a><pL>- 


and the d-covariant part of the expansion for the one-loop mass counter¬ 
term 

A/g’ = 

The non-distinguished diagrams dehning two-loop divergences are illus¬ 
trated in Fig.2. We present the explicit form of corresponding counter-terms 
computed by using, in our case adapted to ha-backgrounds, methods devel¬ 
oped in [140,137]: 

For counter-term of the diagram (a) we obtain 




12 


V <(5> V 


<ip> 


r + 


1 <a> ^ <a>.<3> 1 <a>.</3><7> , 

2^<5><«>^<</j> g^.<<5>.<p>^<Q></9>-l-2^.<5> '^<a><(/j></9><7>T 
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-G 


<ip><T> 


<a>m rTi[<T><0><J>] 

' <5> [<a></3><7>] 


^ ^<0><T>rTi rri <Q:><7> , 

g'-*' [<<5 ><q:></ 9>][<V?><7><r>]' “r 


:G' 


r 


<a>.<l3><^> 
.<<5> 


Tr 


[</3><7><K>]^[<a><(p><r>] 




^r<“><7>V<«>T[<^><,><^>] + 


V<0!> 


/l/^<7><T>T-i rp \l<P>(r^ T^[<a><K><e>]\ I 

[<t></ 3><5>]-^ [<0><K><(p>] V Jj + 

In order to computer the counter-term for diagram {j3) we use integrals: 

(Pp 


lim i < OaC (u) d^( (v) >= i J 


{2n)i 


= fh Ii 


(containing only a IR-divergence) and 

j _ ■ f d?P 1 1 

J (27r)2 — 777^)2 (27r)2 

(being convergent). In result we can express 


(fkf 


{kp + 


m 


2'|2 


iP) = (/2 + 2mhj) X 

J dAU^'^^dBU 


<I3> 


331 



In our further considerations we shall use identities (we can verify them by 
straightforward calculations): 


-.[<7>-<5>] _ m[<r><7><5>]'| 

'(<«>.</ 3 >) “ {<a>{'^<f3>)<T>J- ), 

^[</9><o>< 7><(5>] = ^^[<r>[<o></3>]^[<7><5>]<K>], 

in the last expression we have three type of antisymmetrizations on indices, 
[< r >< a >< /5 >], [< 7 >< <5 >< k >] and [< a >< (3 >< 7 >< 5 >] , 


V<<5>^[<a></3><7>]~ Yq ^^[«/37]) ^ (9.15) 


( 


.[</3><a><7>] ^.[<q></9><7>]\ 


.<<p> 


— r 


.[<a></3><7> 


<‘P> ) ^'^[<a>< 0 ><^><S>]r .<(p>] 


+ 


f<a><h><7>x 


-<a>.</3><7>- 


Y' .[< 5 > ' [<¥»]<“></ 3 >< 7 >] + ^ 7 [< 5 > ' [<¥»]< o ></ 3 >< 7 >]- 

The momentum integral for the first of diagrams ( 7 ) 


r (PpcPp' paPb 

J (27r)2'J (p^ — m^)([/c + g]2 — m2)([p + g]2 — m^) 

diverges for a vanishing exterior momenta /c<^>.The explicit calculus of the 
corresponding counter-term results in 

2 f 

7l = J ^^^{(’^<«>«/3><7»«5>+ (9-16) 

(V«; 3 >T[<,»<„><.,>])V<^>(G<^><.>T[<"><^><'> 1 ) 

€^^PNMe^^dLU<'^>dnu<^>- 

2 (?"< o >(</ 3 >< 7 >)< 5 > + G^‘^^^^^T[^a><T>(<p>]T[<-y>)<5><ip>])^ 
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The counter-term of the sum of next two ( 7 )-diagrams is chosen to be the 
ha-extension of that introduced in [140,137] 


72 + 73 =-A^o;(e) (9.17) 

dAU^^>dBU<'^>}. 

In a similar manner we can computer the rest part of counter-terms: 

5 = lA2(/2 + rn2/iJ)x 

/ dAU<->dBU<^>, 

e = Ia'/' J dPz {r,^^ - x 

r)( ^<a><T>rp rp p</3><7> 

ZI^Ct [<<5></3><a>].f [<(/j>< 7 ><r>]' 

G<ipXr> T[<"><“><^>]V<,>f<5><;3>+ 

G<S><t> T[<"><“><^>V<«>f<^><^>]9AU<''>9BU<^>, 

X 

i = -X^m^IiJx 

6 

7] = (e) (^if + 2m^IiJ^ x 

/ ^^'^^.f.><7><5>7^[</3><^><r>]T[<"><^><">l ( 7 -"'' - dAU<->dBU<^>. 
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By using relations (9.5) we can represent terms (9.6) and (9.7) in the 
canonical form (9.1) from which we hnd the contributions in the (3cs><y^>- 
function (9.2): 


^ - -<7>(<a></3>) 

7i • . 

(cUi — 1) 4^ ^[<7>(<a></3>) . 

(27r)^ i2^[<7>(<«></3>)<5>]^.<</3>] + 


^ ^[<a></3><7> 

^"[<a></3><7><(5>]^".<(p>] 




72 + 73 : + 


{ui - 1) 


j[<o></9><7>-| 


(27r; 


—^[<q></3><7><5>]^).<<^>] ' }, 

n ■ P Art Tr 

{ 27 r)‘^ [aTe].^ 


(9.18) 


Finally, in this subsection we remark that two-loop /5-function can not 
be written only in terms of curvature r^a><p><'y><s> and d-derivation V<o> 
(similarly as in the locally isotropic case [140,137] ). 


9.2.4 Low-energy effective action for la—strings 

The conditions of vanishing of /^-functions describe the propagation of string 
in the background of ha-£elds G^a><i 3 > and b^a><i 3 >- (in this section we 
chose the canonic d-connection on The /^-functions are 

proportional to d-field equations obtained from the on-shell string effective 
action 

leff = j du^\Leff (7, h) . (9.19) 

The adapted to N-connection variations of (9.17) with respect to 
and can be written as 

Aleff 1 

^Q<a><(3> = l^<«><d> + ^G<a><i3>{Leff + Complete derivation)). 


334 







(VV + r2 + TV^T = rT‘^){duy+ 
eiW^T + rVT + T^VT + TVr){duf 


Diagram (a) 



2 


Diagram (/9) 




£T((9m) 



Figure 9.2: Two-loops diagrams for HAS-models 
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A/, 


eff 


= 0 . 


6b<^><P> 

The invariance of action (9.17) with respect to N-adapted diffeomorhsms 
gives rise to the identity 


<h> 


yY<a><l3> _ y[<a></3><7>] _ 


^5</3><7> 


1 , 


—-V^“^(Le// + complete derivation) 

(in the locally isotropic limit we obtain the well-known results from [297, 
54]). This points to the possibility to write out the integrability conditions 
as 


7 </ 9 > 


P{<a><f3>) G< 


(9.20) 


For one-loop /^-function, Tl><)3> “ we find from the last equa- 

tions 




(<5></9>) 


-G 


<5><t> 


2^[<r></3><7>] pW 


All 


<&> 


R T 2^[<a></3><7>] 


[</ 3 >< 7 >] 
2^[<a></3><7>]\ 


We can take into account two-loop /^-functions by hxing an explicit form of 

a;(e) = 1 -|- 2a;ie -|- Au 2 e^ + ... 

when 

(the t’Hooft-Veltman-Bos prescription [108]). Putting values (9.18) into 
(9.20) we obtain the two-loop approximation for ha-held equations 


7 </ 3 >^( 2 ) 


(<5></9>) 




[</ 3 >< 7 >] 




2(27r 




<o></9><7><5> 


G'< 


2i[<o></9><T>]2“i[<e><7><5>]_|_ 
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^ rp[<CaXT><a>]rp rp[<,K><pL><V>]rp 

-Lt [<e><r><(7>]-f [</9></i><!^>] 

^ ^</3><e>^ rp r7-|[<a><7><(p>lrp r7-T[<A><T><K>ll 

—Ct ^< 7 ><A>-f [<a></3><r>]-f [<e><(p><K>]-f J, 

which can be obtained from effective action 


jeff 


+ nT\ 


[<a></3><7>] 


rp[<CtXpX')>\ _ 


“ / I <aXI3X'rX5> _ 


/^<l3Xe> py rp[<:aX'fXK>]rp rp[<ivXaX<;>]rp , 

Ct J [<e><7><K>]-t [</9><(7 ><<j>]" r 

^/^</3><e>/^ Ti Tif<a><5><<j9>lTi Ti[<7><i>><K>l'll 

gtj- ^<<5><K>-f [<o></3><7>]-f [<(/?><«><£>]jj 

(9.21) 

The action (9.21) (for 27ra' = 1 and in locally isotropic limit) is in good 
concordance with the similar ones on usual closed strings [91,140]. 

We note that the existence of an effective action is assured by the 
Zamolodchikov c-theorem [296] which was generalized [242] for the case 
of bosonic nonlinear a-model with dilaton connection. In a similar manner 
we can prove that such results hold good for ha-backgrounds. 


9.3 Scattering of Ha—Gravitons 

The quantum theory of ha-strings can be naturally considered by using the 
formalism of functional integrals on ’’hypersurfaces” (see Polyakov’s works 
[193]). In this section we study the structure of scattering amplitudes of ha- 
gravitons. Questions on duality of ha-string theories will be also analyzed. 

9.3.1 Ha—string amplitudes for ha-gravitons scatter¬ 

ing 

We introduce the Green function of ha-tachyons, the fundamental state of 
ha-string, as an integral ( after Weeck rotation in the Euclidean space ) 

Gt{Pl,...,PN) = 
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(9.22) 


\/|T'(‘b)I exp(!p|“^M(2B)), 

where the integration measure on ■jab includes the standard ghost Fadeev- 
Popov determinant corresponding to the hxation of the reparametrization 
invariance and 

. A 

Because the string quantum held theory can be uncontradictory formulated 
for spaces of dimension d=26 we consider that in formula (9.22) a takes 
values from 0 to 25. Formula (9.22) leads to dual amplitudes for ha-tachyon 
scatterings for ^ (see [228] for details and references on usual locally 
isotropic tachyon scattering). 

The generating functional of Green functions (9.22) in the coordinate 
u-representation can be formally written as a hyper surface mean value 

r» [4] =< exp (-^ J l« (^M) > ■ 

In order to conserve the reparametrization invariance we dehne the ha- 
graviton source as 

r°[G] =<exp J > 

from which we obtain the Green function of a number of K elementary 
perturbations of the closed ha-string {K ha-gravitons) 

Gg{Ul, ...,Uk) =<\J [n^%l]'\/l7(^)|G^'® (^[j]) 

[j] 

dAU<^>{zy])dBU<^>{zy] “ «(%])) >, 

where X<a><f 3 > are polarization d-tensors of exterior ha-gravitons and [j] = 
1, 2, ...K. Applying the Fourier transform we obtain 

Gg{pU...,PK) = 


— J [[ cPzaIzm — Zn \zk — ZMf' \zk — Zn\ 


Az^M.N.K 
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J[D-fAB {z)][Du<^> (^)] exp J 

^ ^7(^7^^ {Z[3\) dAU<^^ (2:p]) {Z[j] )x<l><0> 

exp[ipy]u\z)]. 

Integrating the last expression on G<^><,^> and for d=26, when there 
are not conformal anomalies, we have 



Ggipi,...,PK) = J 


l[D\] 

. [i] 


{Oa 


d 


dp[j] 


■X 




d 


Mi] 


lx 


J [D(z{z)] 


exp[— ttq; 


[til 


(9.23) 


where V is the Green function of the Laplacian for the conformally-flat 
metric Gab = G'Sab '■ 


dA{.^\M^dA)V = - %]) 

which can be represented as 


V(zii], zy], a) = -—\n |^[i] - ^p]|2, ^ 


1 1 

G a) = ^{(z{z[k]) - ln(-)), 

for e being the cutting parameter. Putting the last expression into (9.23) 
we compute the Green function of ha-gravitons: 


<^3(^1, ...Pk) = 


/ n 

[mpUiM 


d Z[j]\Z[g] ^[p]| |^[s] Z\g]\ |^[s] 2 :[p]| {OAq^^^ 


■ 




exp 


[k] 


exp 


-Hhj^pfk] 

[k] 


where the dehnition of integration on a{z) is extended as 


(7s(2:y])^+oo 

da{z) = lim J] 


o-d(2[j])^-oo Jaaizy]) 


da{zy]). 


So the scattering amplitude 


AgiPl:-:PK) = lim Y[pl^Gg{pi,...,PK) 

[j] 


is hnite if 


lim 

o-d(2[:/])^-oo,p2j^0 


\P[j]^i^m) \ = ^onst < 


oo. 


Gg{pi, ...,pk) has poles on exterior momenta corresponding to massless 
higher order anisotropic modes of spin 2 (ha-gravitons). The hnal result 
for the scattering amplitute of ha-gravitons is of the form 




n ^ ^[i]l%] %]l I^W %]l l%] ^b]l 

[mplkUs] 


d 


d 






d 


dpf^ 


'm 


[m]<[n] 


If instead of polarization d-tensor X<a><i 3 fhe graviton polarization tensor 

Xi^k is taken we obtain the well known results on scattering of gravitons in 
the framework of the hrst quantization of the string theory [80,138] 


9.3.2 Duality of Ha—cr—models 

Two theories are dual if theirs non-equivalent second order actions can be 
generated by the same hrst order action. The action principle assures the 
equivalence of the classical dual theories. But, in general, the duality trans¬ 
forms affects the quantum conformal properties [52]. In this subsection we 
shall prove this for the ha-a-model (9.1) when metric 7 and the torsion 
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potential b on ha-background do not depend on coordinate u°. If such 
conditions are satisfied we can write for (9.1) the first order action 

1 I- riE-l - 

/ = ^ / d^z{ ^ [^/W\i^''{GooVaVb + 2GoaVA {dBU<^>) + 

(9.24) 

GcaXfSy {dAU'^°'^) ((9bM^^^)) +e^^(6o<a>VB('9AM'^“^) + 

b<a><0> {dAU<‘^>){dBU<^>))] + e^^u\dAVB) + 

where string interaction constants from (9.1) and (9.24) are related as = 
2TTa'. 

This action will generate an action of type (9.1) if we shall exclude the 
Lagrange multiplier u^. The dual to (9.24) action can be constructed by 
substituting Ya expressed from the motion equations for helds Ya (also 
obtained from action (9.23)): 

1= J c?^^{\/M7^^G<„></3>((9aS‘^">)(<9bS<^>)+ 


where the knew metric and torsion potential are introduced respectively as 


/Si _ 1 Ay _ ^0<a> 

<sr00 — 7;—Y<srO<a> — “V;-> 

t^OO ^00 



(in the formulas for the new metric and torsion potential indices a and (3 
take values 1, 2, ...ue — 1). 
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If the model (9.1) satisfies the conditions of one-loop conformal invari¬ 
ance (see details for locally isotropic backgrounds in [53], one holds these 
ha-held equations 

)_nE^ + [4(V<h)2 - 4V2$ - r - = 0, 

do o 

^{<a><l3>) + 2V(<a> V</3>)<h = 0, 

^[<o></3>] + 2 T[<q,></3><7>] = 0. (9.25) 

By straightforward calculations we can show that the dual theory has the 
same conformal properties and satishes the conditions (9.25) if the dual 
transform is completed by the shift of dilaton held $ = $ — 2 log Goo- 
The system of ha-held equations (9.25), obtained as a low-energy limit 
of the ha-string theory, is similar to Einstein-Cartan equations (6.34) and 

(6.36) . We note that the explicit form of locally anisotropic energy-mo¬ 
mentum source in (9.25) is dehned from well dehned principles and sym¬ 
metries of string interactions and this form is not postulated, as in usual 
locally isotropic held models, from some general considerations in order to 
satisfy the necessary conservation laws on ha-space whose formulation is 
very sophisticated because of nonexistence of global and even local group 
of symmetries of such type of spaces. Here we also remark that the higher 
order anisotropic model with dilaton held interactions does not generate in 
the low-energy limit the Einstein-Cartan ha-theory because the hrst system 
of equations from (9.25) represents some constraints (being a consequence 
of the two-dimensional symmetry of the model) on torsion and scalar cur¬ 
vature which can not be interpreted as some algebraic relations of type 

(6.36) between locally anisotropic spin-matter source and torsion. As a 
matter of principle we can generalize our constructions by introducing inter¬ 
actions with gauge ha-helds and considering a variant of locally anisotropic 
chiral ci-model [126] in order to get a system of equations quite similar 
to (6.36). However, there are not exhaustive arguments for favoring the 
Einstein-Cartan theory and we shall not try in this work to generate it 
necessarily from ha-strings. 
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9.4 Summary and Conclusions 

Let us try to summarize our results, discuss their possible implications and 
make the basic conclusions. Firstly, we have shown that the Einstein-Cartan 
theory has a natural extension for a various class of ha-spaces. Following 
the R. Miron and M. Anastesiei approach [160,161] to the geometry of 
la-spaces it becomes evident the possibility and manner of formulation of 
classical and quantum held theories on such spaces. Here we note that in la- 
theories we have an additional geometric structure, the N-connection. From 
physical point of view it can be interpreted, for instance, as a fundamental 
held managing the dynamics of splitting of high-dimensional space-time into 
the four-dimensional and compactihed ones. We can also consider the N- 
connection as a generalized type of gauge held which rehects some specihcs 
of ha-held interactions and possible intrinsic structure of ha-spaces. It was 
convenient to analyze the geometric structure of diherent variants of ha- 
spaces (for instance, Finsler, Lagrange and generalized Lagrange spaces) in 
order to make obvious physical properties and compare theirs perspectives 
in developing of new physical models. 

According to modern-day views the theories of fundamental held inter¬ 
actions should be a low energy limit of the string theory. One of the main 
results of this work is the proof of the fact that in the framework of ha-string 
theory is contained a more general, locally anisotropic, gravitational physics. 
To do this we have developed the locally anisotropic nonlinear sigma model 
and studied it general properties. We shown that the condition of self 
consistent propagation of string on ha-background impose corresponding 
constraints on the N-connection curvature, ha-space torsion and antisym¬ 
metric d-tensor. Our extension of background held method for ha-spaces 
has a distinguished by N-connection character and the main advantage of 
this formalism is doubtlessly its universality for all types of locally isotropic 
or anisotropic spaces. 

The presented one- and two-loop calculus for the higher order anisotropic 
string model and used in this work d-covariant dimensional regularization 
are developed for ha-background spaces modelled as vector bundles provided 
with compatible N-connection, d-connection and metric structures. In the 
locally isotropic limit we obtain the corresponding formulas for the usual 
nonlinear sigma model. 
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Finally, it should be stressed that we firstly calculated the amplitudes for 
scattering of ha-gravitons and that the duality properties of the formulated 
in this work higher order anisotropic models are similar to those of models 
considered for locally isotropic strings 
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Chapter 10 

Stochastic Processes on 
HA—Spaces 


The purpose of investigations in this Chapter [253,262] is to extend the 
formalism of stochastic calculus to the case of spaces with higher order 
anisotropy (distinguished vector bundles with compatible nonlinear and dis- 
tingnished connections and metric structures and generalized Lagrange and 
Finsler spaces). We shall examine nondegenerate diffnsions on the men¬ 
tioned spaces and theirs horizontal lifts. 

Probability theorists, physicists, biologists and financiers are already 
familiar with classical and qnantnm statistical and geometric methods ap¬ 
plied in varions branches of science and economy [13,14,171,189,131,84,141]. 
We note that modeling of diffnsion processes in nonhomogerneons media 
and formulation of nonlinear thermodynamics in physics, or of dynamics 
of evolntion of species in biology, reqnires a more extended geometrical 
backgronnd than that used in the theory of stochastic differential eqnations 
and diffnsion processes on Riemann, Lorentz manifolds [117,74,75,76] and 
in Rieman-Cartan-Weyl spaces [197,199]. 

Onr aim is to formulate the theory of diffusion processes on spaces with 
local anisotropy. As a model of snch spaces we choose vector bnndles on 
space-times provided with nonlinear and distinguished connections and met¬ 
ric strnctnres [160,161]. Transferring onr considerations on tangent bnndles 
we shall formnlate the theory of stochastic differential eqnations on gen¬ 
eralized Lagrange spaces which contain as particular cases Lagrange and 
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Finsler spaces [213,17,18,29,159]. 

The plan of the presentation in the Chapter is as follow: We present 
a brief introdnction into the theory of stochastic differential eqnations and 
diffnsion processes on Enclidean spaces in section 10.1. In section 10.2 we 
give a brief snmmary of the geometry of higher order anisotropic spaces. 
Section 10.3 is dedicated to the formnlation of the theory of stochastic dif¬ 
ferential eqnations in distingnished vector bnndle spaces. This section also 
concerns the basic aspects of stochastic calculus in curved spaces. In section 
10.4 the heat equations in bundle spaces are analyzed. The nondegenerate 
diffusion on spaces with higher order anisotropy is dehned in section 10.5. 
We shall generalize in section 10.6 the results of section 10.4 to the case 
of heat equations for distinguished tensor helds in vector bundles with (or 
not) boundary conditions. Section 10.7 contains concluding remarks and a 
discussion of the obtained results. 


10.1 Diffusion Processes on Euclidean Spa¬ 
ces 

We summarize the results necessary for considerations in the next sections. 
Details on stochastic calculus and diffusion can be found, for example, in 
works [117,62,90,132,123,124,71]. 

10.1.1 Basic concepts and notations 

Let consider the probability space (D, JF, P ), where (D, P) is a measur¬ 
able space, called the sample space, on which a probability measure P 
can be placed. A stochastic process is a collection of random variables 
X = {Xl, 0 <t < cx)} on (D, P ), which take values in a second measurable 
space {S,B ) , called the state space. For our purposes we suggest that 
(S', B ) is locally a r-dimensional Euclidean space equipped with a a-held of 
Borel sets, when we have the isomorphism S = TP and B = B (TP) , where 
B {U) denotes the smallest cr-held containing all open sets of a topological 
space U. The index t G [0, cx)) of the random variables X^ will admit a 
convenient interpretation as time. 

We equip the sample space(r2, P) with a hltration, i.e. we consider a 
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non decreasing family {JF, t > 0} of sub a-fields of JF ; C C JF for 

0< s < t < oo. We set !Foo = ^ U • 

One says that a sequence converges almost surely (one writes in brief 
a.s.) to X if for all cu G O, excepting subsets of zero probability, one holds 
the convergence 

lim Xn (cu) = X (oj). 

n—^oo 

A random variable Xt is called p-integrable if 

J \X {u)\^ P (du) < oo,p > 0,u E id, a.s. (10.1) 

n 

[Xf is integrable if (10.1) holds for p = 1). For an integrable variable X the 
number 

E{X) = j X (w) P (du) 
n 

is the mathematical expectation of X with respect to the probability mea¬ 
sure P on (O, JF). 

Using a sub- a-held Q of a-held T we can dehne the value 

E{X,g) = j X (cu) du 

Q 

called as the conditional mathematical expectation of X with respect to Q. 

Smooth random processes are modeled by the set of all smooth functions 
w : [0, oo) 3 t ^ w if) E TV', denoted as IF’’ = C ([0, oo) TV ). Set IF’’ 
is complete and separable with respect to the metric 

p(wi,W2) = £ 2 -” fm^ax |M;i(t) - W2(2)|)/\1 , 

Wi, ^2 E IF’’, where a A 1 = min{a, 1}. 

Let B (IF’’) be a topological a-held. As a Borel cylindrical set we 
call a set i? C IF’’, dehned as i? = {tc : {w (ti) ,w (t 2 ), ...,w (tn)) and 
E C B (7^’”’). We dehne as C C B (IF’’) the set of all Borel cylindrical sets. 
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Definition 10.1 A process {Xt,J^t, 0 <t < cx)} is said to be a submartin¬ 
gale (or supermartingale ) if for every < s < t < oo, we have P—a.s. 
E {Xt\E) > Xg ( or E {Xt\E) < Xg). We shall say that {Xt, Tf, 0 < t < cx)} 
is a martingale if it is both a submartingale and a supermartingale. 

Let the function p (t, x), t > 0, a; G is defined as 

p{t,x) = (27rt)~2exp 

and X = is a r-dimensional process that for all 0 < < ... < tm 

andB.eB(wTh=l,2,,..,m, 



P{^ti £ EiiXt2 ^ E2,Xt^ G Ejn} — ( p{dx) 

'Ry 

J p{ti,xi - x) dxi j p{h -ti,X2 - xi)dx2... 

El E2 

j P (^m 17 ^m—l) 


( 10 . 2 ) 


where p is the probability measure on(7^^, B {TV )). 


Definition 10.2 A process X = (Xt) with the above stated properties is 
called a r-dimensional Brownian motion (or a Wiener process with initial 
distribution p. A probability on {W^, B iW '^)), 

where P{w : wifi) G Ei,w(t 2 ) G E 2 , ...,w (tm) G Em} is given by the 
right part of (10.2) is called a r-dimensional Wiener distribution with initial 
distribution fi. 


Now, let us suggest that on the probability space (12, JF, P) a filtration 
(jFj) , t G [0, cx ) is given. We can introduce a r-dimensional (jFi)-Brownian 
motion as a d-dimensional smooth process X = {X (t))ig[ooo) > (.^t)^coordi- 
nated and satisfying condition 

E [exp [i < f,Xt- Xg >] \Pg ] = exp - {t - s) )2 a.s. 
for every f, E TV and 0 < s < f. 
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The next step is the dehnition of the Ito stochastic integral [123,117,62, 
90,132], Let denote as £2 the space of all real measurable processes <h = 
{$ (t,u)}t>o on n, (jFi) -adapted for every T > 0, 


. j, 

j (s, oj) ds < 00 , 

.0 

where ” = ” means ” is dehned to be”. For $ G £2 we write 

00 

ii 4'||2=E2"' (II ih,„ a 1 ). 

n=l 

We restrict our considerations to processes of type 

00 

$ (f, u) = /o (a;) I{t=o} + '^fi (^) (i), (10.3) 

i=0 



where Ia (B) = 1, if A C B and Ia (B) = 0, if A C B. 

Let denote Af 2 = {X = ; X is a quadratic integrable martingale 

on (r2,jF,P) referring to and Xq = 0 a.s. } and = { X G X42; 

t — > X is smooth a.s.}. For X G M 2 we use denotations 


|X|^ = £ 



,T>0, 


and |X|= E2-MIXLA1). 

n=l 

Now we can dehne stochastic integral on (X^'B^ownian motion B (t) on 
(hi, JF, B) as a map 

£2^$ ^ / (<h) G M2. 

For a process of type (10.3) we postulate 


n—1 


I ($) (f, a;) = ^ [fi (a;) (P (£+ 1 , u) - B (£, a;)) -f fn (cu) {B {t, w) - 


2=0 


00 

B{tn,u;))] =Y.h{B {t f\UA,) - B {t f\u)) (10.4) 


i=0 


for tn<t< tn+i, n = 0,1, 2,... 
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Process / ($) G defined by (10.4) is called the stochastic integral of 
<h G £2 on Brownian motion B (t) and is denoted as 

t t 

I ($) (t) = y $ (s, 00) dB (s, w) = (s) dB (s). (10.5) 

0 0 

It is easy to verify that the integral (10.5) satishes properties: 

|/($)lr=Hll2,T=||<h||2, 

00 j , 

B(/(4)(()") / e{s,w)ds 

i=0 [q 

and 

I (a$ + p^) (t) = al ($) (t) + pi (^) (t ), 

for every $, 'll G £2 (a, P E IZ) and t > 0. 

Consider a measurable space (hi, JF) equipped with a hltration {Bt ). A 
random time T is a stopping time of this hltration if the event {T < t} 
belongs to the (T-held(jFt ) for every t > 0. A random time is an optional 
time of the given hltration if {T < t} G {Bt ) for every t > 0. A real 
random process X = on is called a local {Bp -martingale 

if it is adapted to {Bt ) and there is a sequence of stopping {Bt )-moments 
(Tn with (Tn < cx),(Tn t oo and Xn = (X„(t)) is a {Bt )-martingale for 
every n = 1,2,..., where X^ = X {t Pa^) ■ If X^ is a quadratic integrable 
martingale for every n, than X is called a local quadratic integrable {Bt )- 
martingale . 

Let denote = { X = {XP^^^^X is a locally quadratic integrable 

{Bt )-martingale and Xq = 0 a.s.jand M. 2 ^'^^={X G M. 2 ^ : t —Xt is 
smooth a.s.}. In a similar manner with the Brownian motion we can dehne 
stochastic integrals for processes <h G £2 and <h G £ 2 °*^ on M C (we 

have to introduce M {tj,uj) instead of B {tj,u) respectively for tj = fj+i, tj = 
ti,ti = tn,tj = 1 in formulas (10.4)). In this case one denotes the stochastic 
integral as 

t 

($) {t) = y $ (s) dM (s). 

0 
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A great part of random processes can be expressed as a sum of a mean 
motion and fluctuations ( ltd processes ) 

t t 

X(t) =X(0)+ J f{s)ds + Jg{s) dB{s), 

0 0 

t t 

where / / (s) ds defines a mean motion , f g (s) dB (s) defines fluctuations 
0 0 

and / dB is a stochastic integral on Brownian motion B (t). In general such 
processes are sums of processes with limited variations and martingales. 
Here we consider the so-called smooth semimartingales introduced on a 
probability space with a given hltration , M* {t) G and A* {t) 

being smooth (jFt)-adapted processes with trajectories having a limited vari¬ 
ation and A*(0) = 0 (i=l,2,---A)- So a smooth r-dimensional semimartingale 
can be written as 


X* (t) = X* (0) + M* (t) + A* (f). (10.6) 

For processes of type (10.6) one holds the ltd formula [123,117,62,90,132] 
which gives us a differential-integral calculus for paths of random processes: 

F(A'(«))-F(V(0)) = 

t t 

J F: (X (s)) dM' (S) + 2 / f;" (V (S)) d < MHP >(s, ), (10.7) 

0 0 

where F/ = ^,F'j = > is the quadratic covariation of 

processes M® ,M^ E M. 2 , which really represents a random process A = At, 
parametrized as a difference of two natural integrable processes with the 
property that MfNt — A^ is a (jFt)-martingale. Here we remark that a 
process Q = Qt is an increasing integrable process if it is (jFt)-adapted, 
Qo = 0, the map f Qi is left-continuous , Qt > 0 and E (Qt) < oo 
for every t E [0, cx)). A process Q is called natural if for every bounded 
martingale M = (M*) and every t E [0, cx)) 


E 

~ T 

j MsdAs 

= E 

~ t 

f MJAs 


J 

Lo J 


J 

Lo J 
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There is another way of definition of stochastic integration instead of 
ltd integral, the so-called Fisk-Stratonovich integral, which obeys the usual 
rules of mathematical analysis. Let introduce denotations : A is the set of 
all such smooth (jFj)-adapted processes A = (At) that Aq = 0 and t ^ At 
is a function with limited variation on every hnite integral a.s.; B is the set 
of all such (jF^)-predictable processes <F = (<Ft) that with the probability 
one the function t is a bounded function on every hnite interval and 

(t,uj) Xt (oj) is C!B (??.'’)-measurable; O is the set of quasimartingales 
(for every X C (9 we have the martingale part Mx and the part with 
limited variation ). For every $ G and X & O one dehnes the scalar 
product 

t t 

($ O X) = X (0) + y $ (s, w) dMx (s) + y (s, w) dAx {s),t> 0, 

0 0 

as an element of O . One introduces an element $ o dX G dO as 


MX = $ o dX = d ($ o X) 


in order to dehne the symmetric Q-product : 

YodX = YdX + ^dXdY 


t 

for dX G dO and Y G O. The stochastic integral fYo dX is called the 

0 


symmetric Fisk-Stratonovich integral. 


10.1.2 Stochastic differential equations 

Let denote as the set of functions satisfying the conditions : a (t, w) : 
[0, cx)) X TV xTV are B ([0, cx))) x B (W^) jB (TV ® 7^’’)-measurable, 

for every t G [0, cx) a function 

W 3 w ^ a(t,w) eTV xTV is Bt (W) jB (jZ"’' ® 7 ?.^) -measurable, where 
X IZ^ denotes the set of r x c matrices, B (IZ^ ® IZ^) is the topological 
(T-held on IZ^ x 7^^ , obtained in the result of identihcation of IZ^ x 7^^ with 
rc-dimensional Euclidean space. 
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Suppose that values a G and f3 G are given and consider the 
next stochastic differential equations for a r-dimensional smooth process 
A' = (A : 

r 

dXl = ^ a; (t, X) dB^ (t) + (3^ (t, X) dt, (10.8) 

(e = 

for simplicity also written as 

dXt = a {t, X) dB (t) + 13 {t, X) dt. 

As a weak solution (with respect to a c-dimensional Brownian motion 
B (t), i? (0) = 0 a.s.) of the equations (10.8) we mean a r-dimensional 
smooth process X = (X (t))j>Q , dehned on the probability space (Q,JF,P) 
with such a hltration of a-algebras (jFt)t>o that X = X (t) is adapted 
to i-G- a map a; G X{uj) G is dehned and for every 

t G [0, cx)) this map is Xt/Pt (hh^ )-measurable; we can dehne processes 
(t,X (cn)) C £ 2 °^ and = j3^ {t,X (cn)) C £5°^; values 

X(t) = (XMt),X2(t),...,X'-(t)) and 5(1) = {B^ (t), B^t),B^ (t)) 
satisfy equations 

c * * 

X* (1) - X* (0) = ^ (s, X) dB^ (s) + [ /3^ (s, X) ds, (10.9) 

/ 3 =io 0 

with the unit probability, where the integral on dB^ (s) is considered as 
the ltd integral (10.7). The hrst and the second terms in (10.9) are called 
correspondingly as the martingale and drift terms. 

Let a (1, x) = (j* (1, x) be a Borel function (1, x) G [0, cx)) x 77^ —TV 
and h (1, x) = {6* (1, x)} be a Borel function (1, x) G [0, cx) xTP ^ TV. Then 
a{t,w) = C and j3{t,w) = b{t,w{t)) G A''’^. In this case 

the stochastic differential equations (10.8) are of the Markov type and can 
be written in the form 

r 

dX^ (1) = ^ (1, X (1)) dB^ (1) + V (1, X (1)) dt. 

k=l 
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If a and b depend only on x G TZ^ we obtain a equation with homogeneous 
in time t coefficients. 

Function 

$ {x, w):n^ X IFo" ^ = {w e C ([0, cx)) ^ 7^"); w (0) = 0} 

is called S {TV x IFq )-measurable if for every Borel probability measure /i 
on TV there is a function (x, w) -.TV x > hF'^, which is 

_ nxP^ ~ 

B{TV' X Wq) jB (IF’’)-measurable for all a; (/r), <F {x, w) = (x, w) 

and P'^-almost all w {P^ is the c-dimensional Wiener measure on Wq, 
i.e. a distribution B ). 

A solution X = {X {t)) of the equations (10.8) with a Brownian mo¬ 
tion B = B {t) is called a strong solution if there is a function F {x, w) : 
TV xWq hF’’, which is £ {TV x IFo^)-measurable for every x & TV' 

_ pW 

, w F{x,w) is (IFo) (hF'^)-measurable for every t > 0 and 

X = F{X {0),B) a.s. 

We obtain a unique strong solution if for every r-dimensional (Pt)- 
Brownian motion B = B {t) {B (0) = 0) on the probability space with 
the hltration {Ft) and arbitrary (jFo)'>aieasurable ^'’-valued random vector 
X = F {^, B) is a solution of (10.8) on this space with X (0) = ^ a.s. So, 
a strong solution can be considered as a function F {x, w) which generates 
a solution X of equation (10.8) if and only if we shall £x the initial value 
X (0) and Brownian motion B. 

10.1.3 Diffusion Processes 

As the diffusion processes one names the class of processes which are char¬ 
acterized by the Markov property and smooth paths (see details in [124,71, 
117]. Here we restrict ourselves with the definition of diffusion processes 
generated by second order differential operators on TZ^ : 


Af (x) 


I t (^) 


ay 

dx^dx^ 


(x) + {x) 

2 = 1 



( 10 . 10 ) 


where {x) and F {x) are real smooth functions on TZ^, matrix {x) is 
symmetric and positively defined . Let denote by TZ^ = TZ^ U{A} the point 
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compactification of TZ^. Every function / on TV is considered as a function 
on TV with / (A) = 0. The region of dehnition of the operator (10.10) 
is taken the set of doubly differentiable functions with compact carrier, 
denoted as C\ (JV). Let B (VV^^ be the a-held generated by the Borel 

cylindrical sets, where hh^ = {w : [0, cx)) 3 t ^ w (t) E V/ is smooth and if 
w (t) = A , then w (T) = A for all t' > t. The value e {w) = inf{f; w {t) = 
A,w E W''} is called the explosion time of the path w. 

Definition 10.3 A system of Markov probability distributions {Px,x E TP} 
on , which satisfy conditions : Px{w : tc(0) = x} = 1 for 

every x eTP', f {w {t)) - f {w (0)) - f (Af) (w (s)) ds is a (P^, Bt (IT'’)) - 

martingale for every f E (TP ) and x E TP defines a diffusion measure 
generated by an operator A ( or A- diffusion). 


Definition 10.4 A random process X = {X (t)) on TP is said to be a 
diffusion process, generated by the operator A ( or simply a A-diffusion 
process) if almost all paths [t ^ X (t)] G IT'’ and probability law of the 
process X coincides with P^f) = f P^ (■) ju (dx ), where p is the diffusion 

measure generated by the operator A and {Px} is the probability law of 

X(0). 

To a given A-diffusion we can associate a corresponding stochastic dif¬ 
ferential equation. Let the matrix function a (x) = (x)) E TP x TP 

P . 

dehnes (x) = (x) al (x) and consider the equations 

k=l 

r 

dx' (t) = J24{x (t)) dB^ (t) + p {X (t)) dt. (10.11) 

k=l 

There is an extension of (12, P,P) with a hltration (JF*) of the probability 
space 

(WfB{w^),Px) 

and with a hltration Bt (w^'^ and a (jFt)-Brownian motion B (t) (see [117] 
and the previous subsections) that putting X (t) = w (t) and e = e {w) one 
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obtains for t E [0, e) 


X* {t)=x^ + j2 [ 4 (X (s)) dB^ (s) + [b^iX (s)) ds. 
fc=io 0 

So (X (t ), B (t)) is the solution of the equations (10.11) with X (0) = x. 

If bounded regions are considered, diffusion is described by second order 
partial differential operators with boundary conditions. Let denote D = 
■■■■x'’);x'^ > 0}, dD = {x E D,x'^ = = {x G 

D] x^ > 0}. The Wentzell bound operator is dehned as a map from C]^ (L) 
to the space of smooth functions on dD of this type: 


r—1 


= 5 1 : 


(x] 


a2f r-1 Qf 


(x) — {x) - p {x) Af {x), (10.12) 

where x E dD, {x), /?* {x), fj, {x) and p {x) are bounded smooth functions 
on dD, [x) is a symmetric and nondegenerate matrix, p{x) > 0 and 
P (x) > 0. 

A diffusion process dehned by the operators (10.10) and (10.12) is called 
a {A, L)-diffusion. 


10.2 Ha—Frames and Horizontal Lifts 

We emphasize that in this Chapter all geometric constructions and results 
on stochastic calculus will be formulated for the general case of ha-spaces. 

On a ha-space we can consider arbitrary compatible with metric 
G d-conne-tions which are analogous of the affine connections on 

locally isotropic spaces (with or not torsion). On it is dehned the 

canonical d-structure T with coefficients generated by components 

of metric and N-connection (we shall consider the metric and d-connection 
to be induced in a Riemannian manner but on a ha-space) 

^ )k ^ ^]ki r ]<a> = ^]<a>i ^ <a>j = 0) T l^a><b> = 0) (10.13) 
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where 


-p <a> _ n p <a> _ ri p <a> _ r <a> p <a> _ pi<a> 

jk ~ j<b> ~ <b>k ~ ■‘^<b>ki <b><c> ~ '^<b><c>, 


Ljk r)9 ^i^k9pi ^j9pk ^p9jk)i 


LtU, = 


_ n^P<^> S n 

^bpCf 2^ ^Cf9bp<k>^ 


rij '^apOf) 


^bpCp ~ 2^ ^ ^i^Cphdpbp + ^bphdpCp SdphbpCp): 

where 0 < f < p < z. In formulas (10.13) we have used matrices and 
h<a><b> which are respectively inverse to matrices gij and h^a><b>- 
We also present the explicit formulas for unholonomy coefficients 
of the adapted frame basis (6.4): 


'f^ij = 0 > WjpCp = 0 , = 0 > 

wlibp = 0, wl\ = 0, 


(10.14) 


,,,“p _ p“p „ .bp 


= —S ]V°P in°P = A ]V°P 


Putting (10.13) and (10.14) into, correspondingly, (6.25) and (6.28) we can 
computer the components of canonical torsion T <) 3 ><.y> and curvature 

-^</ 3 >< 7 >< 5 > with respect to the locally adapted bases (6.5) and (6.6) 
[160,161]. 

Really, on every la-space a linear multiconnection d-structure is 

dehned. We can consider at the same time some ways of local transports 
of d-tensors by using, for instance, an arbitrary d-connection r<^><.y>, the 

canonical one P <) 3 ><.y>, or the so-called Christoffel d-symbols (see (1.49) 
for arbitrary signatnres) dehned as 


, < a > 

(3 >< 7 


(10.15) 


+ 5 </ 3 >G< 7 ><t> — < 5 <t>G</ 3 >< 7 >)- 
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Every compatible with metric d-connection can be characterized 

by a corresponding deformation d-tensor with respect, for simplicity, to 
I <°> I ■ 

L </3><7> J • 

(10-16) 

(the deformation of the canonical d-connection is written as 

(10-17) 

Perhaps, it is more convenient to consider physical models and geometric 
constructions with respect to the torsionless d-connection The 

more general ones will be obtained by using deformations of connections of 
type (10.16). But sometimes it is possible to write out d-covariant equations 
on by changing respectively components { } on . This 

holds for dehnition of stochastic differential equations on la-spaces (see, in 
particular, [13,14] on diffusion on Finsler spaces) and in our works we use 
the last way. 

Let suppose that is locally trivial and cr-compact. In this case 

is a paracompact manifold and has a countable open base. We denote 
as ) the set of all real C°°-functions on and as Fq 

the subclass of F consisting from functions with compact carriers. 

Fq (T^^^) and F(T^^^) are algebras on the held of real numbers 7Z with 
usual operations f + q, fq and A/(/, q G F(T<^> ) or Fq (T<^>) , \ eIZ). 
Vector helds on are dehned as maps 

V -.ue ^V{u)e T„ (T<^>). 


Vectors (i9<a>)^ , (< a >= 0,1, 2,..., — 1), form a local linear basis in 

Tu . We shall also use decompositions on locally adapted basis, 

('^<a>)) aiid denote by X(T<^>) the set of C“-vector helds on 

Now, let introduce the bundle of linear adapted frames GL on 

. As a linear adapted frame e = [e<o>], (< a >= 0,1,...,nE — 1), 
in point u G we mean a linear independent system of vectors e<a> G 
Tu obtained as a linear distinguished transform of local adapted ba¬ 

sis, i.e. 


^<a> 
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where 


e<“> e (7^) = GL (n, 7^ ) © GL (rm, 7^) © ... © GL (m„ 7^). 

Then GL is dehned as the set of all linear adapted frames in all 

points u G : 

GL{S^^^) = {r = {u,e),u G and e is a linear adapted frame in 

the point u}. 

Local coordinate carts on GL{S^^^) are dehned as (u <Q>,<^<a>), 
where U <«> = {r = {u, e) G GL ,u E Ua C and e is a linear 

adapted frame in the point u} , (r) = (y><a> (u) = and 

e<a> = e<“>(5<a> \u . So GL has the structure of G“-manifold of 

dimension n + mi + ... + m^ + + m^ + ... + m^. Elements a G GL*^ (7^) act 

on GL according the formula Ta{u,e) = {u,ea), where (ea)<Q> = 

o<i>e</ 3 >. The surjective projection tt : GL{£^^^) —> is dehned in a 

usual manner by the equality n{u, e) = u. 

Every vector held L G induces a vector held L on GL . 

Really, for / G we can consider 

{Lf) (r) = ((exptL)M, (exptL)*e) |i=o, (10.18) 

where r = {u, e) and 

(expfL)*e = [(exptL)*ei, (exptL)*e 2 ,..., (exptL)*e„^], 

is the diherential (an isomorphism Tu{£^^^ ) — T(^exptL)u^‘^^^ every 

u G of exptL and the local diheomorphism u —> v{t,u) is dehned by 

diherential equations 

= (10.19) 

(L = a^"^(M)(5<o>), n(0, u) = u. 

Let L G X(L<^>) and introduce functions /^"^(r) G F (GL(L<^>)) for 
every a = 0,1, 2,..., — 1 by the equalities 

fi‘‘>(r) = (10,20) 
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written in locally adapted coordinates r = e = on the man¬ 
ifold GL , where L = a"^^^{u)S^a> and e~^ is the matrix inverse 

to e. Because the equality (10.20) does not depend on local coordinates, 
we have dehned a global function on GL . It’s obvious that for 

L(i),L( 2 ) G we have 

(i(i)/f“r) ('■)=(0. 

where L(i) and Z( 2 ) are constructed similarly to operator (10.18), and 

[L(i),L(2)] = ^(1)^(2) - L(2)L(i). 

A distinguished connection dehnes the covariant derivation of d- 

tensors in in a usual manner. For example, we can introduce a d- 

covariant derivation DB of a d-tensor held B (u) = (“) 

the form 


-B^<7>-S</3i X/32 >... </35> 
P 


iu) = B 


</9i></32>...</99>;<7> 


U = 


r j^<ai><a2>...<ap> / 


+ E r 

<£> = 1 


<«£> 


<7>-^</9i></32>...</99> <7><<5> 0*^)-®</9i></32>...</39> 


,<ai><Q2>...<5>...<ap> / 
Jq.' 


Er 

T=\ 


<s> 

<'y><0T> 


u)B 


<ai><a 2 >...<ap> 

</3i></32>...<(5>...</3q> 


.U 


( 10 . 21 ) 


or the covariant derivative DyB in the direction Y = G X(£^'^^^) 


and the parallel transport along a (piecewise) smooth curve c : TZ DI = 
(^ 1 ,^ 2 ) 3 t ^ c{t) (considering B (t) = B (c(f)) ) 


d p<Ol><Q2>...<Qp>/.\ , 

-^^<0i><i32>-<Pq> W + 


( 10 . 22 ) 


Er 


<«£> 

<7><(5> 


c{t))B, 


£=1 


Er 

T = 1 


<<5> 

<7></3t> 


{c{t))B 


</9i></92>-</9?> 


<Ql><02>...<ap> 

<l 3 i><f 32 >...<S>...</ 3 q> 


(c(t)) 


dt 


, , ,, 

:cw)—= 0 . 
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For every r G GL we can define the horizontal snbspace 


Hr = {U = a 


<“>5 


<a> 


< <9 > 


,<a> 


7 


> 




of Tu (GL{S'^^^)). Vector U G Hr is called horizontal. Let ^ ^Tu ), 

then ^ & Tr {GL{S^^^)) is a horizontal lift of ^ if the vector ^ is horizon¬ 
tal, i.e. TT (r) = u and {dn)r^ = If r is given as to satisfy tt (r) = u 
the ^ is nniqnely defined. So, for given U G X(£^<^>)there is a nniqne 
f/ G X {GL {S^^^)) , where Ur is the horizontal lift for every r G 

GL .U is called the horizontal lift of vector field U. In local co¬ 
ordinates U = (n) (5<„> - r<^> (m) (m) e<f> ii U = 

In a similar manner we can define the horizontal lift 


c{t) = (c(t),e(t)) = [eo(t),ei(t),...,eq_i(t)] G GL 

of a curve c{t) G with the property that 7r(c(t)) = c{t) for t G / 

and ^{t) is horizontal. For every < a >= 0,1, ...q — 1 there is a unique 
vector field L G X {GL{S^^^)) , for which [l^ is the horizontal lift of vec¬ 
tor e<a> G Tu {S^^^) for every r = (n, e = [cq, Ci,..., eg_i]). In coordinates 
we can express 

(9 

r — p<a>£ _ r<«> p<l3>p<'i> _ 

J^<a> ^<a>^<0!> J- </3><7>*^<a>^<^> Q^<ct> ' 


Vector fields form the system of canonical horizontal vector fields. 

Let B (u) = (u) be a (p,s)-tensor field and define a 

system of smooth functions 


B 




<Ql> <a2>---<ap> 
B<pl><P2>---<Ps> 


r = 


p<7l><72>...<7p> 

^<Si><S2>...<Ss> 


(u) 


<^> <^> <Sl> <S2> <Ss> 

<71 > t^<72 > • • • ^<7p > ^</3i > ^</32 > • • • ^</9s > 


} 


(the scalarization of the d-tensor field B (r) with the respect to the locally 
adapted basis e) on GL , where we consider that 


B («) = 
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<c^><02>---<0p> <pi> ^ </32> ^ </9s> 

^B<f3i><f32>...<f^s> ^<Qi> ® ^<a2> ® ® 6* ® 6* ... ® 6* 


the matrix is inverse to the matrix e<^>, basis e* is dual to e and 
r = (m, e). It is easy to verify that 


-h<Q>(i^B</3i></32>...</3s>) o) 


{Fvb) 


<Q1> <Ct2>-"<Ctv> 

<lh> ■ ■ ■ < I3 b> ; <a> 


(r) 


(10.23) 


where the covariant derivation V is taken by using con¬ 
nection 


■p<“> _ „<“>„</3> <7>-p<o> 


I <'7> <Q> 

+ e<^>e - 


<(7>^<7> 


3<a-> 

-</3> 


in GL (induced from 

In our further considerations we shall also use the bundle of orthonormal- 
ized adapted frames on defined as a subbundle of GL satisfying 

conditions: 

O = {r = {u, e) G GL , e is a orthonormalized basis in 

So r = (m<“>, e O if and only if 

G^<o></3>C<a>C<|a> = 5<a><^> (10.24) 


or, equivalently, 

9-1 

E ^<a> <(3> _ ^<a><0> 

where the matrix (7<“></3> is inverse to the matrix G^a><( 3 > from (6.12). 

10.3 Stochastic Differential D—Equations 

In this section we assume that the reader is familiar with the concepts and 
basic results on stochastic calculus. Brownian motion and diffusion processes 
(an excellent presentation can be found in [117,74,75,62,90,132], see also a 
brief introduction into the mentioned subjects in the previous section of 
this Chapter and considerations for the higher order anisotropic diffusion in 
Chapter 5. The purpose of the section is to extend the theory of stochastic 
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differential equations on Riemannian spaces [117,74,75] to the case of spaces 
with general anisotropy, dehned in the previous section as v-bundles. 

Let Ry, ...,Ry G and consider stochastic differential equa¬ 

tions 

dU (t) = o (t) + (R(t)) dt, (10.25) 

where < a >= 1,2, ...,r and o is the symmetric Q-product (see subsection 
10.1.1). We shall use the point compactihcation of space and write 

S = or U{A} in dependence of that if is 

compact or noncompact. By W we denote the space of paths in 

, dehned as 

__ < 2 ^> 

W = {tc : tc is a smooth map [0,cx)) — S with the property 

that w (0) G and w{t) = A, w{t') = A for all t' > t} 

and by B {w the a-held generated by Borel cylindrical sets. 

The explosion moment e{w) is dehned as 

e {w) = inf{t, w{t) = A} 


Definition 10.5 The solution U = U (t) of equation (10.25) in v-hundle 
space 8"^^^ is defined as such a compatible W {8'^^^)-valued random 
element (i.e. as a smooth process in 8^^^ with the trap A), given on 
the probability space with filtration (jFj) and r-dimensional Tt)- Brownian 
motion B = B(t), with B{Q) = 0, for which 

f{u{t))-f{um = 

f it) {U is)) 5B<-> {s) + fiAo f) {U is)) ds (10.26) 

JO JO 

for every / G Fq (8^^^) (we consider f (A) = 0), where the first term is 
understood as a Fisk-Stratonovich integral. 

In (10.26) we use 5B^^^ (s) instead of dB'^^^ (s) because on 8^^^ the 
Brownian motion must be adapted to the N-connection structure. 

In a manner similar to that for stochastic equations on Riemannian 
spaces [117] we can construct the unique strong solution to the equations 
(10.25). To do this we have to use the space of paths in VJ starting in 
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point 0, denoted as Wq, the Wiener measure on Wq’’, a-field Bt iW^)- 
generated by Borel cylindrical sets up to moment t and the similarly defined 
(T-field. 

Theorem 10.1 There is a funetion F : x W (8^^^) being 

(8^^^) X Bt jBt {W -measurable (index fr runs all 

probabilities in {8‘^^^B{8'^^^)) ) for every t > 0 and having properties: 

1) For every U(t) and Brownian motion B = B (t) the eguality 
U = F{U (0) ,B) a.s. is satisfied. 

2) For every r-dimensional (Ft) ^Brownian motion B = B (t) with B = 
B (0), defined on the probability spaee with filtration Ft, (ind 8'^^^-valued 
F,-measurable random element f, the function U = F{f,, B) is the solution 
of the differential eguation (10.26) with U (0) = a.s. 


Sketch of the proof. Let take a compact coordinate vicinity V with 
respect to a locally adapted basis (5<o> and express A<o> = ^<a>, 

where functions (u) are considered as bounded smooth functions in 
, and consider on V the stochastic differential equation 

o (t) + (Ut) dt, (10.27) 

7/<“> = M<“>, (< a >= 0,1, ...q - 1). 

Equations (10.27) are equivalent to 

dUfi^> = (!/<“>) dB<^> {t) + {Ut) dt, 

7/<“> = M<“>, 

/ {u) \ ^ 

where a<“> (m) = ao<“> (m) + | E;s>=i ( 1 («) • known 

[117] that (10.27) has a unique strong solution F : 77”® x Wq ^ W”® 
or F{u,w) = {U{t,u,w)). Taking T\;{w) = inf{t : U{t,u,w) G V } we 
define 

Uy {t,U,w) = U{t l\Ty {w),U,w) (10.28) 

In a point u G V fl V, where V is covered by local coordinates we 

have to consider transformations 


a 


<a> 

<a> 


u {u)) 



du<°‘> 
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where coordinate transforms m" (m“) satisfy the properties (6.1). The global 
solution of (10.27) can be constructed by gluing together functions (10.28) 
dehned on corresponding coordinate regions covering . □ 

Let Pu be a probability law on W of a solution [/ = U (t) of 

equation (10.25) with initial conditions 17(o) = u. Taking into account the 
uniqueness of the mentioned solution we can prove that U = U {t) is a A- 
diffusion and satisfy the Markov property [117] (see also subsection 10.1.3). 
Really, because for every f E Fq 

df {U it)) = (7l<s>/) iU it)) o dw<^> + (Aof) {U (t)) dt = 

iU («))<;»<“> + (Ac/) (U {t))d+ \d (U it)) ■ du><" it) 

and 

‘‘ (■4<?>/) (U (t)) = 

AjJ) (U («)) ° *><“> it) + (U it)) dt, 

we have 

d(A^^J)(U(t))-dw<‘>(t)^ Y, A^~^(A^~,J)(U(t))dt. 

<Q> = 1 

Consequently, it follows that 

df {U it)) = {U it)) dw<^> {t) + (Af) {U it)) dt, 

i.e. the operator {Af) , dehned by the equality 

t, ■4<£> (^<S>/) + .4„/ (10.29) 

<o>=l 

generates a diffusion process {Pu},u G E^^^. 

The above presented results are summarized in this form: 

Theorem 10.2 A second order differential operator A f generates a A-dif- 
fusion on W {E"^^^) of a solution U = U {t) it of the equation (10.29) with 
initial condition U (0) = u. 
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Using similar considerations as in flat spaces [117] on carts covering 
we can prove the uniqueness of A-diffusion 

{Pu},ue on 

10.4 Heat Equations and Flows of Diffeo- 
morfisms 

Let v-bundle be a compact manifold of class (7°°. We consider oper¬ 

ators 

and suppose that the property 

E[Supte[o,i]Supu<zu |L><->{/(U {t,u,w))}\] < oo 

is satisfied for all / G -Fq and every multiindex < a > in the coordi¬ 

nate vicinity U with U being compact for every T > 0. The heat equation 
in Ff) is written as 

du 

— {t,u) = Au{t,u), (10.30) 

lim u{t,u)=f{u), 

tiO.u^u 

where operator A acting on F{Fo is defined in (10.29). 

We denote by ([0, cx)) x Fq (T<^>)) the set of all functions f{t, u) on 
[0, CX)) X being smoothly differentiable on t and twice differentiable on 
u. 

The existence and properties of solutions of equations (10.30) are stated 
according the theorem: 

Theorem 10.3 The function 

at,u) = F[f{Uihu,w)] e U“[0.(X)) X 

/ G Fo{S^^^) satisfies heat equation (10.30). Inversely, if a bounded func¬ 
tion nitju) G U^’^([0, cx) X solves equation (10.30) and satisfies the 

condition 

lim F[v{t — (Tfc, U (cjfc, u, w)) ■ Ck < t] = 0 (10.31) 

k^oo 
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for every t > 0 and u G where ak = inf{t, U{t, u, w) G Dk} and Dk is 

an increasing sequence with respect to closed sets in , [jD^ = 

k 

Sketch of the proof. The function ({t, u) is a function on because 

u ^ f {U (t, u, w)) G and in this case the derivation under mathematical 
expectation symbol is possible. According to (10.26) we have 

/ {U (t, u, w)) — f (u) = martingale + / {At) {U (s, u, w)) ds 

JO 

for every u G i.e. 

C{t,u) = f {u) + [ E[{Af) {U {s,u,w))ds. (10.32) 

Jo 

Because A^f G Fq ,{n = l, 2,...), we can write 

C{t, u) = f{u) +t {Af) {u) + J^dti E [(aV) {U {t 2 , u, w))] dt 2 = 

f{u)+t (Af) (u) + ^ (aV) (u) + 

dt2 E[(^A^f^ {U {t3,u,w))]dt3 = 
f{u)+t (Af) (u) + ^ (aV) (m) + ••• 

ft ftl ftn-l 

+ / dti dt 2 .- E[{A^ f) {U {tn, U, w)) dtn 

from which it is clear that 

C(t,w)GC“([0,oo)xT<^>). 

In Chapter V, section 3 of the monograph [117] it is proved the equality 

{AC,){u)=E[{Af)U{t,u,w))] (10.33) 

for every t > 0, where (t {u) = C (C u) . 
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From (10.32) and (10.33) one follows that 

C{'t,u) = f (u) + f {AC){s,u)ds 

JO 

and 

dC 

{t,u) = AC {t,u), 

i.e. C = C (tju) satisfies the heat equation (10.30). 

Inversely, let u (t, u) G ([0, cx)) x be a bounded solution of the 

equation (10.30). Taking into account that P {e\U (-jUjic))] = cx)) = 1 for 
every u G and using the Ito formula (see (10.6) ) we obtain that for 

every to > 0 and 0 < t < to • 

E[iy (to-t /\an,U (^t/\ n, w))] -z/(to,n) = 

rt/\crn Ql/ 

E[ {{Av) (to - S,U (s, u, w)) - - {to- s,U {s, u, w))}ds]. 

Supposing that conditions (10.31) are satished and considering n | cx we 
obtain 


E = {u (to — t,U (t, u, w )); e[U (•, u, tc)] > t} = u (to, u). 

For t t to we have E[f {U (to, n, tc))] = C (fo, u) , i.e. v (t, u) = C (dt "u) -D 
Remarks; 1. The conditions (10.31) are necessary in order to select a 
unique solution of (10.30). 

2. Defining 


C (t, u) = E[exp{J^ C {U (s, u, w)) ds}f {U (t, u, w))] 

instead of (10.30) we generate the solution of the generalized heat equation 
in : 

dv 

(t, u) = {Av) (t, u) + C (a) V (t, u ), 


dt 


lim u{t,u) = f{u). 


For given vector helds A(a) G (a) = 0,1,..., r in section 10.4 we 

have constructed the map 


U = {U{t,u,w)) : xIFo" 3 {u,w) ^U{-,u,w) G W{S 


<z> 
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which can be constructed as a map of type 

[0, cx)) X 3 {u, w) ^ U {t, u, w) E 

Let us show that map u E U {t,u,w) E is a local diffeomor- 

phism of the manifold for every fixed f > 0 and almost every w that 
G S<^> . 

We first consider the case when («)) G 

and h{u) = (u)) E IZ^’^ are given smooth functions (i.e. 

C°°-functions) on TZ^’^ , || a {u) || + || b{u) ||< iL (1 + |m|) for a constant 
iL > 0 and all derivations of and are bounded. It is known 

[117] that there is a unique solution U = U (t, u, w) , with the property that 
E[{U (t))^] < CX) for all p > 1, of the equation 


= a<S> {Ut) dw<^> it) + 6<“> {Ut) dt, (10.34) 

Uo = u,{a = 1,2, ...,nE - 1), 

defined on the space (Wq, with the flow (P^). 

In order to show that the map u ^ U {t, u, w) is a diffeomorphism of 
77"’'® it is more convenient to use the Fisk-Stratonovich differential and to 
write the equation (10.34) equivalently as 

{Ut) o {t) + 6^“^ {Ut) dt, (10.35) 

Uo = u, 

by considering that 

(m) = 6<“> (m) + i ^ (“) • 

<q:> = 1 


We emphasize that for solutions of equations of type (10.35) one holds the 
usual derivation rules as in mathematical analysis. 

Let introduce matrices 


(«) 


<a> 


S 


(u) 


<a><f3> <«> 
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T — X<«> 

^ — ^<I3> 

and the Jacobi matrix 

which satisfy the matrix equation 

Y{t)^I + l‘ (U (s)) y (s) o <iu><“> (s) + 

f'b'{U{s))Y{s)ds. (10.36) 

Jo 

As a modihcation of a process U (t, u, w) one means a such process U (t, u, w) 
that P^{U {t,u,w) = U {t,u,w) for alH > 0} = 1 a.s. 

It is known this result for flows of diffeomorphisms of flat spaces [83,156, 

74]: 

Theorem 10.4 Let U (t,u,w) be the solution of the equation (10.35) 

(or ( 10 . 34 )) Wiener space (Wq,P^'^ . Then we can choose a modifica¬ 
tion U (t, u, w) of this solution when the map u ^ U (t, u, w) is a diffeomor- 
phism 77”® a.s. for every t G [0, cx)). 

Process u = U (t, u, w) is constructed by using equations 

dUfi^> = (Ut) o 6w<^> (t) - (Ut) dfi 

Uo = u. 

Then for every hxed T > 0 we have 

U {T — t,u,w) = U {t, U (T, M, w ), w) 

for every 0< t < T and u P'^-a.s., where the Wiener process w is dehned 
as w (t) = w {T — t) — w (T), 0 < t < T. 

Now we can extend the results on flows of diffeomorphisms of stochastic 
processes to v-bundles. The solution U (t,u,w) of the equation (10.25) 
can be considered as the set of maps Ut : u ^ U (t, u, w) from to 


370 



Theorem 10.5 A process \U\ (t,u,w) has such a modification, for simplic¬ 
ity let denote it also as U (t,u,w), that the map Ufiw) : u ^ U (t,u,w) 
belongs to the class for every f E Fq and all fixed t G [0, cx)) 

a.s. In addition, for every u E U and t E [0, cx)) the differential of map 
u ^ U (t, u, w), 

U {t,u,w)^ : Tu {U {t,u,w)) Tu(t,u,w) , 

is an isomorphism, a.s., in the set {w : U (t,u,w) E }. 

Proof. Let Uq E and fix t G [0, cx) . We can find a sequence of coor¬ 
dinate carts Ui,U 2 , ■■■,Up C that for almost all w that U {t, uq C w) E 
there is an integer p> 0 that {U {s,Uo,w) : s G [(/c — l)t/p,kt/p]} C 
U\\ ,{k = l,2,...p). According to the theorem 10.2 we can conclude that 
for every coordinate cart U and {U {s,uo,w) ] s G [0,1]} C W a map 
V ^ U {to,v,w) is a diffeomorphism in the neighborhood of vq. The proof 
of the theorem follows from the relation U (t,wo,w) = [Ut/p {O^p-iy/pVO^ o 

••• o Ut/p (0t/pV?j o Ut/p] (mo) , where 9t : is defined as {fitw) (s) = 

w [t s) — w (f) .U 

Let Aq, Ai,..., Aj. E and Ut = {U {t,u,w)) is a flow of diffeo- 

morphisms on . Then Aq, Ai ,G X {GL define a flow of 

diffeomorphisms r/ = (r (f, r, w)) on GL with (r (t, r,w)) = 

{U (t, u,w) ,e (t, u, w)), where r = {u, e) and e {t, r,u) = U (t, u, w)^ e is the 
differential of the map u ^ U (t, u, w) satisfying the property 

U {t, u, w)^ e=[U {t, u, w)^ Co, U {t, u, w)^ Ci, U {t, u, w)^ e^.i]. 

In local coordinates 

^<a> («) = (< " >= 2,r), 

Ao (m) = (m) = ^< 2 > ®3>’ 

where (t,u,w) is defined from (10.36). So we can construct flows of 
diffeomorphisms of the bundle . 
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10.5 Nondegenerate Diffusion in La—Spaces 


Let a dv-bundle be provided with a positively defined metric of type 

(6.12) being compatible with a d- connection D = The connec¬ 
tion D allows us to roll along a curve 7 (t) C in order to draw 

the curve c (t) on as the trace of 7 (t). More exactly, let 7 : [0, cx)) 9 
t —7 (t) C be a smooth curve in 7^”®, r = (m, e) G O . We 

define a curve c(t) = (c (t), e (t)) in O by using the equalities 


it) 

dt 


= e 


<a> 

<a> 


it) 


dt 


(10.37) 



dt 


■p<a> 


(c(t)) 


3 < 7 > 

'<a> 


it) 


dc^^^ 

dt 


c<“> (0) = u 


<a> <a> 

> ^<a> 


( 0 )=e 


<«> 

<a>- 


Equations (10.37) can be written as 


= L<c> (c it)) d 7 <“>, 
c ( 0 ) = r, 

where{L<Q>} is the system of canonical horizontal vector fields (see (10.29)). 
Curve c{t) = 71 (c {t)) on depends on fixing of the initial frame p in a 

point u] this curve is parametrized as c(t) = c (t, r,'y) ,r = r {u, e). 

Let w (t) = (w-(t)) is the canonical realization of a n-|-m-dimensional 
Wiener process. We can define the random curve U (t) C in a similar 
manner. Consider r (t) = (r (t, r, w)) as the solution of stochastic differential 
equations 

dr (t) = L<,a> ir it)) o 5w^-^ {t ), (10.38) 

r ( 0 ) = r, 

where r (t, r, w) is the flow of diffeomorphisms on O ) corresponding 

to the canonical horizontal vector fields 81 , 82 , ...,8q_i and vanishing drift 
field 8 q = 0. In local coordinates the equations (10.38) are written as 


dU<^> {t) = e<“> {t) o Sw<^> {t), 
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(«) = -rJ,K<,> (C' («)) es; ° 

where r (t) = (t), (t)) . It is obvious that 

r(t) = {U^“> (t),e<Zl(t))eO (£<->) 

if r (0) G O because £<«> are vector helds on O ). The ran¬ 
dom curve (t)} on is dehned as U (t) = n [r (t)]. We point out 

that aw = {aw {t)) is another n^-dimensional Wiener process and as a con¬ 
sequence the probability law U {■,r,w) does not depend on a G O (ng). It 
depends only on u = tt (r). This law is denoted as and should be men¬ 
tioned that it is a Markov process because a similar property has r (•, r, w). 

Remark 10.1. We can define r{t,r,w) as a flow of diffeomorphisms 
on GL{£^^^) for every d-connection on In this case tt [r (•, r, tc)] 

does not depend only on u = n {t) and in consequence we do not obtain a 
Markov process by projecting on The Markov property of diffusion 

processes on is assumed by the conditions of compatibility of metric 

and d-connection (10.13) (or linear connection (10.15)) and of vanishing 
of torsion. 

Now let us show that a diffusion {Pu} on £'^^^ can be considered as an 
A-diffusion process with the differential operator 

A=^A£ +b, (10.39) 

where A^- is the Laplace-Beltrami operator on 

Aef = <,>:d <^>/ = (10.40) 

r<»><0> 

< 7 >< /3 > ’ 

where operator is constructed by using Christoffel d-symbols (10.15) 
and b is the vector d-£eld with components 
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Theorem 10.6 The solution of stochastic differential equation (10.38) on 
O defines a flow of diffeomorphisms r if) = (r (t, r, w)) on O 

and its projection U if) = tt (r if)) defines a diffusion process on cor¬ 
responding to the differential operator (10.39). 


Proof. Considering f (r) = f {u) for r = (n, e) we obtain 
f{U{t))-f{Um = f{r{t))-f{rm = 


{L<a>f) (r (s)) o 5w 
1 


<a> 


[ L..^yf {r{s))Sw<^> + - [ (r(s))ds. 

JO Z Jo 


q-1 


Let us show that | J2 ^<o> (L<a>f) = Eif. Really, because the operator 
^ <a>=o - V - / 


(10.39) can be written as 




<a> <P> 


1 

±/^<a></3> __ 


, < a> , 5 , 


and taking into account (10.32) we have 

L<a> (^L<a>f^ f) <,aS 


(-^vv/) 

<a><g> 

Now we can write 


= (V 


<7>v<5>/)e<2>e<i>. 


g-i _ _ 

L<q> {L<ict>f^ 


< a >=0 


q-l 


E (D <«>£»<«>/ )e77S = 

< a >=0 

(see (10.33)), which complete our proof. □ 


Definition 10.6 The process r ft) = (r(f,r, tc)) from the theorem 10.5 is 
called the horizontal lift of the A-dijfusion U (t) on E^^^. 
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Proposition 10.1 For every d-vector field b = on 

provided with the canonical d-connection structure there is a d-connection 
D = on , compatible with d-metric G^a><i 3 >, which satis¬ 

fies the equality (IO. 4 I). 

Proof. Let define 

^ . (10.42) 

where b^a> = G ^axtsyb"^^^ ■ By straightforward calculations we can verify 
that d-connection (10.42) satishes the metricity conditions 

^<'y>G<a><P> ~ = 0 

and that 

□ 

We note that a similar proposition is proved in [117] for, respectively, 
metric and affine connections on Riemannian and affine connected man¬ 
ifolds: M. Anastasiei proposed [11] to dehne Laplace-Beltrami operator 
(10.40) by using the canonical d-connection (6.21) in generalized Lagrange 
spaces. Taking into account (10.16) and (10.17) and a corresponding re- 
dehnition of components of d-vector helds (10.41), because of the existence 
of multiconnection structure on the space 8 ^^^ , we conclude that we can 
equivalently formulate the theory of d-diffusion on T'^^^-space by using 
both variants of Christoffel d-symbols and canonical d-connection. 

Definition 10.7 For A = an A-dijfusion U (t) is called a Rieman¬ 

nian motion on 8 ^^^. 

Let an A-differential operator on 8 ^^^ is expressed locally as 

4/ („,) = („,) (,) + ,<«> (,) ^ („). 
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where f E F , matrix is symmetric and nonegatively defined 

. If (u) ^<a>i<f 3 > > 0 for all u and ^ = (C<o>) G 7^'^\{0}, than 

the operator A is nondegenerate and the corresponding diffusion is called 
nondegenerate. 

By using a vector d-field &<q> we can define the 1-form 

(^(b) = b<a> (u) 

where b = and &<«> = G^a><i 3 >b'^^^ in local coordinates. Ac¬ 

cording the de Rham-Codaira theorem [201] we can write 

= dF + 5j3 + a (10.43) 

where F E F ,/5 is a 2-form and a is a harmonic 1-form. The scalar 

product of p-forms Ap ) on is introduced as 


where 


a = 



Cl<7l><72>...<7p> 


:...«7p> 

f \A - A 

f^= E /^<7l><72>... <7 p> 

<7l><<72><...<<7p> 

A-A 

^<7i><72>...<7p> _ ^<7l><'ri>(^<72><'r2> > < > 

<a,p>= J2 a<7l><72>...<7p> (“) /3 <^i><^2>...<7p> ^ 

...«7p> 


The operator <5 : Ap 
equality 


Su = ^J\ (ietG^a><i 3 >\bu^bu^...5u‘^ h 

Ap_i from (10.43) is defined by the 


(da, 0)^ = (a, , a e Ap-i . /3 6 Ap (£<«). 
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De Rham-Codaira Laplacian □ : Ap (£V) \ is defined by the 

equality 

U = -(d5 + U). (10.44) 

A form a & Ap is called as harmonic if □« = 0 . It is known 

that no; = 0 if and only if da = 0 and Sa = O.For f G F and 

[/ G X we can dehne the operators gradf E X and divU E 

F by using correspondingly the equalities 

gradf = 


and 


divU = —6 u!u = 


detG| 


=h 


<a> 


u 


<a> 


detG| 


The Laplace-Beltrami operator (10.39) can be also written as 

f = div{gradf) = —66f (10.45) 


for F (M). 

Let suggest that is compact and oriented and {Pu} be the system 
of diffusion measures dehned by a A-operator (10.39). Because is 

compact Pu is the probability measure on the set W (T"^^^) = W (T^^^) of 
all continuous paths in . 

Definition 10.8 The transition semigroup Tt of A-diffusion is defined by 
the equality 


(TJ){u)= I f(,w(t))P^(,dw),feC(£<‘>). 

W{£<=^>) 

For a connected open region hi C we dehne p^w E W (hi), w E 

W by the equality 


(t) = (iTAS'r’- 

where Tn {w) = inf{t : w (t) ^ hi}. We denote the image-measure Pu {u E fl) 
on map as Pff ; this way we dehne a probability measure on IF (hi) which 
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will be called as the minimal A-diffusion on hi. The transition group of this 
diffusion is introduced as 

{TPf)(u)= I f (w (t)) (dw) = 

w{n) 

J f{w (t)) I{rn{w)>t}Pu {dw) ,f eCp{Q). 

W{£<^> ) 

Definition 10.9 The Borel measure jj, {du) on is called an invariant 
measure on A-dijfusion {Pu} if 

f Ttf (m) h (du) = f / (u) /i {du) 

£<z> £<z> 

for all f eC (T<^>). 


Definition 10.10 An A-dijfusion {Pu} is called symmetrizable (locally 
symmetrizable) if there is a Borel measure 

u (du) on {du)) on {Q) 

that 

[ Ttf (u) g (u) V (du) = j f{u) Ttg {u) v (du) 

£<z> £<z> 

for all f,g ^ C and 

( J Tpf (u) g iu) (du) = J f{u) Tpg (u) {du) 

n n 

for all f,g e C {Q)). 

The fundamental properties of A-diffusion measures are satished by the 
following theorem and corollary: 
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Theorem 10.7 a) An A-dijfusion is symmetrizable if and only if Sp = 
a = 0 (see (10.44))I Ihis condition is equivalent to the condition that h = 
gradF, F E F and in this case the invariant measures are of type 

Cexp[2F {u)]du, where C = const. 

b) An A-diffusion is locally symmetrizable if and only if SP = 0 (see 
(10.19)) or, equivalently, dwp,) = 0. 

c) A measure cdu (constant c > 0) is an invariant measure of an A- 
diffusion if and only if dF = 0 (see (10.44)) or, equivalently, Sw^b) = 
—divb = 0. 


Corolarry 10.1 An A-diffusion is symmetric with respect to a Rieman- 
nian volume du (i.e. is symmetrizable and the measure v in (10.45) coin¬ 
cides with du) if and only if it is a Brownian motion on . 

We omit the proofs of the theorem 10.6 and corollary 10.1 because they 
are similar to those presented in [117] for Riemannian manifolds. In our case 
we have to change differential forms and measures on Riemannian spaces 
into similar objects on 


10.6 Heat Equations for D—Tensor Fields 

To generalize the results presented in section 10.5 to the case of d-tensor 
helds in we use the ltd idea of stochastic parallel transport [201,125] 
(correspondingly adapted to transports in vector bundles provided with N- 
connection structure). 

10.6.1 Scalarized tensor d-fields and heat equations 

Consider a compact bundle and the bundle of orthonormalized adapted 
frames on denoted as O . Let {Lq,Li, ...,Lq_i} be the system 

of canonical horizontal vector fields on O (with respect to canonical 

d-connection L The flow of diffeomorphisms r (f) = r{t,r,w) on 

O (T^^^) is dehned through the solution of equations 

dr (t) = L<„> (r (t)) o {t ), 
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r (0) = r, 

and this flow deflnes a diffusion process, the horizontal Brownian motion on 
O , which corresponds to the differential operator 

x^o(£’<^>) = 9 X/ -^<n> (-^<n>) • (10.46) 

^ ^ <a> 

For a tensor d-fleld S'(m) = .<pq> deflne its scalariza- 

tion Fs (r) = system of smooth functions on O 

similarly as we have done in section 10.3, but in our case by using frames 
satisfying conditions (10.22) in order to deal with bundle O (S^^^). 

The action of Laplace-Beltrami operator on d-tensor fields is defined as 


/ Arp\<ai><a 2 >...<ap> _ 

J</3i></32>---</3g> ~ 


G<“><^> (B<a> 



<ai><a 2 >...<ap> 

<pi><(32>.-.<liq> 


p-i<a><l3>rp<ai><Oi2>...<Oip> 

</9i></92>...</9g>;<«></?> 5 

where DT is the covariant derivation with respect to F <( 3 >< 9 >- We can 
calculate (by putting formula (10.21) into (10.46) that 


A / jp<a\><a 2 >...<ap> \ _ / j-, \<ai><a 2 >...<a.p> 

S<^><l32>---<liq>) ~ <l3i><l32>-<l3q> ■ 


For a given d-tensor held S = S {u) let be defined this system of functions 
on [0, cx)) X O (S<^^): 


T r<Ql><02>...<ap> 

^</3l><l32>...</3q> 


(t,r) = E 


j^<ai><a2>...<ap> 

^ S<iii><(32>---<liq> 


[r {t,r,w)) 


According to the theorem 10.5 is a unique solution of 

heat equation 

dV 1 

^ = -Ao,e<‘>)V, (10,47) 

-ir _ Xq;2 

V|i=0 — ^ S<Pl><P2>...<Pq>- 

In a similar manner we can construct unique solutions of heat equations 
(10.47) for the case when instead of differential forms one considers 77”^- 
tensors (see [117] for details concerning Riemannian manifolds). We have to 
take into account the torsion components of the canonical d-connection on 
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10.6.2 Boundary conditions 

We analyze the heat equations for differential forms on a bounded space 


da 1 
^ ^ 2°"’ 

(10.48) 

a\t=o — /, 

0, (^d(^^fiorm 0, 

(10.49) 


where □ is the de Rham-Codaira Laplacian (10.44), 

(^norm ^q—1 (^) du'^ , 

We consider the boundary of £^^^^to be a manifold of dimension q = ue 
and denote by Sj^ the interior part of and as dS_\f the boundary of 

. In the vicinity U of the boundary we introduce the system of local 
coordinates u = {(«"), u'^~^ > 0} for every u eU and u E U Ci dS^ if and 
only if = 0. 

The scalarization of 1-form a is dehned as 

M = <>< 0 > («) e5|;. r = {u<^^ 6 

Conditions (10.49) are satished if and only if 

eJ_V |f’<.>l«> (>■) = 0 

and 

a=0,l,2,...,q-l, where is inverse to . 

Now we can formulate the Cauchy problem for differential 1-forms 
(10.48) and (10.49) as a corresponding problem for 7^’^®-valued equivariant 
functions R<a> (f,r) on : 

(C r) = -{Ac,(^<->)R<a> (f, r) + (r) I/<^> (f, r), (10.50) 
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l^<«> (0,r) = (F^)<^^ (r), 

(< f 3 >= 0,1,..., g - 2), (< a >, < /3 > = 0,1,..., q - 1), 


^</ 9 > §^q-l (^’ ^)\dOiSj^) - 4 - 1 ^ ^)\dOi£u) ~ 

where /?<„> (r) is the scalarization of the Ricci d-tensor and dO (Sj^) = 
{r = (m, e) G , u G (9£^Ar }• 

The Cauchy problem (10.50) can be solved by using the stochastic dif¬ 
ferential equations for the process {U (t) ,c(t)) on 7V]_^ x 7 J(»e) ; 

dU<^ = e<jl (t) o SB<S> (t) + S<£>S^ (t ), 

(t) = (U (*)) qg (*) ° (t) = 

- (C/ («)) eSt (i) («) ° ^-S<" («) - 

r'j".y> ([/(«)) 

(</?>,<?>= 1,2,...,?- l) 

where (f) is a (n£;)-dimensional Brownian motion, f/ (t) is a nonde¬ 

creasing process which increase only if U (t) G dS^ . In [117] (Chapter IV,7) 
it is proved that for every Borel probability measure /i on 77+^ x 7 ^(«,b) there 
is a unique solution {U (t) , c (t)) of equations (10.6) with initial distribution 
/r. Because if 


G<a>< 0 > {u (0)) e<“> (0) e<g (0) = 5<„><^> 


then for every t > 0 

G<a><q> {U (t)) e<“> (t) (t) = 5<a><i>a.s. 

(this is a consequence of the metric compatibility criterions of type (1.34) or 
(1.36)) we obtain a diffusion process r (t) = {U {t) ,c(t)) on This 

process is called the horizontal Brownian motion on the bundle 0{£^^^) 


382 



with a reflecting bound. Let introduce the canonical horizontal flelds (as in 

( 10 . 21 )) 


(r) 


<s>gu<«> 



<a> 

</3><j> 


(u) 


<7>p</3> 

^<a>^<T> 


OF (r) 

de<% 


r = {u,e), 


deflne the Bochner Laplacian as 


A 




9 

= ^2 ^<a> 
a=l 


(i 


<a> 


and put 


.<l> 

-</ 3 > 


^</3> 

g—l<r> 


(m) 


Theorem 10.8 Let r (t) = {U (t) ,c(t)) be a horizontal Brownian motion 
with refleeting bound giving as a solution of equations (7.60). Then for 
every smooth funetion S{t,r) on[0,cx))x we have 

dS{hr{t))=l^-^S{flr{t))5B<^>+ 

{2 {^o{£<^>)S) {t, r{t)) + — {t, r {t))}dt + (Ug.^S) (t, r (t)) d(p (t), 
where Uq-i is the horizontal lift of the vector field Uq^i = defined as 


(Uq-iS^ (t,r) 


(5.S , , dS , 


(t) (t) = (r (t)) dt, 

dU^-^ (t) (t) = (r (t)) dt. 


The proof of this theorem is a straightforward consequence of the ltd 
formula (see (10.6) ) and of the property that Z]<o> ^<a> (^) ^<a> (f) = 
G'<“><^> (f/(t)) (see (10.24)). 

Finally, in this subsection, we point out that for diffusion processes we 
are also dealing with the so-called (A,L)-diffusion for bounded manifolds 
(see, for example, [117] and formula (10.11)) which is defined by second 
order operators A and L given correspondingly on Sjg- and dSj^ . 
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10.7 Discussion 

In the present Chapter we have given a geometric evidence for a generaliza¬ 
tion of stochastic calculus on spaces with higher order anisotropy . It was 
possible a consideration rather similar to that for Riemannian manifolds by 
using adapted to nonlinear connection lifts to tangent bundles [295] and 
restricting our analysis to the case of v-bundles provided with compatible 
N-connection, d-connection and metric structures. As a matter of princi¬ 
ple we can construct diffusion processes on every space provided with 
arbitrary d-connection structure. In this case we can formulate all results 
with respect to an auxiliary convenient d-connection, for instance, induced 
by the Christoffel d-symbols (10.15), and then by using deformations of 
type (10.16) (or (10.17)) we shall hnd the deformed analogous of stochastic 
differential equations and theirs solutions. 

We cite here the pioneer works on the theory of diffusion on Finsler man¬ 
ifolds with applications in biology by P. L. Antonelli and T. J. Zastavniak 
[13,14] and remark that because on Finsler spaces the metric in general is 
not compatible with connection the dehnition of stochastic processes is very 
sophisticate. Perhaps, the uncompatible metric and connection structures 
are more convenient for modeling of stochastic processes in biology and this 
is successfully exploited by the mentioned authors in spite of the fact that 
in general it is still unclear the possibility and manner of dehnition of met¬ 
ric relations in biology. As for formulation of physical models of diffusion 
in anisotropic media and on locally anisotropic spaces we have to pay a 
due attention to the mutual concordance of the laws of transport (i.e. of 
connections) and of metric properties of the space, which in physics plays a 
crucial role. This allows us to dehne the Laplace-Beltrami, gradient and di¬ 
vergence operators and in consequence to give the mathematical dehnition 
of dihusion process on la-spaces in a standard manner. 
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Part III 

Generalized Isofinsler Gravity 
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Chapter 11 

Basic Notions on Isotopies 


11.1 Introduction 

This Part is devoted to a generalization [271] of the geometry of Santilli’s 
locally anisotropic and inhomogeneous isospaces [217,219,220,218,221,222, 
223,224] to the geometry of vector isobundles provided with nonlinear and 
distinguished isoconnections and isometric structures. We present, appar¬ 
ently for the first time, the isotopies of Lagrange, Finsler and Kaluza-Klein 
spaces. We also continue the study of the interior, locally anisotropic and in¬ 
homogeneous gravitation by extending the isoriemannian space’s construc¬ 
tions and presenting a geometric background for the theory of isofield in¬ 
teractions in generalized isolagrange and isofinsler spaces. 

The main purpose of this Part is to formulate a synthesis of the Santilli 
isotheory and the approach on modeling locally anisotropic geometries and 
physical models on bundle spaces provided with nonlinear connection and 
distinguished connection and metric structures [160,161,295]. The isotopic 
variants of generalized Lagrange and Finsler geometry will be analyzed. 
Basic geometric constructions such as nonlinear isoconnections in vector 
isobundles, the isotopic curvatures and torsions of distinguished isoconnec¬ 
tions and theirs structure equations and invariant values will be defined. A 
model of locally anisotropic and inhomogeneous gravitational isotheory will 
be constructed. 

Our study of Santilli’s isospaces and isogeometries over isofields will 
be treated via the iso differential calculus according to their latest formu- 


386 



lation [224] (we extend this calculus for isospaces provided with nonlinear 
isoconnection structure). We shall also use Kadeisvili’s notion of isocontinu¬ 
ity [129,130] and the novel Santilli-Tsagas-Sourlas isodifferential topology 
[223,239,232], 

After reviewing the basic elements for completeness as well as for nota- 
tional convenience, we shall extend Santilli’s foundations of the isosympletic 
geometry [223] to isobundles and related aspects (by applying, in an iso¬ 
topic manner, the methods summarized in Miron and Anastasiei [160,161] 
and Yano and Ishihara [295] monographs). We shall apply our results on iso- 
topies of Lagrange, Finsler and Kaluza-Klein geometries to further studies 
of the isogravitational theories (for isoriemannian spaces hrstly considered 
by Santilli [223]) on vector isobundle provided with compatible nonlinear 
and distinguished isoconnections and isometric structures. Such isogeomet- 
rical models of isoheld interaction isotheories are in general nonlinear, non¬ 
local and nonhamiltonian and contain a very large class of local anisotropies 
and inhomogeneities induced by four fundamental isostructures: the par¬ 
tition of unity, nonlinear isoconnection, distinguished isoconnections and 
isometric. 

The novel geometric prohle emerging from all the above studies is rather 
remarkable inasmuch as the hrst class of all isotopies herein considered 
(called Kadeisvili’s Class I [129,130]) preserves the abstract axioms of con¬ 
ventional formulations, yet permits a clear broadening of their applicability, 
and actually result to be ’’directly universal” [223] for a number of possible 
well behaved nonlinear, nonlocal and nonhamiltonian systems. In turn, this 
permits a number of geometric unihcation such as that of all possible met¬ 
rics (on isospaces with trivial nonlinear isoconnection structure) of a given 
dimension into Santilli’s isoeuclidean metric, the unihcation of exterior and 
interior gravitational problems despite their sizable structural differences 
and other unihcation. 


11.2 Isotopies of the unit and isospaces 

A number of physical problems connected with the general interior dynamics 
of deformable particles while moving within inhomogeneous and anisotropic 
physical media result in a study of the most general known systems which 
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are nonlinear in coordinates x and their derivatives on wave func¬ 

tions and Ip and their derivatives dp), ddip,.... Such systems are also nonlocal 
because of possible integral dependencies on all of the proceeding quantities 
and noncanonical with violation of integrability conditions for the existence 
of a Lagrangian or a Hamiltonian [217,219,220,218]. 

The mathematical methods for a quantitative treatment of the latter 
nonlinear, nonlocal and nonhamiltonian systems have been identihed by 
Santilli in a series of contributions beginning the late 1970’s [217,219,220, 
218,221,222,223,224], under the name of isotopies, and include axiom pre¬ 
serving liftings of helds of numbers, vector and metric spaces, differential 
and integral calculus, algebras and geometries. These studies were then 
continued by a number of authors (see ref. [25] for a comprehensive litera¬ 
ture up to 1985, and monographs [129,130,151,217,219,220,218,222,224,226] 
for subsequent literature). 

In this section we shall mainly recall some necessary fundamental notions 
and refer to works [223,129,130] for details and references on Lie-Santilli 
isotheory. 

For simplicity, we consider that maps I ^ I are of necessary Kadeisvili 
Class I (II), the Class III being considered as the union of the hrst two, i. e. 
they are sufficiently smooth, bounded, nowhere degenerate, Hermitian and 
positive (negative) definite, characterizing isotopies (isodualities). 

One demands a compatible lifting of all associative products AB of some 
generic quantities A and B into the isoproduct A* B satisfying the proper¬ 
ties: 


AB^ A* B = ATB, IA = AI = A^T*A = A*T=A, 

A (BC) = (AB) C ^ A*(B*C) = (A*B)*C, 

where the hxed and invertible matrix T is called the isotopic element. 

To follow our outline, a conventional held F (a, +, x), for instance of 
real, complex or quaternion numbers, with elements a, conventional sum -|- 
and product axb = ab, must be lifted into the so-called isoheld F (a, -|-, *), 
satisfying properties 

F (a, +,*) ^ F (a, +, *), a = al 
a *b = aTb = (ab) 1,1 = T~^ 
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with elements a called isonumbers, + and * are conventional sum and iso¬ 
product preserving the axioms of the former held F [a, +, x). All operations 
in F are generalized for F, for instance we have isosquares a? = a * a = 
ATa = isoquotient a/h = {a/h) I, isosquare roots 
a*A = aA. We note that in the literature one uses two types of denotation 
for isotopic product * or x (in our work we shall consider * = x). 

Let us consider, for example, the main lines of the isotopies of a n-dimen- 
sional Euclidean space E"- {x, g,7l ), where 7l{n,+, x) is the real number 
held, provided with a local coordinate chart x = {x^},k = 1,2, ...,n, and 
n-dimensional metric p = {pij) = diagf (1,1,..., 1). The scalar product of 
two vectors x, y G is dehned as 

{x - yf = (x^ - y*) pij (x^ -y^) en (n, +, x) 

were the Einstein summation rule on repeated indices is assumed hereon. 

The Santilli’s isoeuclidean spaces E (s, p, of Class III are in¬ 
troduced as n-dimensional metric spaces dehned over an isoreal isoheld 
R (ji, -|-, x^ with an n X n-dimensional real-valued and symmetrical isounit 

I = F of the same class, equipped with the ’’isometric” 

p{t,x,v,a,p,T,...) = (pij) = f{t,x,v,a,p,T,...) x p = p^, 
where T = f~^ = P. 

A local coordinate cart on E (S, p, R^ can be dehned in contravariant 
x = {x’^ = x^} = {x’^ X T\} 

or covariant form 

Xk = PklP = flpriX^ X /, 

where x^^Xk G E. The square of ’’isoeuclidean distance” between two points 
x,y E E is dehned as 

(x - yf = (t* - y*) X Pij X {x^ -y^') xlE R 
and the isomultiplication is given by 

x‘^ = x^xxk = [oP X Tj X T X (^Xk X Tj = (^x^ X xfj X T = n X T. 
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Whenever confusion does not arise isospaces can be practically treated 
via the conventional coordinates rather than the isotopic ones = x^x l. 
The symbols x,v,a,... will be used for conventional spaces while symbols 
x,v,a,... will be used for isospaces; the letter p{x,v,a,...) refers to the 
projection of the isometric p in the original space. 

We note that an isoheld of Class III, explicitly denoted as Fju (d., +, 

is a union of two disjoint isohelds, one of Class I, Fj (^a,+, , in which 

the isounit is positive dehnite, and one of Class II, Fjj (d., +, x^ , in which 
the isounit is negative-dehnite. The Class II of isohelds is usually written 
as (a'^, +, x'^^ and called isodual helds with isodual unit = —I < 0, 

isodual isonumbers aP = a x = —a, isodual isoproduct x'^ = xT'^x = 
— X, etc. For simplicity, in our further considerations we shall use the 
general terms isohelds, isonumbers even for isodual helds, isodual numbers 
and so on if this will not give rise to ambiguities. 

11.3 Isocontinuity and isotopology 

The isonorm of an isoheld of Class III is dehned as 

ta| = |a| X J 

where |a| is the conventional norm. Having dehned a function / (x) on 
isospace E (jc, S, over isoheld R (n, +, x^ one introduces (see details and 
references in [129,130]) the isomodulus 

/(^)| = |/(^)| X I 

where / {x) is the conventional modulus. 

One says that an inhnite sequence of isofunctions of Class I /i,/ 2 , ••• is 
’’strongly iso convergent” to the isofunction / of the same class if 

lim T/fc - /T = 0. 

A:—5-00 

The Cauchy isocondition is expressed as 

]fm- fn] <P = pxT 
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where S is real and m and n are greater than a suitably chosen N (p). 
Now the isotopic variants of continuity, limits, series, etc, can be easily 
constructed in a traditional manner. 

The notion of n-dimensional isomanifold was studied by Tsagas and 
Sourlas (we refer the reader for details in [239,232]). Their constructions 
are based on idea that every isounit of Class III can always be diagonalized 
into the form 

I = diag {Bi, B 2 ,..., Bn ), Bk {x,...) ^0,k = 1, 2,..., n. 

In result of this one dehnes an isotopology r on i?” which coincides ev¬ 
erywhere with the conventional topology r on i?” except at the isounit /. 
In particular, r is everywhere local-differential, except at / which can in¬ 
corporate integral terms. The above structure is called the Tsagas-Sourlas 
isotopology or an integro-differential topology. Finally, in this subsection, 
we note that Prof. Tsagas and Sourlas used a conventional topology on 
isomanifolds. The isotopology was first introduced by Prof. Santilli in ref. 
[223]. 


11.4 Isodifferential and isointegral calculus 


Now we are able to introduce isotopies of the ordinary differential calculus, 
i.e. the iso differential calculus (for short). 

The isodifferentials of Class I of the contravariant and covariant coor¬ 
dinates and Xk = X'j: on an isoeuclidean space E of the same class 

is given by 

dx^ = T\{x,...) dx\ dxk = Tk [x,...) dxi (11.1) 

where dx^ and dxk are dehned on E while the l\dx’‘ and ^dxi are the 
projections on the conventional Euclidean space. 

For a sufficiently smooth isofunction / (T) on a closed domain U [x^^ 
covered by contravariant isocoordinates x^ we can dehne the partial isode¬ 
rivatives ^ at a point G U [x^^ by considering the limit 


/'( 


^( 0 ) 


= <%/ 


X] 


- 

(0) 


dfjx) I ^ ^ j df (x) 
dx>^ '"( 0 ) dx^ '"( 0 ) 


( 11 . 2 ) 
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lim 


/(■ 


~r UjJu 


I (*fo)) 


dx^ 


where df (x) fdx^ is computed on E and T^df {x) /dx" is the projection in 
E. 


In a similar manner we can define the partial isoderivatives = 


with respect to a covariant variable x^ '■ 

df{x) 


dxk 


f' (^fc(o)) = 


'^k(0) 


_ _fi dfix) 

bfc(o) k hfc(o) 


(11.3) 


lim 

k 


f(xk{o) + dx^ - f(xk{o)) 


dxk 


The isodifferentials of an isofunction of contravariant or covariant coor¬ 
dinates, or Xk, are defined according the formulas 


df {x 
and 

df {x 


contrav 


= drfdx^ = T, 


k r^i9f{x)fk.i 9f{Xj,. 


_ ZLji^.rlE = _ 

k j 


dx^ = %^fddx^ 
dx^ j 


.= d^fdXk = I 


'k9f{x)-j, df{x)^^^ df 


-T ^dr■ = 

dxi ^ ^ dxi 


-dxh = 


dxj ^ 


r Ax i. 


The second order isoderivatives there are introduced by iteration of the 
notion of isoderivative: 

dxAx^ 


§«/($)= fm = fx 


* t dxAx^ ’ 
(92/ (x) 


dxidxj 


* ^ dxidxj ’ 


a? >f(x) = AB = X'l/pBl 

' OBdx^ * ^ dxAx. 


The Laplace isooperator on Euclidean space E (S, 6, is given by 

A = dkd'^ = dAijd^ = Pkd’^Pijd^ (11-4) 
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where there are also used usual partial derivatives = d/dxj and dk = 
d/dx^. 

The isodual iso differential calculus is characterized by the following iso¬ 
dual differentials and isodual isoderivatives 

= dx'^^ = f^^d/dx\ 

The formula (11.4) is different from the expression for the Laplace op¬ 
erator 

A = 

even though the Euclidean isometric p{x,v,a,...) is more general than the 
Riemannian metric g {x). For partial iso derivations one follows the next 
properties: 

^ = A* ^ = A.l = ^ = n 

dx^ ■’ ’ dxj * ’ dx^ * ’ dxj ^ 

Here we remark that isointegration (the inverse to isodifferential) is de- 
hned [223] as to satisfy conditions 

J dx = J TIdx = J dx = X, 

where / = JT. 

11.5 Santilli’s isoriemannian isospaces 

Let consider TZ = TZ{x, g, R) a (pseudo) Riemannian space over the reals 
R(n, -|-, x) with local coordinates x = {x^} and nonwere singular, symmet¬ 
rical and real-valued metric g {x) = {g^jiv) = (?* and the tangent flat space 
M [x, ? 7 , R) provided with flat real metric g (for a corresponding signature 
and dimension we can consider M as the well known Minkowski space). The 
metric properties of the Riemannian spaces are dehned by scalar square of 
a tangent vector x, 

x^ = x^g^i, (x) x^ E R 

or, in inhnitesimal form by the line element 

= dx^g^u (x) dx'" 
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and related formalism of covariant derivation (see for instance [165]). 

The isotopies of the Riemannian spaces and geometry, were hrst studied 
and applied by [223] and are called Santilli’s isoriemannian spaces and ge¬ 
ometry. In this section we consider isoriemannian spaces equipped with the 
Santilli-Tsagas-Sourlas isotopology [223,239,232] in a similar manner as we 
have done in the previous subsection for isoeuclidean spaces but with respect 
to a general, non flat, isometric. A isoriemannian space TZ=TZ (jc,g, , 

over the isoreals R = R{n,+,x) with common isounits / = 
is provided with local isocoordinates x = {2^} = and isometric 

g {x, V, a, fJL^ r,...) = T (x, n, /x, r,...) g (x), where T = is nowhere sin¬ 

gular, real valued and symmetrical matrix of Class I with (7°° elements. 
The corresponding isoline and inhnitesimal elements are written as 

x^ = ^^g^u (x, n, a, /i, r,...) x'"] x I E R 

with inhnitesimal version 

ds^ = {dx^g^jj (x) dx’^) x I e R. 

The covariant isodifferential calcnlus has been introduced in ref. 
[223] via the expression 

DXl^ = dX^ + Vi^X^dx'^ 
with corresponding covariant isoderivative 

K = Kx” + f 

with the isocristoffel symbols written as 

{aP~l] = 1 ipagg-, + §.,g„g - = {jPa}, ( 11 . 5 ) 

R = = R, 

where g^^ is inverse to gap- 

The crucial difference between Riemannian spaces and isospaces is ob¬ 
vious if the corresponding auto-parallel equations 


Dxp 

Ds 




dx°‘ dx'^ 
ds ds 


0 


( 11 . 6 ) 
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and auto-isoparallel equations 


Dxp 

Ds 


dV3 r W__ 

+ {a/37| [x,v,a,...) 
ds 


(iir“ dx"' 
ds ds 


0 


( 11 , 7 ) 


where v = dx/ds = Is x dx/ds,s is the proper isotime and Is is the re¬ 
lated one-dimensional isounit, can be identihed by observing that equations 

(11.6) are at most quadratic in the velocities while the isotopic equations 

(11.7) are arbitrary nonlinear in the velocities and another possible variables 
and parameters (a,...). 

By using coefficients we introduce the next isotopic values [223]: 

the isocurvature tensor 


K i = 9<r7 - §A + - rfy;,; (ii.s) 

the isoricci tensor 7; 

the isocurvature scalar R = 
the isoeinstein tensor 

Gfj_u = R^iv — —g^uR (11.9) 

and the istopic isoscalar 

e = rv (1110) 

(the later is a new object for the Riemannian isometry). 

The isotopic lifting of the Einstein equations (see the history, details and 
references in [223]) is written as 

- ^r^(^ + 0) = (11-11) 

where is a source isotensor and is the stress—energy isotensor 
and there is satisfied the Freud isoidentity [223] 



-5“,© = 





T/3’ 


( 11 . 12 ) 


395 




Finally, we remark that for antiautomorphic maps of isoduality we have 
to modify correspondingly the above presented formulas holding true for 
Riemannian isodual spaces , over the iso dual 

reals ( +, Xwith curvature, Ricci, Einstein and so on 

isodual tensors. For simplicity we omit such details in this work. 
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Chapter 12 

Isobundle Spaces 


This chapter serves the twofold purpose of establishing of abstract index 
denotations and starting the geometric backgrounds of isotopic locally ani¬ 
sotropic extensions of the isoriemannian spaces which are used in the next 
chapters of the work. 

12.1 Lie—Santilli isoalgebras and isogroups 

The Lie-Santilli isotheory is based on a generalization of the very notion of 
numbers and helds. If the Lie’s theory is centrally dependent on the basic n- 
dimensional unit I = diag {1,1, in, for instance, enveloping algebras. 
Lie algebras. Lie groups, representation theory, and so on, the Santilli’s 
main idea is the reformulation of the entire conventional theory with respect 
to the most general possible, integro-differential isounit. In this section we 
introduce some necessary dehnitions and formulas on Lie-Santilli isoalgebra 
and isogroups following [129,130] where details, developments and basic 
references on Santilli original result are contained. A Lie-Santilli algebra is 
dehned as a finite-dimensional isospaces L over the isofield F of isoreal or 
isocomplex numbers with isotopic element T and isounit / = T~^. In brief 
one uses the term isoalgebra (when there is not confusion with isotopies 
of non-Lie algebras) which is dehned by isolinear isocommutators of type 
[A, "5] G L satisfying the conditions: 

[A,'^B] = -[B,'^A], 
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IA,'IB, -C]] + -^]] + IC.'IA,-B]] = 0, 

[A » B, “C] = A » [B, “C] + [A, C]tB 

for all A, B,C G L. The structure functions C of the Lie-Santilli algebras 
are introduced according the relations 

[Xi, = X, * X, - X,- * X, = 

X,T (x,...) X,- - X,T {x ,...) Xi = ^ (x, i, x,...) * Xfc. 

It should be noted that, in fact, the basis e^, {k = 1, 2,..., N) of a Lie algebra 
L is not changed under isotopy except the renormalization factors : the 
iso commutation rules of the isotopies L are 

[e*, Cj] = CiTcj - ejTei = {x, x, x,...) Ck 

where C = CT. 

An isomatrix M is and ordinary matrix whose elements are isoscalars. 
All operations among isomatrices are therefore isotopic. 

The isotrace of a isomatrix A is introduced by using the unity / : 

frA = (TrA) I e F 

where TrA is the usual trace. One holds properties 

fr{A *B) = (frA) * (TtB) 

and 

TrA = Tr (bAB-^) . 

The Killing isoform is determined by the isoscalar product 

(A, ^B) = fr [(MX) * {mb') 

where the isolinear maps are introduced as adA(B) = [A, "i?],VA, i? G L. 
Let ek,k = 1,2,...,X be the basis of a Lie algebra with an isomorphic 
map Cfc —Cfc to the basis of a Lie-Santilli isoalgebra L. We can write 
the elements in L in local coordinate form. For instance, considering A = 
x^e-i, B = y^Cj and C = z^ek = [A, ''B] we have 

C = z'^Ck = [A, ^B] = x"y^[ei, ^ej] = x"xM^{ek 
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and 


MA {B)f = [A, = xVQ/. 

In standard manner there is introduced the isocartan tensor 

qij{x,x,x,...) = e L 

via the dehnition 

(A ''B) = qijxA^- 

Considering that L is an isoalgebra with generators and isounit / = 
T~^ > 0 the isodual Lie-Santilli algebras of L (we note that L and 
are (anti) isomorphic). 

The conventional structure of the Lie theory admits a conventional iso¬ 
topic lifting. Let give some examples. The general isolinear and isocomplex 
Lie-Santilli algebras gl (n, C'j are introduced as the vector isospaces of all 

nxn isocomplex matrices over C. For the isoreal numbers R we shall write 
gl (n, . By using ” hats” we denote respectively the special, isocomplex, 

isolinear isoalgebra si (n, and the isoorthogonal algebra d (n). 

A right Lie-Santilli isogroup Gr on an isospace S (x, over an isoheld 

F, I = T~^ (in brief isotransformation group or isogroup) is introduced in 
standard form but with respect to isonumbers and isohelds as a group which 
maps each element x ^ S yx, F^ into a new element x' ^ S (^x, F^ via the 

isotransformations x' = U * x = UTx, where T is hxed such that 

1. The map {U,x) ^ U * x of Gr x S (^x, F^ onto S (^x, F^ is isodiffer- 
entiable; 

2. l*U = U *T=U, VUeGr; 

3. Ui * {U 2 * x) = (Ui * f/^ 2 ) * X, Wx E S (x, F^ and Ui, U 2 G Gr- 
We can dehne accordingly a left isotransformation group. 

12.2 Fiber isobundles 

Prof. Santilli identihed the foundations of the isosympletic geometry in the 
work [223]. In this section we present, apparently for the hrst time, the 
isotopies of hbre bundles and related topics. 
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The notion of locally trivial fiber isobundle naturally generalizes that of 
the isomanifold. The hber isobundles will be used to get some results in 
isogeometry as well as to build geometrical models for physical isotheories. 
In general the proofs, being corresponding reformulation in isotopic manner 
of standard results, will be omitted. The reader is referred to some well- 
known books containing the theory of hbre bundles and the mathematical 
foundations of the Lie-Santilli isotheory. 

Let Gr be a Lie-Santilli isogroup which acts isodifferentiably and effec¬ 
tively on a isomanifold V, i.e. every element q G Gr dehnes an isotopic 
diffeomorphism : V ^ V. 

As a rule, all isomanifolds are assumed to be iso continuous, hnite dimen¬ 
sional and having the isotopic variants of the conditions to be Hausdorff, 
paracompact and isoconnected; all isomaps are isocontinous. 

A locally trivial fibre isobundle is dehned by the data 
(^E,p,M,V,Gr^ , where M (the base isospace) and E (the total isospace) 

are isomanifolds, E,p : E ^ M is a surjective isomap and the following 
conditions are satished: 

1/ the isomanifold M can be covered by a set £ of open isotopic sets 
f/, IT,... such that for every open set U there exist a bijective isomap 0^ : 

p~^ (u^ U X V so that p (T, y)) = x, e U,\/y E V; 

2/ iixEUEiW 7 ^ 0 , than (gg, ^ o 0^ : T —T is an isotopic diffeomor¬ 


phism with gr E Gr where 0^ ^ denotes the restriction of 0^ to p ^ (x) 
and U,We£-, 

3/ the isomap ggp : U nV Gr dehned by structural isofunctions 
%v (^) = ° ^ is isocontinous. 


Let Inu and Iny be sets of indices and denote by (Ua,0a) and 

V / a£lnij 


(k. k) 


P&Inv 


be correspondingly isocontinous atlases on Ua and Vg. One 


obtains an isotopic topology on E for which the bijections 0^,0^^... be¬ 
come isotopic homeomorphisms. Denoting respectively by n and m the 
dimensions of the isomanifolds M and V we can dehne the isotopic maps 


0al3 ■ 0ap = (fa X 00^ O 


where is the restriction to the isomap 0^ to zUap- Than the set 
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^ isocontinous atlas on E. 

A locally trivial principal isobundle (^P, M, Gr^ is a fibre isobun¬ 
dle (^E,p,M,V,Gr'^ for which the type hbre coincides with the structural 

group, V = Gr and the action of Gr on Gr is given by the left isotransform 
Lq (a) = qa, Vg, a G Gr. 

The structural functions of the principal isobundle (^P, tt, M, Gr^ are 
<iuw ■U,W ^ Gr, (tt (m)) = {u) o {u) ,u e {u nw) . 

A morphism of principal isobundles (^P, TT, M, Gr^ and 

(^P',7f',M',Gr'^ is a pair of isomaps for which the following condi¬ 

tions hold: 

1/ / : P —> F' is a isocontinous isomap, 

2/ / : Gr Gr' is an isotopic morphism of Lie-Santilli isogroups. 

3 / f{uq) = f (u) f (q) ,u e P,q e Gr. 

We can dehne isotopic isomorphisms, automorphisms and subbundles 
in a usual manner but with respect to isonumbers, isohelds, isogroups and 
isomanifold when corresponding isotopic transforms and maps provide the 
isotopic properties. 

A isotopic subbundle (^P, tt, M, Gr^ of the principal isobundle 
(^P', tt', M', Gr'^ is called a reduction of the structural isogroup Gr' to Gr. 

An isotopic frame (isoframe) in a point T G M is a set of n linearly in¬ 
dependent isovectors tangent to M in x. The set L of all isoframes in 

all points of M can be naturally provided (as in the non isotopic case, see, 
for instance, [142]) with an isomanifold structure. The principal isobun¬ 
dle [l (yM) ,7r,M,Gl (n,R^^of isoframes on M, denoted in brief also by 
L 1 has L as the total space and the general linear isogroup 
Gl [n, fPj as the structural isogroup. 

Having introduced the isobundle L we can give dehne an isotopic 
G— structure on a isomanifold M is a subbundle (^P, tt, M, Gr^ of the prin¬ 
cipal isobundle L being an isotopic reduction of the structural isogroup 
Gl (n, to a isotopic subgroup Gr of it. 
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A very important class of bundle spaces used for modeling of locally 
anisotropic interactions is that of vector bundles. We present here the nec¬ 
essary isotopic generalizations. 

An locally trivial isovector bundle (equivalently, vector isobundle, 
V— isobundle) (^E, p, M, V, Gr^ is dehned as a corresponding hbre isobundle 

if is a linear isospace and Gr is the Lie-Santilli isogroup of isotopic 
authomorphisms of V. 

For V = i?™ and Gr = Gl {m^ the v-isobundle 
[e^P, M, Gl (m, is denoted shortly as ^ = (^E,p, . Here we also 

note that the transformations of the isocoordinates on 

^ are of the form 


^k' ^ -fc' , rank 


'dx^' 
, dx^ 


= n 


r'=Yf{x)y\ Yf (x)<=Gl(m,R). 

A local isocoordinate parametrization of ^ naturally dehnes an isocoor¬ 
dinate basis 

d _( d d 
du°‘ \ dx^ ’ dy°- 

in brief we shall write da = (di^da), and the reciprocal to (12.1) coordinate 
basis 

= {dx\ dy'^), 

or, in brief, d°‘ = (d*, d“), which is uniquely dehned from the equations 

d^od0 = ( 5 ^, 

where 5^ is the Kronecher symbol and by ”o” we denote the inner (scalar) 
product in the isotangent isobundle (see the dehnition of iso differentials 
and partial iso derivations in (11.1)-(11.3)). Here we note that the tangent 
isobundle (in brief t-isobundle) of a isomanifold M, denoted as TM = 
Ux^^jTxM, where T^M is tangent isospaces of tangent isovectors in the 

point X G M, is dehned as a v-isobundle E = TM. By TM we dehne 
the dual (not confusing with isotopic dual) of the t-isobundle TM. We note 


( 12 . 1 ) 
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that for T M and T M isobundles the hbre and the base have both the same 
dimension and it is not necessary to distinguish always the hber and base 
indices by different letters. 


12.3 Nonlinear and Distinguished Isocon¬ 
nections 

The concept of nonlinear connection, in brief, N-connection, is funda¬ 
mental in the geometry of locally anisotropic spaces (in brief, la-spaces, see 
a detailed study and basic references in [160,161]). Here it should be noted 
that we consider the term la-space in a more general context than G. Yu. 
Bogoslovsky [41] which uses it for a class of Finsler spaces and Finsler grav¬ 
itational theories. In our works [272,258,259,256,255,264,269,261,254,260, 
265,266,267,262,268,249,250, 251,252,279,263,278,277] the la-spaces and la- 
superspaces are respectively modelled on vector bundles and vector super¬ 
bundles enabled with compatible nonlinear and distinguished connections 
and metric structures (as particular cases, on tangent bundles and super¬ 
bundles, for corresponding classes of metrics and nonlinear connections, one 
constructs generalized Lagrange and Finsler spaces and superspaces). The 
geometrical objects on a la-space are called distinguished (see detailes 
in [160,161]) if they are compatible with the N-connection structure (one 
considers, for instance, distinguished connections and distinguished tensors, 
in brief, d-connections and d-tensors). 

In this section we study, apparently for the hrst time, the isogeometry 
of N-connection in vector isobundle. We note that a type of generic non¬ 
linearity is contained by dehnition in the structure of isospace (it can be 
associated to a corresponding class of nonlinear isoconnections which can 
be turned into linear ones under corresponding isotopic transforms). As to 
a general N-connection introduced as a global decompositions of a vector 
isobundle into horizontal and vertical isotopic subbundles (see below) it can 
not be isolinearized if its isocurvature is nonzero. 

Let consider a v-isobundle ^ = (^E, p, whose type hbre is i?™ and 

p'^ : TE ^ TM is the isodifferential of the isomap p. The kernel of the 
isomap (which is a hbre-preserving isotopic morphism of the t-isobundle 
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{rE^TEtE^ to E and of t-isobundle {tM^tm, to M) defines the ver¬ 
tical isotopic subbundle (vE,tv, e'^ over E being an isovector subbundle 
of the v-isobundle {tE^teiE^ ■ 

An isovector tangent to in a point u G E locally dehned by the 
decomposition X^di + is locally represented by the isocoordinates 

Xu={x,y,X,Y) = {x\r,X\Y^). 

Since = 0 it results that (s, y,X,Y'^ = . We also consider 

the isotopic imbedding map i ■. VE ^ TE and the isobundle of inverse 
image p*TM of the p : E ^ M and dehne in result the isomap p\ : TE ^ 
p*TM,p\ = (u,p^ ("^“)) which one holds Ker p\ = Ker p^ = VE. 

A nonlinear isoconnection, (in brief, N—isoconnection) in the iso¬ 
vector bundle ^ = (^E,p, is dehned as a splitting on the left of the exact 
sequence of isotopic maps 

0 — ,VE ^TE ^ TE/VE —^ 0 

that is an isotopic morphism of vector isobundles C \TE^VE such that 
C oi IS the identity on VE. 

The kernel of the isotopic morphism is a isovector subbundle of 
(tE^tejE'^ and will be called the horizontal isotopic subbundle 

lHE,fH,E). 

As a consequence of the above presented dehnition we can consider that 
a N-isoconnection in v-isobundle E is a isotopic distribution {N : E^ 
HuE, TuE = HgE © VuE} on E such that it is dehned a global decomposi¬ 
tion, as a Whitney sum, into horizontal,//^, and vertical, VE, subbundles 
of the tangent isobundle TE : 

TE = HEOVE. (12.2) 

Locally a N-isoconnection in ^ is given by its components N^{u) = 
N^{x,y) = N^{x,y) with respect to local isocoordinate bases (11.14) and 
(11.15)): 

N = Xf(h)d* © da. 
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We note that a linear isoconnection in a v-isobundle ^ can be considered 
as a particular case of a N-isoconnection when N^{x, y) = {x) y^, where 

isofunctions ifh (^x) on the base M are called the isochristoffel coefficients. 

To coordinate locally geometric constructions with the global splitting 
of isobundle dehned by a N-isoconnection structure, we have to introduce 
a locally adapted isobasis (la—isobasis, la—isoframe): 


5 

(5m" 



di - iVf (m) da, 



or, in brief, 6a = 6 q 


(Si, dc 


and its dual la-isobasis 


Ja" = (fe‘ = dx‘,6tr + iV“ (a) dx‘) , 


(12.3) 


(12.4) 


or, in brief, d — p', d") . We note that isooperators (12.3) and (12.4) gen- 
eralize correspondingly the partial iso derivations and iso differentials (11.1)- 
(11.3) for the case when a N-isoconnection is dehned. 

The nonholonomic isocoefRcients "w = (m)} of la-isoframes are 

dehned as 


= 6a6y - 5p5a = iu) 5a. 


The algebra of tensorial distinguished isofields DT (d isoh- 

elds, d-isotensors, d-tensor isoheld, d-isobjects) on ^ is introduced as the 
tensor algebra T = {'TTJ'} of the v-isobundle ^(d), Pd '■ HE ®VE^E. An 


element t G d-tensor isoheld of type 


form as 




p r 
q s 


jl...jqbl...br 

(g) ... 


6i„ 0 d, 


(g)5^b.. (g)(5 


ai 

tfr 


, can be written in local 


da 


We shall respectively use denotations A (or x(^M^), AP 
(or AP ) and E (or E (at)) for the isotopic module of d-vector 

isohelds on ^ (or M ), the exterior algebra of p-forms on ^ (or M ) and the 
set of real functions on ^ (or M ). 
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In general, d-objects on ^ are introduced as geometric objects with 
various isogroup and isocoordinate transforms coordinated with the N- 
connection isostructure on For example, a d-connection D on is dehned 
as a isolinear connection D on E conserving under a parallelism the global 
decomposition (12.2) into horizontal and vertical subbundles of TE. 

A N-connection in ^ induces a corresponding decomposition of d-iso- 
tensors into sums of horizontal and^ertical parts, for example, for every 
d-isovector X G A and 1-form X G we have respectively 

X = hX + t)X and X = hX + vX . 

In consequence, we can associate to every d-covariant isoderivation Dx 
= X o D two new operators of h- and v-covariant isoderivations defined 
respectively as 

D^Y = DhxY and D^^>Y = D^xY, VXgX (J) 

for which the following conditions hold: 

DxY=D^pY +D^x^Y, (12.5) 

DPf = {hX)f and D^^^f = {vX)f, X, XgX (^ , / G X (m) . 

An isometric structure G in the total space E of v-isobundle 
^ = (^E,p,m'^ over a connected and paracompact base M is introduced as 

a symmetrical covariant tensor isoheld of type (0,2), Gap, being nondegen¬ 
erate and of constant signature on E. 

Nonlinear isoconnection N and isometric G structures on ^ are mutually 
compatible it there are satished the conditions: 

G (^6i, da"j = 0 

which in component form are written as 

Gia (u) - Ni (u) hab (u) = 0 , ( 12 . 6 ) 

where hab = G (^Ba, Bb^ and Gia = G (Bi, BaJ (the matrix is inverse to 
hab) • 
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In consequence one obtains the following decomposition of isotopic met¬ 
ric : 

G(X, F)=hG(X, Y) + Y) 

where the d-tensor hG{X,Y)=G{hX,hY) is of type ^ ^ g ^ the 

d-isotensor vG(X, F)=G(nX, nF) is of type ^ ^ 2 ^ ‘ respect to 

la-isobasis (12.4) the d-isometric is written as 

G = Qa/s {u) 6"^ = Qij {€,) (Y ® cF -1- hab iu) Y ® s’", (12-7) 

where gij = G (^5*, 6j^ . 

A metric isostructure of type (12.7) on E with components satisfying 
constraints (12.4)) defines an adapted to the given N-isoconnection inner 
(d-scalar) isoproduct on the tangent isobundle TE. 

A d-isoconnection Dx is compatible with an isometric G on if 

DxG = 0,VXeA (e) . 

Locally adapted components of a d-isoconnection = (^a o D) are 
dehned by the equations 

DJp = 

from which one immediately follows 

fiys) = (Sa) o Jr (12.8) 

The operations of h- and v-covariant isoderivations, — {Tr, } and 

W = {Cjt. CL] (see (4.4)), are introduced as corresponding h- and v- 
parametrizations of (4.7): 

L), = (dJ^) o d\ LI = (pA) o F (12.9) 

and 

q, = pp) o d\ = pA) o F. (12.10) 
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Components (12.9) and (12.10), DT = , completely de¬ 

fines the local action of a d-isoconnection D in For instance, taken a 

/ 1 1 \ 

d-tensor isofield of type I ^ 1 j ’ 

t = ® 9a (g) (g) S\ 

and a d-vector X = -f- X^da we have 

Dxt=DPt+Wt= I® da® ® S\ 

where the h—covariant and v—covariant isoderivatives are written re¬ 
spectively as 



jAa _ 

^jb\k — 

5x^ 

+ 

"r 2 Ipia 
^hk^jb 

\ 'f 'Xic 
"T“ ^ck^jb 

Y h A/ia 
^jk^hb 

Y c ^ia 
^bk^jc 

and 









_ 

^jbJ-c 

dt]i 

dy^ 

+ 

^hc^jb 

1 

“T ^dc^jb 

^jJ'hb 

^d '^a 
^bc^jd- 

For a 

scalar isofunction / 

G 

we have 




= 

df 


Of 

iV“ 

and 




5x^ 


dx^ 

k dy a 


dy^' 


We emphasize that the geometry of connections in a v-isobundle ^ is very 
reach. For instance, if a triple of fundamental isogeometric objects (iV“ (u ), 
iu ), Gap (fi)) is fixed on a multi-isoconnection structure (with cor¬ 
responding rules of covariant iso derivation, which are, or not, mutually 
compatible and with the same, or not, induced d-scalar products in TE) is 
defined. 

Let enumerate some of isoconnections and covariant iso derivations which 
can present interest in investigation of locally anisotropic and homogeneous 
gravitational and matter field isotopic interactions: 

1. Every N-isoconnection in with coefficients N^{x,y) being isodif- 
ferentiable on y-variables induces a structure of isolinear isoconnec- 

tion where and N^^{x,y) = 0. For some Y {u) = 


408 



F* (S) di + F“ iu) da and B {u) = 5“ (S) 9a one writes 


D^y'^B = 


y* 


'dB^ 

dx^ 


+ N^iB^ +F 


,95" 

9y^ 


9 


2. The d-isoconnection of Berwald type [39] 


p(-B)a 

J- M 



Bn^ 

dy^ ’ 





where 


L‘jk(s,y) = \r 

Ct (3, y) = ift”" 

is hv-isometric, i.e. = 


f ^9 jk ^ 9 kr ^ 9 jk'\ 

y 5x^ 5x^ J ’ 

/ dhfjd dhad dhi)a\ 

\ 9y" dy’^ dy'^ J ’ 

0 and D^^^hab = 0. 


( 12 . 11 ) 


3. The isocanonical d-isoconnection is associated to a isometric G 
of type (12.6) with coefficients (see 

(12.11)) 

£;f = iy., e£'“ = cj, (12.12)) 

L't ^K+ i*” - N&hc - , 

A(c)i _ 1 ^ik ^9jk 

“2^ 9j/" ■ 

This is a isometric d-isoconnection which satishes compatibility con¬ 
ditions 


= 0, = 0, D^'^hab = 0, 5= 0. 


4. We can consider N adapted isochristoffel distinguished symbols 

(as in (11.5)) 

+ SpGr, - 5rGp^) , (12.13) 

which have the components of d-connection , 

with and G^^ as in (12.11) if Gap is taken in the form (12.7). 
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Arbitrary isolinear isoconnections on a v-isobundle ^ can be also char¬ 
acterized by theirs deformation isotensors with respect, for instance, to 
d-isoconnection (12.13): 

_ pa I p(^)“ p(c)a _ pa , p(c)a 

^ P"/ ' '^/37 A ^ 

or, in general, 

PSt = rj, + , (12.14) 

where and P^^ are corresponding deformation d-isotensors of 

d-isoconnections. 


12.4 Isotorsions and Isocurvatures 


The notions of isotorsion and isocurvature were introduced in the ref. [223] 
for an isoriemannian spaces. In this section we reformulate these notions on 
isobundles provided with N-isoconnection and d-isoconnection structures. 

The isocurvature f2 of a nonlinear isoconnection N in a v isobund¬ 
le ^ can be dehned as the Nijenhuis tensor isoheld Ny (^X, associated to 

N (this is an isotopic transform for N-curvature considered, for instance, 
in [160,161]): 


n = Ny = 


vX,vY 


X, y] - V [vX, y] - V [x, vY] ,X,Y e Y (i) 


having this local representation 


n 


/\P® da, 


where 


dm 

- pp.NL 




dx^ (9T* 




(12.15) 


The isotorsion T of a d—isoconnection D in is dehned by the equa¬ 


tion 


f (x,y) =DxY-DyX - [X,Y 


(12.16) 
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One holds the following h- and v-decompositions 


f (X, y) =f (hX,hY) +f (hX,vY) +f (vX,hY) +f (vX,vY) . 

(12.17) 


We consider the projections: 


ht(x, y) , vt(hX, hY) , ht(hX, hY) , 


and say that, for instance, hT(^hX,hY^ is the h(hh)-isotorsion of D, 
vf (hX, hY) is the v(hh)-isotorsion of D and so on. 

The isotorsion (12.16) is locally determined by hve d-tensor isohelds, 
isotorsions, dehned as 

f;, = hf (?», i,) ■ = vf (4, J,). r, 

P‘, = hf (a,, 4 ). = vf (a,, 4 ) ■ r, 

SS, = vT (§„§,)-pi. 

Using formulas (12.3), (12.4), (12.14) and (12.16) we compute in explicit 
form the components of isotorsions (12.17) for a d-isoconnection of type 
(12.9) and (12.10): 


rpi _ rpi _ ri Tl 

^-jk ~ -‘■jk — ^jk ^kji 


r^l _ 

^ ja ^ja") 


ja ^ .j 

rpi _ ri rpa _ Qtt _ pya pya 

.ja — .be — ^.bc — ^bc 


(12.18) 


rpa _ ^ 2 


SI^ 

(5a;* ’ 


rpa _ p^a _ 

.bi — ^.bi — 


dN^ fa 


rpa _ p>a 

.ib — ^.bi- 


The isocurvature R of a d—isoconnection in ^ is dehned by the equa¬ 


tion 


R^X, y) Z=Zlx.DyZ — DyDx'^ — D]^x,y]^- (12.19) 

One holds the next properties for the h- and v-decompositions of isocurva¬ 
ture: 


vR(x, y) hZ= 0, hR(x, y) vZ= 0, 
r(x, y)z= hR(x, y) hZ+vR(x, y) vZ. 
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From (12.19) and the equation R(^X, = —R(^Y, we conclude that 

the curvature of a d-connection D in is completely determined by the 
following six d-tensor isohelds: 


4*^., = ^ ■ R (4,4) Kjk = 5“ ■ R (4,4) db, (12.20) 

P/,, = 4 ■ R (4,4) 4, P,“, = 4 • R (4,4) 4, 

= 4 ■ R (4,4) 4, = 4 ■ R (P,, 4) 4. 

By a direct computation, using (12.3),(12.4),(12.9),(12.10) and (12.20) we 
get: 




Sx’^ 


SL 


.hk 


Sx^ 


I j-m Ti 


T m T i 


+ C\R 


.ha-‘- ^.jki 


( 12 . 21 ) 


p.a _ 

^b.jk — 


SL 


■bj 


Sx^ Sx^ 


^■‘~'.bk \ TC ra rc ra i /oa pc 

^.hj^.ck ^.bk-^.cj ^.bc-^.jk^ 


p. 

j-ka r,^k 


^ , p pi 

dp + -Ik -ja 


fl pi 


T C 

^ .ak^ .jc 


I pi pb 
^ '^.jb-k^.kai 


p.c 

^b.ka 


dL 


.bk 


'do 


.ba 


dy° 


dx^ 


+ L^.,kC' 


d 

.ba 


T d j^c 
^.bk^.da 


T d f^C 

^.ak^ .bd 


+ 


d 

.ka'> 


Q.i _ -jb .jc I /02 p^i 

^3-hc - Q-c Q^b ^ ^.jh^.hc ^.jc^hb^ 


Q.a _ 

^b.cd — 



dC%, 


dy^ 


I /^e p^a 

■T ^.bc^.ed ~ ^.bd^.ec- 


We note that isotorsions (12.18) and isocurvatures (12.21) can be com¬ 
puted by particular cases of d-isoconnections when d-isoconnections 
(12.12), or (12.13) are used instead of (12.9) and (12.10). The above pre¬ 
sented formulas are similar to (11.8),(11.9) and (11.10) being distinguished 
(in the case of locally anisotropic and inhomogeneous isospaces) by N- 
isoconnection structure. 

For our further considerations it is useful to compute deformations of 
isotorsion (12.16) and isocurvature (12.19) under deformations of d-con- 
nections (12.14). Putting the splitting (12.14), = T°‘p^ + P"/ 3 -y,into 
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(12.16) and (12.19) we can express isotorsion T°'/ 3 ^ and isocurvature 

of a d-isoconnection as respective deformations of isotorsion and 

isotorsion R'^.^s for connection : 

rpcx. _ rpoi I rjiOi 

01 — ■P'1 ^ ■0'! 

and 

p Q pQ I pa 

^0 'fS ■^0-'i5 ' ^0-'i&i 

where 

rpOi _ ■pQ: pQ: I ^,.Ci rpd _ pQ; pQ; 

/97 ^ 0'! 7/9 ”fo 7^’ 0^ ^01 ^10^ 

and 

n + n.Ks - ^%Ki + 

+ P^P'iP^^S - P^psP^^^y + P^0^W^'i6. 

12.5 Isobianchi and Isoricci Identities 

The isobianchi and isoricci identities were hrst studied by Santilli [223] on an 
isoriemannian space. On spaces with N-connection structures the general 
formulas for Bianchi and Ricci identities (for osculator and vector bundles, 
generalized Lagrange and Finsler geometry) have been considered by Miron 
and Anastasiei [160,161] and Miron and Atanasiu [162]. We have extended 
the Miron-Anastasiei-Atanasiu constructions for superspaces with local and 
higher order anisotropy in refs. [260,265,266,267,270]. The purpose of this 
section is to consider distinguished isobianchi and isorichi for vector isobun¬ 
dles. 

The isotorsion and isocurvature of every linear isoconnection P on a 
v-isobundle satisfy the following generalized isobianchi identities: 

^ [(b-f){Y,Z)-R{X,Y)Z+f{f{X,Y),Z)] = 0, (12.22) 

^ [{b-R){U,Y,Z)+R{f{XY)Z)U] = 0, 

where means the respective cyclic sum over X, Y, Z and U. Using the 
property that 

v{bxR) (P, U, hZ)=0, h{DxR{U, Y, vZ)=0, 
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the identities (12.22) become 

Y,[h{Dxf){Y,Z) - hR{XX)Z+ (12.23) 

hf{hf{X,Y),Z) + hf{vf{X,Y),Z)] = 0, 

^ [v{Dxf){Y,Z) - vR{X,Y)Z+ 

vf{hf{X,Y),Z)+vf{vf{X,Y),Z)] = 0, 

^ [h{DxR){U,Y,Z) + hR{hf{X,Y),Z)U+hR{vf{X,Y),Z)U] = 0, 

^ [v(DxR){U,Y,Z) + vR{hf{X,Y),Z)U+vR{vf{X,Y),Z)U] = 0. 

The local adapted form of these identities is obtained by inserting in (12.23) 
the necessary values of triples {X ,Y, Z),{= {Si,Sk,Si), or {dd,dc,db),) and 
putting successively U = 5h and U = da- Taking into account (12.3),(12.4) 
and (12.23) we obtain: 

= 0, (12.24) 


Y,lR°m + + n^,kP‘kt] = 0, 

r^i I /om 'Y'i rjii , r^m i 

^ jb\k ^ kb\j jk\b ' ^ jb-^ km ^ kb-^ jm “r -L jk^ mb' 

Sd Sd I P ^ P ^ _ n 

jb^ kd kb^ jd “r J J /c jb *^5 

P '^a Ddt DO- j_ z^m /^m , 

jb\k ^ kb\j ^ jkl.b ' ^ jb-^ km ^ kb-^ jRR' 

r^m Sa I p<i pa pc? Ba Be? ca , B a _ rj 

d jk-t^ m6 + -t kd — kb-t^ jd “ dt jkO bd + dt^-jk “ 


C‘ 


_l_ /^m 

^ jeJ-b ' ^ jc^ mb' 


jb^-c ^ jc-^b 
d 


/^m /^2 I ca C-i _ n 

^ jb^ me “t" P bc^ jd ^j-bc 

P '^a _ Ba _l_ ca i ^m Ba _ ^m Ba j_ 

jbJ-c dr jcl.b \ O bc\j \ ^ jc-d^ mb dy jbdr rnc\ 

Be? Ba Be? Ba I Be? Ba i P ^ P ^ _ fl 

d^ jb^J cd dr jeO bd \ ^ bc-d^ je? “r dr b jc dr q jb — U, 

+ s'kkS^, - s/j = 0, 

\^rp ^ p ^ p<^ P‘^ 1_n 

/ hjl? d. hjdtk Im dt hjd^k-lal *^5 

\ ^ r B a qnm B a Be pal rj 

/ Addd-hj\l d hjdtddm dt hjd^d lc\ — 'J? 
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ry i TD-t I E> ^ _L C> ^ d 2 

k-jd\l k-ld\j ' IjJ-d “T ^ Id-^k jm ^ jd-^k Im 

rf^m p i I pa p i pa p i pa . C ^ _ n 

k-md Id-^ k-jl ^ jd-^ k-la ^ j^^k-ad 

P a ZI> a I P‘a i p a /^m p a 

c jd\l ^c ld\j “T -^c-lj\d ' ^ Id-^c jm ^ jd-^c Im 

f^jlPc'^md + P^ldPJ^jf - P^jdPc^f - R^jlSc^d = 0, 

p-i p-i _L C ^ _L . P‘^ . P‘^ J- 

k-jdJ-C ^k-jc±d ' ^k dc\j ' ^ jd-^k-mc ^ jc-^k-md' 

pa c*i _ pa c-i j_ ca p-i _ n 

jc^k-da ^ jd^k-ca O cd^ k-ja 

P a pa \ Q ^ _L td cl 

b jdJ-C -^b jcJ-d \ ^b cd\j ' ^ jd-^b me 

C^jePb^md + P^.cStTdf - P^jdSb\f + S^edPb^f = 0 , 

E q i ca c i 

^k bc^.d ^ bc^k da 

[b,c,d] 

T. = 0 , 

[b,c,d\ 


where, for instance, J2[b,c,d] means the cyclic sum over indices b, c, d. 

Identities (12.24) are isotopic generalizations of the corresponding for¬ 
mulas presented in [160,161], or equivalently, an extension of Santilli’s [223] 
formulas to the case of d-isoconnections. 

As a consequence of a corresponding rearrangement of (12.23) we ob¬ 
tain the isoricci identities (for simplicity we establish them only for dis¬ 
tinguished vector isohelds, although they may be written for every distin¬ 
guished tensor isoheld): 


5 |‘'S“AZ = R(hX, hY)hz + 5 {;i 

DfiD'flhZ = ruvx, hY)hZ + S|‘l„,,fcJ + S[: 1 »k,az, 


D|?DtJfcZ = R{vX, vY)hZ + „,.,AZ 

= iHhX, hY)vZ + 

5|? 5<'-yz= R{vx, hY)vz +5i:t„,,'t,z+c|:i,„.,'t,z, 


(v) 


and 


(12.25) 


(12.26) 
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= R{vX, vY)vZ + 

For X = X*(S) J- + X“(S) J- and (12.3),(12.4),(12.18) and (12.21) we can 
express respectively identities (12.25) and (12.26) in this form: 

'va D '^a '^a 

\k\l — \l\k — kl^ ~ ^ kl^ \h — -ti kl^ ±?>, 

^ i '^h /^h 

\kJ-d ^ ±d\k h’kd^ ^ kd^ \h kd^ ±05 

X'^i o-i '^h na 

J.b±c — _Lc±& — ^h-bc^ ~ ^ bc-^ ±a 

and 

Xa \ra r> a \rh rph \ra ryb \ra 

\k\l — \l\k — J^b kl^ ~ ^ kl^ \h — ^ kl^ ± 6 , 

X '^a '^a _ ^ CL 'vc^ '^a ^d '^a 

\kJ-b ^ J-b\k ^b kc^ ^ kb^ \h kb^ J-di 

X'^a 'vci _ c Cl '^d od 'vcL 

±&_Lc “ ±c±fe — ^d bc^ ~ ^ bc^ ^.d‘ 

For some considerations it is useful to use an alternative way of definition 
isotorsion (12.16) and isocurvature (12.19) by using the commutator 

^ 0/3 = Vq,V /3 — V/jVq, = 2V[q,V/3]. (12.27) 

For components (12.27) of d-isotorsion we have 

A^pf = flp%f 

for every scalar function / on Curvature can be introduced as an operator 
acting on arbitrary d-isovector : 

- fl,V-,)V‘ = R\^,V-' 

(in this work we are following conventions similar to Miron and Anastasiei 
[160,161] on d-isotensors; we can obtain corresponding Penrose and Rindler 
abstract index formulas [180,181,182] just for a trivial N-connection struc¬ 
ture and by changing denotations for components of isotorsion and isocur¬ 
vature in this manner: ^ ^ and R^p^ '^). 
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12.6 Structure Equations of a d—Isoconnec¬ 
tion 

Let us, for instance, consider d-tensor isofield: 

t = 


We introduce the so-called d-connection 1-forms cn* and Cj^ as 

Dt = 


with 

= ^a + = ^a\jdx^ + ti±bSy’'. 

For the d-isoconnection 1-forms of a d-isoconnection H on dehned by cn* 
and one holds the following structure isoequations: 

dK) a 4 = -Q, 

d(6^) - A 
du] - Uj Auji = -Q), 
d^b - A = -^b: 

in which the isotorsion 2-forms hi* and hi* are given respectively by formulas: 

A ^ + ^C^,kd^ A 


and 


= -R%kd^ Ad^ + -P%cd^ A 

2 ^ 2 ^ 

+ 

Ad", 



^ Ad" 

= A <? + A S‘ 

+ 

= Ad'^ 


The just presented formulas are very similar to those for usual locally 
anisotropic spaces [160,161] but in our case they are written for isotopic 
values and generalize the isoriemannian Santilli’s formulas [223]. 
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Chapter 13 


The Isogeometry of Tangent 
Isobnndles 


The aim of this Chapter is to formulate some results in the isogeometry of 
tangent isobundle, t-isobundle, TM and to use them in order to develop 
the geometry of Finsler and Lagrange isospaces. 

13.1 Notions of Isotopies of Generalized 

Lagrange and Finsler Spaces 

All results presented in the preceding Chapter on v-isobundles provided 
with N-isoconnection, d-isoconnection and isometric structures hold good 
for T M. In this case the dimension of the base isospace and of typical isofibre 
coincides and we can write locally, for instance, isovectors as 

X = + Y% = X% + 

where = {x\y^) = 

On t-isobundles we can dehne a global map 

J : T (tm) ^ T (tm) 

which does not depend on N-isoconnection structure: 


(13.1) 



and 




This endomorphism is called the natural (or canonical) almost tangent 
isostructure on TM; it has the properties: 


l)P = 0, 2)ImJ = KerJ = VfM 


and 3) the Nigenhuis isotensor, 


Nj{X, Y) = [JX, JY} - J[JX, Y} - J[X, JY] {X,Y e X {tm)) 

identically vanishes, i.e. the natural almost tangent isostructure J on TM 
is isointegrable. 

Let M be a isosmooth (2n)-dimensional isomanifold and [TM, r, M) its 
t-isobundle. For isospaces we define a generalized isolagrange space, 
GIL-space, as a pair = {M,gij{x,y)), where gij{x,y) is a d-tensor 

isofield on TM = TM—{0}, of isorank (2n), and is called as the fundamental 
d-isotensor, or metric d-isotensor, of GIL-space. 

Let denote as a normal d-isoconnection that defined by using N and 
being adapted to the almost tangent isostructure (6.1) as DT = (L^-jk, C°'jk). 
This d-isoconnection is compatible with isometric gij{x,y) if gij\k = 0 and 

QijXk — 0. 

There exists an unique d-isoconnection CT{N) which is compatible with 
gijiu) and has vanishing isotorsions T^'jk and S'^jk (see formulas (5.4) rewrit¬ 
ten for t-isobundles). This isoconnection, depending only on gij{u) and 
Nj{u) is called the canonical metric d-isoconnection of GIL-space. It has 
coefficients ^ 

^ jk 2^ i^jdhk T ^h9jk ^h9jk)i (13.2) 

~ ij9''^0jghk + dhgjk — dhgjk)- 

Of course, metric d-isoconnections different from Gr(iV) may be found. For 
instance, there is a unique normal d-isoconnection DT{N) = 
which is metric and has a priori given isotorsions T'^jk and S'^jk- The coeffi¬ 
cients of TF(iV) are the following ones: 


lx = Llk - i:f\9jrf\k + 9krf\, - ghrf^j), 
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- -g'^igjrS'^hk + gkrS\j - dhrS' 


kjji 


where Ujk and C'^jk are the same as for the CT(iV)-isoconnection (13.2). 

The Lagrange spaces were introduced in order to geometrize the concept 
of Lagrangian in mechanics (the Lagrange geometry is studied in details, 
see also basic references, in Miron and Anastasiei [160,161]). For isospaces 
we present this generalization: 

A isolagrange space, IL-space, L” = (M, gij), is dehned as a particular 
case of GIL-space when the d-isometric on M can be expressed as 


gijiu) 


1 d^C 

2 dy^dy^ ’ 


(13.3) 


where C \ TM ^ A, is a isodifferentiable function called a iso-Lagrangian 
on M. 

Now we consider the isotopic extension of the Finsler space: 

A isofinsler isometric on M is a function Fs : TM ^ A having the 
properties: 

1. The restriction of to TM = TM\ {0} is of the class and F is 
only isosmooth on the image of the null cross-section in the t-isobundle to 

M. 

2. The restriction of F to TM is positively homogeneous of degree 1 
with respect to (y*), i.e. F{x,\y) = XF{x,y), where A is a real positive 
number. 

3. The restriction of F to the even subspace of TM is a positive function. 

4. The quadratic form on A"" with the coefficients 


dijiu) 


1 a^F^ 

2 dy^dy^ 


(13.4) 


dehned on TM is nondegenerate. 

A pair F” = (M, F) which consists from a continuous isomanifold M 
and a isohnsler isometric is called a isofinsler space, IF-space. 

It’s obvious that IF-spaces form a particular class of IL-spaces with iso- 
Lagrangian C = F^ and a particular class of GIL-spaces with metrics of 
type (13.4). 
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For a IF-space we can introduce the isotopic variant of nonlinear Cartan 
connection [160,161]: 


NUx,y) 



where 


4 


dy^dx^ ^ 



= 9ij{uWy\ 


and is inverse to gt fu) = In this case the coefficients of canonical 

metric d-isoconnection (13.2) gives the isotopic variants of coefficients of 
the Cartan connection of Finsler spaces. A similar remark applies to the 
isolagrange spaces. 


13.2 The Isotopic Almost Hermitian Model 
of GIL—Spaces 

Consider a GIL-space endowed with the canonical metric d-isoconnection 
CF(A^). Let 5a = {5a, dj) be a usual adapted frame (13.2) on TM and 

5" = {d^,5 ) its dual, see (13.3). The linear operator 

F : E{TM) S(TM), 

acting on 5a by F{5i) = —di, F{di) = 5i, defines an almost complex isostruc¬ 
ture on TM. We shall obtain a complex isostructure if and only if the even 
component of the horizontal distribution N is integrable. For isospaces, 
in general with even and odd components, we write the isotopic almost 
Hermitian property (almost Hermitian isostructure) as 

AA = -y- 

The isometric gij{x,y) on GIL-spaces induces on TM the following iso¬ 
metric: 

G = gij{u)dF ® dF + gij{u)5y^ ® 5yG (13.5) 
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We can verify that pair (G, F) is an almost Hermitian isostructure on TM 
with the associated supersymmetric 2-form 

e = gij{x,y)5f A dx^. 

The almost Hermitian isospace = {TM,G, F), provided with a 
isometric of type (13.5) is called the lift on TM, or the almost Hermitian 

isomodel, of GIL-space GL'^. We say that a linear isoconnection D on TM 
is almost Hermitian isotopic of Lagrange type if it preserves by parallelism 
the vertical distribution V and is compatible with the almost Hermitian 
isostructure {G, F), i.e. 

DxG = 0, DxF = 0, (13.6) 

for every X ^ X (tM^ . 

There exists an unique almost Hermitian isoconnection of Lagrange type 
having h(hh)- and v(vv)-isotorsions equal to zero. We can prove (simi¬ 
larly as in [160,161]) that coefficients (Fjk,C^jk) of in the adapted basis 

{5i, 5j) are just the coefficients (13.2) of the canonical metric d-isoconnection 
Gr(iV) of the GIL-space GL^. Inversely, we can say that Gr(iV) -connection 
determines on TM and isotopic almost Hermitian connection of Lagrange 
type with vanishing h(hh)- and v(vv)-isotorsions. If instead of GIL-space 
isometric Qij in (13.4) the isolagrange (or isohnsler) isometric (13.2) (or 
(13.3)) is taken, we obtain the almost Hermitian isomodel of isolagrange 
(or isohnsler) isospaces L” (or F'^). 

We note that the natural compatibility conditions (13.6) for the iso¬ 
metric (13.5) and Gr(iV)-connections on iL^"'-spaces plays an important 
role for developing physical models on la-isospaces. In the case of usual 
locally anisotropic spaces geometric constructions and d-covariant calcu¬ 
lus are very similar to those for the Riemann and Einstein-Gartan spaces. 
This is exploited for formulation in a selfconsistent manner the theory of 
spinors on la-spaces [256,255,264] for introducing a geometric background 
for locally anisotropic Yang-Mills and gauge like gravitational interactions 
[272,258,259] and for extending the theory of stochastic processes and dif¬ 
fusion to the case of locally anisotropic spaces and interactions on such 
spaces [257,262,268]. In a similar manner we can introduce N-lifts to v- 
and t-isobundles in order to investigate isotopic gravitational la-models. 
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Chapter 14 

Locally Anisotropic and 
Inhomogeneous Isogravity 


The conventional Riemannian geometry can be generally assumed to be 
exactly valid for the exterior gravitational problem in vacuum where bodies 
can be well approximated as being massive points, thus implying the validity 
of conventional and calculus. 

On the contrary, there have been serious doubt dating back to E. Car- 
tan on the same exact validity of the Riemannian geometry for interior 
gravitational problem because the latter imply internal effects which are 
arbitrary nonlinear in the velocities and other variables, nonlocal integral 
and of general non-(first)-order Lagrangian type. 

Santilli [221,222,224,223] constructed his isoriemannian geometry and 
proposed the related isogravitation theory precisely to resolve the latter 
shortcoming. In fact, the isometric acquires an arbitrary functional; de¬ 
pendence thus being able to represent directly the locally anisotropic and 
inhomogeneous character of interior gravitational problems. 

A remarkable aspect of the latter advances is that they were achieved 
by preserving the abstract geometric axioms of the exterior gravitation. 
In fact, exterior and interior gravitation are unihed in the above geometric 
approach and are merely differentiated by the selected unit, the trivial value 
I = diag{l, 1,1,1) yielding the conventional gravitation in vacuum while 
more general realization of the unit yield interior conditions under the same 
abstract axioms (see ref. [129,130] for an independent study). 
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A number of applications of the isogeometries for interior problems have 
already been identihed, such as (see ref. [224] for an outline): the represen¬ 
tation of the local variation of the speed of light within physical media such 
as atmospheres or chromospheres; the representation of the large difference 
between cosmological redshift between certain quasars and their associated 
galaxies when physically connected according to spectroscopic evidence; the 
initiation of the study of the origin of the gravitation via its identihcation 
with the field originating the mass of elementary constituents. 

As we have shown [269,261,254,270] the low energy limits of string and 
superstring theories give also rise to models of (super)£eld interactions with 
locally anisotropic and even higher order anisotropic interactions. The N- 
connection held can be treated as a corresponding nonlinear gauge field 
managing the dynamics of ’’step by step” splitting (reduction) of higher 
dimensional spaces to lower dimensional ones. Such (super)string induced 
(super)gravitational models have a generic local anisotropy and, in conse¬ 
quence, a more sophisticate form of held equations and conservation laws 
and of corresponding theirs stochastic and quantum modifications. Per¬ 
haps similar considerations are in right for isotopic versions of sting theo¬ 
ries. That it is why we are interested in a study of models of isogravity 
with nonvanishing nonlinear isoconnection, distinguished isotorsion and, in 
general, non-isometric fields. 

14.1 Generalized Isofinsler gravity 

To begin our presentation let us consider a v-isobundle ^ = {E,7i,M) pro¬ 
vided with some compatible nonlinear isoconnection N, d-isoconnection D 
and isometric G structures.For a locally N-adapted isoframe we write 

n ^ — 

where the d-isoconnection D has the following coefficients: 

Vjk = L^jk: fV = C^ja: = 0, T\b = 0, (14.1) 

r a n "Pci n "Pdf' to . "pa /oa 

jk — U, 1 — U, 1 bk — bk^ -L 6c — G be- 
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The nonholonomy isocoefficients w'^ap are as follows: 


= 0 ,m}% = 0,t<} ia = ab = 0,tD%- = i?%-, 


W ai = 


? ^ la 


-^W'^ab = 0. 


dy^ ’ dy° 

By straightforward calculations we can obtain respectively these compo¬ 
nents of isotorsion, T(Sy,S^) = X^^da, and isocurvature, 7l{6i3,S^)Sr = 
TZ'^.^^Sa, d-isotensors: 


_ rpi rrl _ n"! _ _ n-'i _ n 

'^■jk jk-) -^-ja ^ jo^'i ‘^■ja ^ j<^'i -ab 


(14.2) 


rra _ j^a _ _ jdcl n-a _ jja _ qc 

-ij ~ ij^ ~ ^ bi-) .hi ~ ^ bi^ .he ~ ^ 


be 


and 


(14.3) 


'^Iki — — ^I'^b-ki — ^b-ki) 

T^j-kd = Pj^kdi '^Ckd = 0 ) '^^■kd = 0 ) '^b-kd = Pb^'kdi 

'n-i _ _pi 'P* _ n'7?“ _ C\ 'V'^ _ _P“ 

'^j-dk ^ j kdi '^b-dk '^j-dk '^b-dk kdi 

ned = TXLd = 0, nu = 0, nicd = Sb\d 

(for explicit dependencies of components of isotorsions and isocurvatures on 
components of d-isoconnection see formulas (12.8) and (12.21)). 

The locally adapted components IZap = 7lic{D){Sa, Sp) (we point that in 
general on t-isobundles TZay 7^ PfSa) of the isoricci tensor are as follows: 


-p _ B fc -p _ _(2) p _ _ p k 

jkt ’’^ia ia ^i-ka 

-p _ p _ p b -p _ q c — q 
'^ai ^ ai ^ a-ib'> '^ab a be '-’ab- 

For scalar curvature, R = Sc{D) = we have 

Sc(D) = R + S, 

where R = g'^^Rij and S = fR^Sab- 


(14.4) 


(14.5) 
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The isoeinstein—isocartan equations with prescribed N—isocon¬ 
nection and h(hh)- and v(vv)-isotorsions on v-isobundles (compare with 
isoeinstein isoequations (11.11)) are written as 


R 


af} 


+ 0 - A) = - f“^) 


'o/9 




(14.6) 


and 

(14.7) 


where spin-density of matter d-isotensors on locally anisotropic and 
homogeneous isospace, Ki and K 2 are the corresponding interaction con¬ 
stants and A is the cosmological constant, is a source isotensor and 
is the stress-energy isotensor and there is satished the generalized Freud 
isoidentity 

G“, - - A) = (14.8) 

where 

_ Sa ^ xa 

p — p~ 2^ 



50 

d(D^g'r^) 




and 



By using decompositions (14.1)-(15.5) it is possible an explicit projec¬ 
tion of equations (14.6)-(14.8) into vertical and horizontal isocomponents 
(for simplicity we omit such formulas in this work). 

Equations (14.6) constitute the fundamental held equations of Santilli 
isogravitation [221,222,224,223] written in this case for vector isobundles 
provided with compatible N- and d-isoconnection and isometric structures. 
The algebraic equations (14.7) have been here added, apparently for the hrst 
time for isogravity with isotorsion (see also [272,258,259,249,250,251,252, 
279,263,275,277,260,265,266,267] for locally anisotropic gravity and super¬ 
gravity) in order to close the system of gravitational isoheld equations (re¬ 
ally we have also to take into account the system of constraints (14.5) if 
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locally anisotropic inhomogeneous gravitational isofield is associated to a 
d-isometric (14.6), or to a d-isometric (13.5) if the isogravity is modelled 
on a tangent isobundle). It should be noted here that the system of isograv- 
itational field equations (14.8) presents a synthesis for vector isobundles of 
equations introduced by Anastasiei, [9,10] and [160,161], and of equations 
(11.11) and (11.12) considered in the Santilli isotheory. 

We note that on la-isospaces the divergence 

- ^)l = Vg (14.9) 

does not vanish (this is a consequence of generalized isobianchi (12.22), 
or (12.23), and isoricci isoidentities (12.25), or (12.26)). The problem of 
nonvanishing of such divergences for gravitational models on vector bundles 
provided with nonlinear connection structures was analyzed in [9,10] and 
[160,161]. 

The problem of total conservation laws on isospaces has been studied in 
detail in ref. [221] by reformulating all isospaces considered in that paper in 
terms of the isominkowskian space, with consequential elimination of cur¬ 
vature which permits the construction of a universal symmetry and related 
total conservation laws for all possible isometric. 

The latter studies concerning vector isobundles with N-isoconnections 
will be considered in some future works. 

We end this subsection by emphasizing that isofield equations of type 
(14.6)-(14.8) can be similarly introduced for the particular cases of locally 
anisotropic isospaces with metric (13.5) on TM with coefficients paramet¬ 
rized as for the isolagrange, (13.3), or isofinsler, (13.4), isospaces. 

14.2 Concluding Remarks and Further Pos¬ 
sibilities 

One of the most important aspects we attempted to convey in this Part of 
the monograph is the possiblity to formulate isotopic variants of extended 
Finsler geometry and the application of this isogeo metric background in 
contemporary theoretical and mathematical physics. The approach adopted 
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here provides us an essentially self-contained, concise and significantly sim¬ 
ple treatment of the material on bundle isospaces enabled with compati¬ 
ble isotopic nonlinear and distinguished isoconnections and isometric struc¬ 
tures. 

A remarkable features worth recalling is that the considerable broad¬ 
ening of the capabilities of the isotheory via the additional of nonlinear, 
nonlocal and noncanonical effects, is done via the same abstract axioms of 
the conventional formulations. 

In this Part we have discussed the basic geometric constructions for iso¬ 
topic spaces with inhomogeneity and local anisotropy. We have computed 
the distinguished isotorsions and isocurvatures. It was shown how to write 
a manifestly isotopic model of gravity with locally anisotropic and inho¬ 
mogeneous interactions of isofields. The assumptions made in deriving the 
results are similar to those for the geometry of isomanifolds and to the 
isoheld theory. 

There are various possible developments of the ideas presented here. One 
of the necessary steps is the dehnition of locally anisotropic and inhomo¬ 
geneous isotopic spinors and explicit constructions of physical models with 
isospinor, isogauge and isogravitational interactions on locally anisotropic 
isospaces. The problem of formulation of conservation laws on locally 
anisotropic and inhomogeneous isospaces and for locally anisotropic and 
inhomogeneous isoheld interactions presents a substantial intrested for in¬ 
vestigations. Here we add the theory of isostochastic processes, the super- 
symmetric extension of the concept of isotheory as well possible generaliza¬ 
tions of the mentioned constructions for higher order anisotropies in string 
theories. These tasks remain for future research. 
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